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Abstract—In this paper, we presentan analytical solution to the
generalproblem of o w control for both unicastand multicast IP
networks. Relying on the so-calledmax-min o w fair nessmetric,
we formulate a pair of centralized and decentralizedcorvex opti-
mization problemsthat can be analytically solved with quadratic
and linear complexitiesrespectvely. Utilizing the solution to the
decentralized optimization problem, we then proposea o w con-
trol algorithm requiring no per o w stateinformation. The pro-
posedalgorithm can be implemented by merely making useof a
simple Explicit Congestion Noti cation (ECN) marking scheme
to convey minimum per link o w fair nessinformation to the end
nodes.Relying on the resultsof our currentwork, we alsoaddress
the ow control issueof distrib uting real-time multimedia traf c
acrossmulticast IP networks.

Index Terms— Unicast IP Networks, Multicast IP Networks,
Heterogeneity Inter-SessionFairness, Flow Control, Max-Min
Fairness,Optimality , ECN Marking, Layered Media Systems.

|. INTRODUCTION

N the past decade,multicasting techniqueshave beenin

widespreadisefor communicatiometworking applications
asef cient meansof network resourcesharing. However, uti-
lizing multicastingechnique$asintroducedsigni cant techni-
calchallengestdifferentlevels. Enforcinginter-sessior{ o w)
fairnessamonga set of competing o ws is one of the most
importantchallengef utilizing multicastingtechniques.For
the lack of ary built-in o w fairnesssupportin UDP anddue
to the fact that multicastsessionsre typically built on top of
UDP, achiering o w fairnessin hybrid unicastand multicast
networksis in facta complex task.

Reviewing the literatureof multicastingapplicationgeveals
that somesigni cant protocolshave beenproposedwithin the
contet of streamingmedia. Utilizing streamingmediaover
multicastIP networkswas rst proposedy Deeringetal. [9].
Following thework of Deeringetal., replicatedmediastreams
approachrst presentedby Cheungetal. [5] within thecontext
of DSG protocolandlayeredmediastreamsapproachrst pro-
posedby McCanneetal. [27] in the context of RLM protocol
aswell asLi etal. [22] in the context of rate control aspect
of LVMR protocolaresomeof the mostwell-known protocols
in this area. While none of theseprotocolsin their original
formsdealtwith inter-sessior( 0 w) fairnessRubensteiret al.
[33] andsomefollow on researclarticleslater shovedthatuti-
lizing multiple transmissiorratesas proposedpreviously im-
provesnetwork fairnesspropertieswithin the context of max-
min fairness.
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With the above introduction,we clarify thatthe mainfocus
of this researctwork is to developinter-sessior( o w) fairness
algorithmsrelying on the conceptof max-minfairness. Such
algorithmshave to offer low complexity solutionsthat canbe
obtainedn realtime consideringhe delayconstraintof com-
municationnetworking applications.Further suchalgorithms
have to addresshe co-existenceassuef unicastandmulticast

o Ws.

In whatfollows, we brie y review related o w controlwork
in the context of our currentresearctwork. The original TCP
o w control was discusseddy Jacobsorj16] and further en-
hancedby Floyd etal. [11]. Addressingo w andratecontrol
problemswerealsoconsideredn the literatureof mediamul-
ticasting,for example,by Li etal. in [23] andWangetal. in
[37]. In therecentyears propositionof ECN (Explicit Conges-
tion Noti cation) markingtechniqueproposedy Ramakrish-
nanetal. in [28] andby Lapsle etal. in [20] hasbroughtthe
promiseof practicaldeploymentof effective o w andconges-
tion controlmechanismé$or the existing Internetinfrastructure.
In addition, applicationsof control and optimizationtheories
asdescribedoy [3], [6], [7], [12], [13], [17], [30], [32] have
shedlight on the generalproblemof o w controlin computer
communicatiometworks. Although leadingto ratherdifferent
o w control stratyies, the key promiseof mostof the recent
resultsis to maximizea setof utility functionspertainingto the
bene tof variousnetwork entitieswhile potentiallyconsidering
pricingissue.Anothercloselyrelatediteratureapproacho our
currenttopic advocatesa game-theoretiapproachasdescribed
by [26] and[19] in which reachinga stableNashequilibrium
solutionis desired.

In this study we pay specialattentionto theresultsof Athu-
raliyaetal. [1], [2], Gravesetal. [15], Kelly etal. [18], Low
etal. [25], Kunniyuretal. [19], Ramakrishnamt al. [28], and
Sarkaretal. [34]. Ourformulationof the o w controlproblem
is bestcategorized under the optimization o w control tech-
nigues.It is henceaimingat maximizingaglobalanda perlink
setof utility functionsde ned overthe completepathof unicast
andmulticasttrees.

More speci cally, our formulationof the o w control prob-
lem is a corvex optimization problemde ned over a set of
piecaviselinearutility functions. Themainadwantageof utiliz-
ing sucha setof utility functionscompareo thepreviously pro-
posedhonlinearutility functionsis simplicity. Not only appeal-
ing from thecompleity standpoint, ourtechniquecanalsosat-
isfy importantcharacteristicef well-behaed algorithmssuch
asguarantee@xistence poundednesstability, andscalability
Consideringpracticality the resultingproposedalgorithmcan
be implementedn real-timeby merely taking advantageof a



simplebinaryECN markingmechanisnturrentlyunderreview
by IETF[28].

In summaryour solutionto the formulationof the o w con-
trol problemidenti es maximumachievablefair ratesfor indi-
vidual unicastandmulticastsessionsharingthe sameunderly-
ing network infrastructure.An outline of the paperfollows. In
Sectionll, we formulateandanalyticallysolve a pair of global
andperlink optimal o w control problemsrelying on the so-
called max-minfairnessmetric. Our solutionsto theseprob-
lems are capableof addressingnter-sessionfairnessissuein
orderto specify a fair assignmentf the available bandwidth
amonga setof competingunicastor multicast o ws. In Section
Ill, we describea decentralizedmplementatiorof our perlink
o w controlsolutionrelying on a simple ECN markingmech-
anism. We note that the implementationof this sectiondoes
not requirestoringary per o w stateinformationin individual
links. In this section,we alsodiscussthe implicationsof ap-
plying our o w control problemto both unicastand multicast
sessions.In SectionlV, we utilize the the resultsof our ow
control work to satisfy the real-timerequirementsf layered
andreplicatedmediasystemsover multicastIP networks. In
SectionV, we numericallyvalidateour analyticalresults. Fi-
nally, SectionVI includesa discussiorof concludingremarks
andfuturework.

Il. FLow CONTROL OPTIMIZATION PROBLEM

In this section,we focuson a pair of optimal ow control
problemsandtheir solutions.We startfrom a centralizedylobal
formulationof theproblemaimingatguaranteeingter-session
fairnessamongcompetingunicastandmulticast o ws utilizing
the setof links over an existing network topology We then
move on to a decentralizedocal formulation of the problem
relying on the conceptof max-minfairnessand comparethe
two methodsregardingcompleity andoverallfairnessssues.

In order to formulate both centralizedand decentralized
problems,we rely on the max-min fairnessconceptof [4]
de ned below.

De nition 2.1: A bandwidth allocation schemeamong a
numberof competing o ws is max-minfair if no ow canbe
allocateda higher bandwidthwithout reducingthe allocation
of anothero w with anequalor alowerrate.

Intuitively, max-minfair allocationimplies that for a number
of competing o ws over an existing network topology each
o w shouldbe able to receive a “fair share”of the available
bandwidth.If a o w cannotfully utilize its fair sharedueto a
limitation imposedoy anothellink, thentheresidualbandwidth
of that o w is split fairly amongother o ws.

A. CentralizedFlow Contol Problem

Usingthe above notion of max-minfairnesswe formulatea
corvex optimizationproblemby meansof de ning a per ow
fairnesautility with the objective of maximizingthe sumof util-
ities overthesetof links of a givennetwork topology

Assume o wsaresharingasetof links overaparticular
network topology Further assumehat the capacityof link

. Each ow hasa maximum
requiredbandwidthdenotedby Dependingon the char
acteristicsof ow theterm  couldvary from a minimum
guaranteed@vailable bandwidthfor a restricted o w to thefull
capacityof the bottleneckink over a unicastor multicastpath
for anunrestrictedo w. Hence,assigninga bandwidthhigher
thantherequestedialue to ow leadsto capacitywastage
of the setof links utilized by ow dueto thefactthat ow
cannotutilize morethanits maximumrequiredbandwidth. In
accordancavith the latterassumptionye selectthe following
concae utility function? to representhefairnessof individual
o Wws.

where is speci ed by

1)

Fig. 1 illustratessampledrawingsof sucha utility function.
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Fig. 1. Sampledravings of the utility function for ows

with maximumrequiredbandwidth

Assuming an ordered set of bandwidth requirements
suchthat , our for-
mulation of the global o w control problemis now described
in theform of the following optimizationproblem.

(@)

where isthetotalnumberof o wsoverthenetwork topology,
is thecapacityof link is theutility functionde ned

in Equation(1),and  istheweightingfunctionde nedbelov

indicatingwhetherink is utilizedby ow .

(3)

de ned over the convex set is called

theinequality

Thefunction
concaeif and

holds.



We alsonotethata o w priority mechanisntanbe easilyim-

plementedby usingvaluesotherthan in Equation(3). Re-

minding the fact that the summationoperationpreserescon-

cavity, theproblemof (2) is categgorizedunderconstraintorvex

optimization problemswith pieceavise linear objective func-

tions. We caneasily corvert the problemof (2) to a standard
linear programming(LP) problem as the result of replacing
the secondlinear piecein the saturationareaby a new con-

straint. Theequivalentstandardinearprogrammingoroblemis

expresse@s

(4)

where with . We now note
the LP problemof (4) can be solved relying on one of the
few existing methodssuchastherevisedSimplex method LU-
decompositiormethod,or sparseBartel-Golubmethodasde-
scribedin [14] and[31]. Dependingon thechoiceof algorithm
andnumericalapplicability, the averagecomplexity of solving
theLP problemof (4) is in anorderrangingfrom

to where isthenumberof links overthenetwork
topology . It isin orderto mentionthattheaboveformulation
of theglobal o w controlproblemis in factimplementingapri-
ority mechanisnin whichthe o w weightsaresetproportional
to thenumberof endnodedinks traversedby the o w. Despite
the fact there may be other considerationgor implementing
o w priorities suchasthe numberof o w endnodesthe nal
formulationof the problemneverthelessomesdown to (4) for
adifferentchoiceof theweightingfunctions Lt
is alsoimportantto note that the solutionto the problemfor-
mulation of (4) tendsto follow max-min fairnessproperty of
de nition of 2.1if

()

Thisis a designconsideratiorthatcanbe offsetby relative im-
portanceof priority over max-minfairness.

B. DecentalizedFlow Control Problem

Consideringthe needfor accessingylobal stateinformation
amongthe setof links of a given network topologyaswell as
thecompleity of the solutionto the global problemabove, we
reducethe global probleminto a setof perlink ow control
optimizationproblems. The setof perlink problemscanthen
be solvedindependentlyandwith a linear compleity for both
unicastandmulticast o ws andwithout requiringto accesary
stateinformation amongthe links of a given topology Not
requiring to accessstateinformation, however, comesin ex-
changédor potentialunderor overestimationof o w fair shares
yielding to sub-optimality The latteris dueto the factthata

fair sharecalculatedfor a o w atalink may be subjectto ex-

tra limitations or relaxationasmposedby anotherdink. Conse-
quently theother o wsof the rst link couldbeassignedhigher
or lower fair sharedyy taking advantageof the unusedportion
of thebandwidthassignedo the rst o w or having to give up

aportionof their bandwidth.

We also note that althoughour simpli ed approachcanbe
independentlyutilized for network links accommodatindpoth
unicastand multicastsessionsthereare additionalimplemen-
tation considerationshatneedto be addresseéh caseof mul-
ticastnetworks. We will addresghe latter issuesin the next
section.Prior to proceedingwith expressingsimpli ed formu-
lation of the ow control problemandits solution, we point
out that our simpli ed approachcalls for detectinga per o w
bottleneckintroducingminimum available fair shareto a spe-
cic ow. Inthenext sectionwe proposea simpleECN mark-
ing techniqueto detectandcorvey bottleneckink information
to the end nodesof a session. With the descriptionprovided
above, we now focus on the formulation of the perlink ow
controlproblemandthe correspondingolution.

Assume o ws aresharinga link with bandwidthcapacity

. Eachow hasamaximumrequiredoandwidth . Relying
onthede nition of thecorvex utility functionof (1) andassum-
ing anorderedsetof bandwidthrequirements
suchthat , our perlink formulationof
the o w control problemis now describedn the form of the
following optimizationproblem.

(6)

where is the numberof competing o ws over a link, is
the capacityof the link, and is the utility function of
ow asde nedin Equation(1). We obsene thatsolving per
link optimization problem of (6) doesnot require accessing
ary stateinformation. Remindingthe factthatthe summation
operationpreseres concaity, the problem of Equation (6)
is categorizedunderconstraintcorvex optimizationproblems
with piecavise linear objective functions. The problemcan
be solved utilizing a similar approachas the one utilized in
the previous subsectiorand noting the fact that Condition (5)
holds. Ratherthanrelying on the approachof the previous
subsectionye selectwater lling approachn orderto nd the
uniquesolutionof the problemwith a lower compleity while
satisfyingDe nition 2.1. We expressthewater lling solution
to the constrainptimizationproblemof (6) asfollows.

Casel: If

(7)
Case2: If

(8)



where isthebandwidthassignedo the -th owand satis-
es thefollowing condition

(9)

for . Appendix| provesthatthe water lling solution
of Equation(8) is, in fact,the optimal solutionto the constraint
optimizationproblemof (6).

We obsere that the water lling approachof Equation
(8) starts by dividing the bandwidth equally amongall of

the owsuntil the rst ow reachests maximumrequired
bandwidth , thenit x esthe assignedbandwidthfor the
rst ow to and divides the remainingbandwidthamong

the remaining o ws equally and so on. Consequentlythe
o ws that have reachedtheir saturationregions receve their

maximumrequestedandwidthwhile the other o ws receve

equal sharesof the remaining bandwidth guaranteechot to

be less than the assignedsharesof o ws in their saturation
regions. The methodhencesatis esDe nition 2.1 of max-min
fairness.To clarify theabove discussiorconsidetthefollowing

examples.

Example 2.1 Assumethree ows are sharinga link with
capacity . In addition, assume&hat the max-
imum bandwidthrequestedby eachof the three ows is as
follows.

Accordingto the algorithmstatedabove, rst we have to nd
thevalueof . From(9), we obsenre thatthe inequalityholds
for . Consequentlyequation(8) introduceghefair band-
width assignmenés

We notethatthedistribution of the bandwidthis max-minfair.

Example 2.2 Assumefour ows are sharing a link with
capacity . In addition,assumehatthe maximum
bandwidthrequestedby eachof thefour o wsis asfollows.

Accordingto the algorithmstatedabove, rst we haveto nd
thevalueof . From(9), it is not hardto obsene thatthein-
equality holds for . ConsequentlyEquation(8) intro-
duceshefair bandwidthassignmenas

Again we note that the distribution of the bandwidthis max-
min fair.

It is also importantto note that thereis a simple geomet-
ric interpretatiorfor the water lling approactof Equation(8)

specifyingthe numberof o ws in their saturationregion. In

order to explain the geometricinterpretation,we considera
coordinatesystemwith its x- andy-axis correspondingo the
overall allocatedbandwidthand the overall fairness.For such
a system,we obsene thatthe aggreyateutility function of the
optimizationproblem (6) appearsn the form of a piecavise
linearfunction. Furtherthe slopesof consecutie linear pieces
alongwith the associatea-coordinate®f the breakpointsare
memberof thesets

(10)

and
(11)

respectiely. The key obsenation with regardsto the water
ling approactof Equation(8) is thatthe verticalline passing
throughthe breakpoint representan aggreyatelink band-
width assignmenof

(12)

to the competing o ws. Geometricallyspeakingthe solution
to the constraintoptimizationproblemof (6) lies betweerntwo
valuesassociatedvith the bandwidthassignmenbf Equation
(12) for the vertical lines passingthroughbreakpoints and
. Theverticalline associateavith breakpoint speci es
the numberof ows in their saturationregion. The following
exampleshowvs geometridnterpretatiorof Example2.1.

Example 2.3 Assumethe three ows of Example 2.1 are
sharinga link with capacity We discussmax-min fair
assignmenbf the link bandwidthfor differentvaluesof link
capacity

Fig. 2 shows the drawing of the aggreateutility function
for this particularexample.Fromthe gure we obsenethatfor
the link bandwidthssatisfying the rst
0 W canreceie its maximumrequestedandwidthwhile the
othertwo o ws canonly receve a portion of their maximum
requestedbandwidths; for the link bandwidths satisfying

the rst two o wscanrecever

their maximumrequestedandwidthwhile the third ow can
only receve a portion of its maximumrequestechandwidth;
and nally for thelink bandwidthssatisfying
all of the three o ws can receie their maximum requested
bandwidths.

Utilizing our water lling approach, we now formalize
our ow control algorithm at an intermediate node with
capacity accommodating competingo ws.
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Fig. 2. Drawing of theaggr@ateutility functionfor the o ws of example2.1.
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As an important obsenation, we make note of the fact that
thetime compleity of “Flow ControlOptimizationAlgorithm”

is linearin termsof the numberof competingows . In
thenext sectionwe utilize alow compleity algorithmto detect
theminimumavailablefair bandwidthfor a setof o wsrelying
ontheresultsof the currentsection.

Before we discussthe implementationof our ow control
protocolbasedon the decentralizedolutionof this subsection,
we notethatit is alsopossibleto ervisionahybrid o w control
optimizationproblemthatcanbe solved over local zones.The
ideabehindproposingsucha scenariois to addresghe trade
off betweenaccurag and the practicality of the solution. In
sucha scenariothe optimizationproblemof Sectionll.A can
be solvedoverthetopologiesof local zonesn which exchang-
ing stateinformationis not overheadprohibitive. Applying de-
centralizedapproactof this subsectiorto local zonescanthen
identify theminimumfair shareof each o w.

I1l. UTILIZING ECN MARKSIN THE IMPLEMENTATION OF
THE PER LINK FLOwW CONTROL PrROTOCOL

In thissectionwe describeéheimplementatiorof a o w con-
trol protocolbasedntheresultsof Sectionll.B. We startby de-

scribingutilization of abinaryECN markingtechniquefor both
unicastandmulticast o ws andcontinueby discussingparticu-
lar implicationsof deploying theresultsof Sectionll.B in case
of multicast o ws.

A. DecentalizedFlow Contmol Protocol

We startby describingheimplementatiorof thegeneralo w
control protocol. Our proposalfor implementingthe o w con-
trol protocolcallsfor utilization of abinary ECN markingtech-
niqueasdescribedy [28]. Sucha markingtechniquerelieson
receving supportfrom theintermediatenodesto propagatéhe
markson the pathsstartingfrom the sourceto thereceversof a
sessionThemarkingprobabilityis calculatechasedntheag-
gregateloadsof theintermediatenodes.We notethatthe mark-
ing proposabf [28] is currentlyunderconsideratiotby Internet
EngineeringTask Force (IETF) asa standardizatiortandidate
for next generatiorlP paclet networks. Having solvedthe per
link max-minfairnessoptimizationproblemof Sectionll.B, in
this subsectiorwe utilize the mark-baseastimationtechnique
of [15] to detectthe bottlenecklink of a unicastsession. In
the next subsectionwe generalizeour approachto detectthe
bottlenecKink of amulticastsession.

In whatfollowswe brie y describethe approactof [15] and
distinguishthe differencesbetweenits proposedmethodand
our method. The authorsof [15] suggestutilizing a setof per
link power rationalutility functionsforming a perlink corvex
optimizationproblem. The setof utility functionsarede ned
suchthatthey corvergeto a max-minfair distribution of avail-
ablelink bandwidthamonga setof competingo ws. Shaving
that the choiceof utility functionsfor the limiting caseof an
in nite power value leadsto a max-minfair allocationof the
link bandwidthamongcompeting o ws, the authorsthenrely
on an approximationof the max-minfair allocationfor some
largenumber . Relyingon duality theoryandmakinguseof
the conceptof scaledshadev pricesof [18], the authorspro-
posean iterative methodthat will asymptoticallycorverge to
theoptimalfair shareof alink in thelimiting caseof
We recall thatthe shadev pricesof [18] arede ned asthein-
verseof the Lagrangemultipliersin the optimizationproblem.
We note that we areinvestigatingthe exact solutionsto a re-
lated but differentprimal optimizationproblemobtainedfrom
the de nition of max-minfairnessinsteadof looking for ap-
proximatedsolutionsto the dual optimizationproblemof [15].
Consequentlyatherthanrecursvely calculatingscaledshadev
prices,we solve the optimizationproblemof (6) relying on a
non-recursie approachThis leadsto theintroductionof exact
perlink max-minfair sharesat ary instantof time. Addition-
ally becauseof introducingexact solutionsrelying on a non-
recursve approachwe alsoeliminatethe needfor providing a
stability discussiomregardingthe corvergenceof our approach.

Assumingthat solving the set of optimizationproblemsof
Sectionll.B yieldsto the introductionof an orderedlist of per
link fair shares with
for aunicastsessionraversingthesetof links ,
we canspecifytheminimumfair share of the sessiorasfol-

lows. De ning — -not be mistalen asindicatorsof La-
grangemultipliers-for , identifying minimum



fair shareof asessionraversinglinks
alentto specifying in the orderedlist of
with . Next, we notethat

is equiv-

(13)

canbeapproximatedby  for somelarge number consid-
eringthefactthat — for . Consequently

identifying the bottlenecklink of the sessionis equivalentto
corveying  to the endnodesof a unicastsessioror asdis-
cussedsubsequentlyo thereceversof amulticastsessionAs-
sumingthata pacletis markedatlink of theunderlyingses-
sionwith probability , the endnodesof the
sessiorcanobtainanestimateof the minimumfair shareof the
session — atary interval of time by measuringthe
receving rate of unmarled paclets in that
interval.

Next, we notethat numericalimplementatiorof suchan al-
gorithmis unstabledueto thefactthatthevalueof  for large

canbeeitherverycloseto or dependingn the valueof

. To overcomethe abore-mentionegroblem,[15] proposes
utilizing thefollowing transformation

(14)

andapplyingappropriatecoefcients ,  to keepthevalue
of  closeto . Adoptingtheproposabf[15] in thecontet of
ourwork, we notethatthevalueof  is guaranteedo satisfy
thefollowing inequality

(15)

for everylink of theunderlyingsessiorandsomesmallnum-
ber by selecting

(16)

and

— 17
where -, , indicatesmin-
imum guaranteedate of the sessionand indicatesthe

capacityof link . For clarity, we notethatEquation(13) under
thetransformatiorof Equation(14)is changedo

(18)

specifyingthe numberof unmarledpacletsas
19)

Having resohed the abore-mentionednumericalimplemen-
tation issue, we now introduce the following pair of ow
control algorithmsthat can be implementedrespectiely in
the intermediatenodes and the end nodesof a unicast or

subsequentlya multicast sessionrelying on a binary ECN
markingscheme.

Flow Control Algorithm: Intermediate Node
Calculateminimumfair shareof thelink from “Flow Con-
trol OptimizationAlgorithm” of Sectionll.B.
Determinethe valueof
Computethevaluesof  and
Equation(17) respectiely.
Calculatethevalueof  from Equation(14).
Mark a paclet with probability
somelarge

from Equation(16) and
for

Flow Control Algorithm: End Node
Calculatethe rate of receving unmarled paclets from
Equation(19) for the previoustime interval.
Approximate minimum fair shareof the path from the
sourceas where

We notethatit is highly likely for anintermediatenodeto have
asetof x edvaluesfor and overthelife time of aslowly
varying sessiorandconcludethatthe rst stepof theinterme-
diatenodealgorithmis likely to be takenonly onceat thetime
of sessiorestablishment.

B. Multicastinglmplications

In this subsectionwe discussdifferentaspectf protocol
implementatiorwhen coping with multicastnetworks. With-
outlossof generalityand consistentith importantmulticast-
ing applicationssuchasmediastreamingandbulk datatransfer
applicationswe considemulticasttreearchitecturesvith one
sourceandmary recevers. We obsere thatthe proposedoro-
tocol of the previous subsectiorcannow be utilized for multi-
castsessiondy consideringa multicastsessiorasa setof vir-
tual unicastsessionsvith eachvirtual sessiorconsistingof the
sourceof a multicastsessiorandan individual recever of the
session. Consequentlydependingon the requirementf the
target applications differentactionsmay be taken by a group
of end-nodeso reportminimumfair shareof a multicastses-
sion. In this study we considertwo scenarios.While in the

rst scenariadheobjectiveis detectall of the bottleneckof in-

dividual virtual sessionsjn the secondscenaricthe objective

is to discover the overall minimum fair shareof the session.
Sourcecentricmediastreamingandsynchronizedeceier cen-
tric bulk datatransferareamongthe applicationexamplesre-

latedto thesetwo scenariogespectiely. It is worth mention-
ing that synchronizedprotocolimplementationof both of the

above-mentionedscenariosare subjectto feedbackimplosion

problemas rst pointedoutin [8]. In whatfollows we adopt
someof the multicastingliterature techniquesto addresshe

problemin eachcaseindividually. In both caseswe assume
thatthesourceof amulticastsessionnitiatesthediscoverypro-

cessby sendingpilot multicastingpaclketsto the memberof a

multicastsession.

We startby addressinghe rst casein which the sourceof a
sessioror anothercentralizedhodemay requireto accesot-
tleneckinformationof individual receversof the sessionCon-
sideringthe factthatasidefrom feedbackimplosionaccessing



perreceverinformationmaynotbeapracticalway of handling
theproblemin largescaleervironments somefeedbaclkaggre-
gation methodshave beenproposedn the literatureof multi-
castingto copewith the issue. Examplesof suchtechniques
canbefoundin [21], [24], and[35]. We adoptanaggreation
methodwithin the lines of the above-mentionedeferencesn
which designatedeceversin local zonesare usedfor aggre-
gatingthe feedbackandsendingthe responsen behalfof the
receversof the zoneto the sourceof the session We notethat
utilizing sucha technigueimposesan approximationerror as
the resultof reportingthe averageor the lowestbottleneckto
the sourceof the session.Next, we focuson the secondcase
in which the objectie is to discover the overall minimum fair
shareratherthanall of theminimumfair shareof individualre-
ceiversof a multicastsession Reviewing theliteratureof mul-
ticastingrevealsa rich set of asynchronouseceverinitiated
protocolsproposedo eliminatefeedbackimplosion. The ar-
ticles of [29] and[10] are of specialinterestto us amongthe
setof articleson thetopic. In addition,[36] includesa general
analysisof suchtechniquesConsideringhe factthatary pro-
posedmethodis expectedto guaranteean implosionfree way
of discovering the overall minimum fair share,the following
approachs proposedhsafeasiblealternatve. Uponthereceipt
of polling paclets,receversof amulticastsessiorsettheirown
timerswith arandomvaluecalculatingandreportingtheir min-
imumfair shareafterhaving anexpiredtimeronly if nothaving
seena smallerfair sharevaluereportedby anotherrecever of
themulticastsession.

IV. FLow CONTROL FOR LAYERED AND REPLICATED
MEDIA SYSTEMS

We continueour discussiorby elaboratingon how the cur
rentresearchwork ts into the framework of layeredor repli-
catedmediasystemsver multicastlP networks. We recallthat
suchsystemshave strict real-timeconstraintandhencehave a
needfor low compleity o w controlalgorithms.

Noting thefactthatin alayeredor areplicatednediasystem
a layeris mappedonto a multicastgroup, we provide the fol-
lowing brie ng to describea layeredmediasystem. Consider
a multicastmediasessiorwith a partitioning of receversinto

groups.For asessiorwith  receversand groups,each

group consistsof receverssuchthat
. For sucha mediasessiora set
is calleda partitioningof the recever set if isa

decompositiorof the setof receversinto a family of disjoint
sets.Thetermgrouprateis usedto denoteaggreyatereceving

rateof areceverin the groupwhile thetermlayerrateis used
to denotetransmissiorrateto a speci c layer. For anordered
partitioningof receversinto  groupswith orderedgrouprates
of suchthat thelayerrates
of alayeredmediasessiorarecalculatedn theform of

(20)

A receierin group subscribedo layers through recev-
ing anaggreaterateof . Interpretatiorof the above formu-
lation in caseof replicatedmediastreamss also straightfor-
ward. For anorderedpartitioningof thereceversinto  groups

with orderedgroup rates of

suchthat the layer ratesare the same
asthe grouprates. A receverin group only subscribego
layer receving arateof

We now notethat our formulationof the o w control prob-
lem canbe appliedto a layeringarchitecturedescribedabove
by treating different multicastgroupsassociatedvith differ-
entlayersasindependento ws. As the result,we obsene the
pleasantehaior of our centralizedalgorithmwith a priority
mechanismimplementatiorbasedon the numberof endnodes
associatedvith a ow. ConsideringCondition(5) andpaying
attentionto thefactthatfor alayeringarchitecturegherelation-
ships

and

hold, we concludethat our proposedcentralizedalgorithm
never accommodatesower priority higher bandwidthlayers
beforeaccommodatindpigherpriority lower bandwidthlayers.
Additionally, we notethatthe behavior of our decentralizedl-
gorithmis alsothe sameconsideringhe factthatthe relation-
ships

and

hold. However, we make notethatbothof theabose-mentioned
algorithmsmaypartiallyaccommodatdifferentlayersof ame-
diasessiorastheresultof total availablebandwidthlimitations.
While this works ne for areplicatedmediasystem,a layered
mediasystemshouldallow the receversto modify their re-
portinglogic suchthatthe bandwidthsof lower priority higher
bandwidthayersareappliedto higherpriority lowerbandwidth
layersresultingin completeful liment of the requirementof
higherpriority layersonelayeratatime.

It is alsoimportantto notethat consideringthe mappingof
the layer ratesto the aggreyatedgroup ratesas indicatedby
Equation(20), the minimumfair shareof a groupis the sumof
minimum fair sharesof the multicastgroupsrepresentingpe-
ci ¢ layersof thatgroupin alayeredmediasession.

At theendof this sectionwe pointoutthatfor smallandlarge
sizetopologies.the centralizedalgorithmof Sectionll.A with
a priority mechanisnmbasedon the numberof end nodesand
thedecentralizedlgorithmof Sectionll.B canberespectiely
utilized to specifymaximumavailablebandwidthto individual
layersof amediasystem.As anexample the o w controlwork
of thisresearctlarticle canbe utilized to relatethe o w control
aspecDf our previousresearctwork LayeredMediaMulticast
Control (LMMC) to its rateallocation,partitioning, and error
controlaspectasdiscussedn [38], and[39].

V. NUMERICAL ANALYSIS

In this section,we provide numericalexamplesto furtheril-
lustratecentralizedand decentralizealgorithmsof Sectionll.
With the assumptiorthatall of the bandwidthunits of the cur-
rentsectionarethe same,we do not show the unitsin the ex-
amplesof this section.Additionally for both of theexamplesof



thissectionwedenote astherateof the -th unicastsession
and astherateof the -th virtual sessiorof the -th mul-
ticastsession.Accordingly, we assumean unrestrictedunicast
or multicastsession is requestinga bandwidthof  equalto
the capacityof the bottlenecKink over its pathto a source.In
caseof multicastsession, we assume virtual session is re-
questinga bandwidthof alsoequalto the capacityof the
bottlenecklink over its pathto a source. Taking into consid-
erationthat the resultingassignedatesof the virtual sessions
belongingto the samemulticastsessiorarethe samethevalue
of  foramulticastsession is relatedto thevalues  of its
virtual sessionsis

(21)

We pointoutthatthe solutionto thestandard.P problemof (4)
is representeth the matrix form

(22)

where_ and_ are coef-
cients andthe o w vectorsrespectiely. Furtherthe constraint
matrix  andthe constraintvector _ are accommodatinghe
threeconstraintsetsof (4). Whencomparingthe resultsof the
centralizedalgorithmof Sectionll.A with thoseof the decen-
tralizedalgorithmof Sectionll.B, we pay attentionthat while
in the former casesolving the linear programmingproblemof
(4) directly speci es the fair sharesof the ows, nding the
fair sharef the o wsin thelattercaseis equivalentto nding
the minimum fair sharefor that o w over the setof links on
its path. In addition,the aggreateutility of the decentralized
algorithmis obtainedby summingup the aggreyateutilities of
individuallinks.

Example 5.1 For our rst example, we borronv the sam-
ple network topologyof Fig. 3 from [15]. Thesampletopology
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Fig.3. An illustrationof the rst samplenetwork topology

consistsof six unrestrictedmulticast and ve unrestricted
unicastsessiondistributed over a total of 19 links. We note

that the six multicastsessionsonsistof a total of 14 virtual
sessionsTablel providesspeci cationsof the samplenetwork
aswell as per link resultsof the decentralizedalgorithm of
Sectionll.B. The rst four columnsof Table | respectiely
shav a virtual session,its underlying path, its requested
bandwidth,and the resultingrequestedandwidthof its ow
accordingto (21). While the valuesof the third and fourth
columnsarethe samein caseof unicast o ws, they may differ
in caseof multicastsessions.This is dueto the fact that the
third column value indicatesthe capacity of the bottleneck
link over the pathof a speci c virtual sessiorwhile the fourth
column value is the capacityof the bottlenecklink over all
of the virtual session®f the samemulticastsession.The last
threecolumnsof Tablel respectiely show thelink numberthe
link capacity andthe setof correspondingalculatedsession
ratesaccordingto our decentralizedalgorithm. Note that the
valuesof thelastcolumnaresortedin order, correspondingo
thevalueof  for theirrelated o ws.

Next, we comparecalculatedfair sharesof individual o ws
resulting from utilizing the centralizedalgorithm of Section
IILA with thosefrom the decentralizedalgorithm of Section
I1.B. Before proceedingwith the review of the results,we re-
call thatthe solutionto the standard_P problemof (4) in case
of the samplenetwork topologyof Fig. 3 is representeth the

matrix form of (22). Considering link constraints, ows
alongwith  upperboundconstraintsand orderedsetcon-
straints, and_ areof thesize and respectiely.

Tablell includesminimumfair sharef each o w andtheag-
gregateutility of the samplenetwork asthe resultof applying
bothcentralizecanddecentralizedlgorithmsof Sectionll. The
resultsof the centralizedalgorithmhave beenobtainedby ap-
plying a priority mechanisnin which the o w weightsare set
proportionalto the numberof links traversedby the ow and
thenumberof endnodesassociatedvith the o w respectiely.

Due to the impact of local and global max-min fairness
anddueto similar implementationof priority mechanismye
expectobservingdifferentfair sharesut closeaggreyateutility
functionswhen comparingthe resultsof the rst centralized
andthe decentralizedhlgorithms. Additionally dueto global
consideratiomf max-minfairnessanddueto applyingdifferent
weightingfunctions,we anticipateobservingsimilar fair shares
but differentaggreyate utility functionswhen comparingthe
resultsof the rst andthe secondcentralizedalgorithms. The
resultsof Table Il are in agreementwith our expectations.
While we obsenre similar aggreate utility functions when
comparingtheresultsof the rst centralizedandthe decentral-
ized algorithms,we seecloseassignmenbf fair sharesvhen
comparingthe rst andthe secondcentralizedalgorithms. We
arguethatconsideringanaggreyateutility offsetof along
with signi cant lower compleity and the lack of a needto
accesstateinformation,our decentralizeclgorithmis a better
choice than the rst centralizedalgorithm for this specic
example. We alsoarguethat from a practicalstandpoint, the
useof the decentralizedalgorithmis most probablythe only
choice despitethe fact that the accurayg of the resultsvary
from caseto case.



TABLE |
THE PATH OF INDIVIDUAL SESSIONSAND THE FAIR SHARE OF INDIVIDUAL FLOWS FOR THE SAMPLE NETWORK TOPOLOGY OF FIG. 3.

Virtual

Session Path

Link

PerLink

Capacity SessiorRates

Example 5.2 In order to shov the applicability of our
work to layeredmediascenariosye utilize the samplenetwork
topologyof Fig. 4 in our secondexample. We notethatthere
arefour categoriesof bandwidthin the sampletopologyof Fig.
4. In the gure, eachcataory is representetly a differentlink
thicknessand/orshade. The sampletopology consistsof six
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Fig. 4. Anillustrationof thesecondsamplenetwork topology

accommodatetwvo layeredmediasessionsvith threeandtwo
multicastgroupsrespectiely. While the rst mediasession
consistof thethreemulticastgroups , ,and asshowvn
in the rst column of Table lll, the secondsessionincludes
thetwo multicastgroups and . Tablelll alsoprovides
speci cationsof the samplenetwork aswell asperlink results
of the decentralizedhlgorithm of Sectionll.B. The rst four
columnsof Table lll respectiely shov a virtual session,its
underlyingpath,its requestedandwidth,andthe resultingre-
guestedandwidthof its o w accordingio (21). Thelastthree
columnsof Table lll respectrely showv the link number the
link capacity andthe setof correspondingalculatedsession
ratesaccordingto our decentralizedalgorithm. Note that the
valuesof the lastcolumnaresortedin order, correspondindgo
thevalueof  for theirrelated o ws.

Next, we comparecalculatedfair sharesof individual o ws
resulting from utilizing the centralizedalgorithm of Section
II.LA with thosefrom decentralizedalgorithm of Sectionll.B.
We recallthatthe solutionto the standard_P problemof (4) in
caseof the samplenetwork topology of Fig. 4 is represented
in the matrix form of (22). Considering link constraints,
owsalongwith  upperboundconstraintsand orderedset
constraints, and_ areof thesize and respec-
tively. TablelV includesminimumfair sharef each o w and
the aggreyateutility of the samplenetwork asthe resultof ap-
plying bothcentralizedanddecentralizeclgorithmsof Section
Il. Theresultsof the centralizedalgorithmhave beenobtained
by applyingpriority mechanismi whichthe o w weightsare

unrestrictedmulticastand eight unrestrictedunicastsessions setequally proportionalto the numberof links traversedby
distributed over a total of 39 links. The six multicastsessions the o w, andthe numberof endnodesassociatedvith the o w

consistof a total of 21 virtual sessions. We obsenre that
besidesa standalone multicastsession the sampletopology

respectiely. Note that Condition(5) only holdsin caseof as-
signingequal o w prioritiesimplying thatthemax-minfairness
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TABLE Il

THE PATH OF INDIVIDUAL SESSIONSAND THE FAIR SHARE OF INDIVIDUAL FLOWS FOR THE SAMPLE NETWORK TOPOLOGY OF FIG. 4.

Virtual
Session

Path

PerLink
Link | Capacity SessiorRates

propertyof De nition 2.1 is not satis ed underthe othertwo  similarfair shareut differentaggreyateutility functionswhen
centralizedscenarios.In addition, recall thatthe implementa- comparingheresultsof the rst, thesecondandthethird cen-
tion of ourdecentralizedlgorithmassigngheweightingfunc- tralized algorithmsrespectiely. The resultsof Table IV are
tion of a o w proportionalto the numberof links traversedby in agreementvith our expectations. While we obsere simi-
that o w. As theresult,theimplementatiorof ourdecentralized lar aggreate utility functionswhen comparingthe resultsof
algorithmis closerto the seconccentralizedalgorithmthanthe  the rst centralizedand the decentralizedalgorithms, we see
othertwo centralizedalgorithms.

Similar to Example5.1, we expectobservingdifferent fair
sharesbut close aggreate utility functionswhen comparing
the resultsof the secondcentralizedandthe decentralizedl-
gorithmsrespectiely. Additionally, we anticipateobserving

closeassignmenbf fair sharesvhen comparingthe rst, the
secondandthe third centralizedalgorithms. Again, consider
ing anaggreyateutility offsetof compareto thesecond
centralizedalgorithmalongwith signi cant lower compleity
andthe lack of needto accessstateinformation, utilizing our



TABLE I
A COMPARISON OF PER FLOW MINIMUM FAIR SHARES (MFS) OF THE
SAMPLE NETWORK TOPOLOGY OF FIG. 3 AS THE RESULT OF UTILIZING
OUR CENTRALIZED AND DECENTRALIZED ALGORITHMS. THE WEIGHTING
FUNCTIONSARE SET BASED ON THE NUMBER OF FLOW LINKS AND FLOW
END NODES IN CENTRALIZED 1 AND CENTRALIZED 2 CASES
RESPECTIVELY. THE TABLE ALSO INCLUDES AGGREGATE UTILITY OF THE
SAMPLE NETWORK FOR THE CENTRALIZED AND DECENTRALIZED
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TABLE IV
A COMPARISON OF PER FLOW MINIMUM FAIR SHARES (MFS) OF THE

SAMPLE NETWORK TOPOLOGY OF FIG. 4 AS THE RESULT OF UTILIZING
OUR CENTRALIZED AND DECENTRALIZED ALGORITHMS. THE WEIGHTING
FUNCTIONS ARE SET EQUALLY, BASED ON THE NUMBER OF FLOW LINKS,

AND BASED ON FLOW END NODES IN CENTRALIZED 1, 2, AND 3 CASES
RESPECTIVELY. THE TABLE ALSO INCLUDES AGGREGATE UTILITY OF THE

SAMPLE NETWORK FOR THE CENTRALIZED AND DECENTRALIZED

ALGORITHMS. ALGORITHMS.
Centralizedl | Centralized®2 | Decentralized Centralizedl | Centralized®2 | Centralized3 | Decentralized
MFS MFS MFS MFS MFS MFS MFS

| AggregateUtility || | | |

decentralizedlgorithmis justi ed in caseof thisexample.Fur-
therconsideringmplicit priority mechanisnof alayeredmedia
architectureandas proposedn SectionlV, the bandwidthsof
lower priority higherbandwidthlayerscanbe appliedto higher
priority lower bandwidthlayersin orderto accommodatehe
requirement®f higherpriority layersonelayeratatime.

VI. CONCLUSION

In this paper we studiedthe solutionto the generalprob-
lem of ow control for hybrid unicastand multicastIP net-

works. We aimedat providing centralizedand decentralized

optimal solutionsto addressnter-sessiorfairnessssueamong
competingunicastand multicast o ws. Relying on the stan-
dardlinearprogrammingschemesndwater lling schemee-
spectvely, our solutionsto centralizedand decentralizedor-

mulationsof the o w control problemanalyticallydetermined

maximumallowableratesmaximizingamax-minfairnesanet-
ric. We shaved that our low compleity decentralizedalgo-
rithm could be implementedvith minimal ECN markingsup-
port from intermediatenetwork nodes. Further we notedthat
our proposeddecentralizedechniquedid not require storing
ary stateinformationin intermediatenetwork nodes. Addi-
tionally, we explainedhow the o w control resultsof our cur-
rentwork, could be utilized in real-timemediasystems.Tak-
ing into consideratiorthe low complexity of our decentralize
o w control techniquewe arguedthat our techniquecould be
effectively adoptedin differentsize unicastand multicastnet-
works. We alsoarguedthatour decentralizedechniqués capa-
ble of copingwith the varying membershiplynamicsof mul-
ticast groups. Finally, we comparedthe performanceof our
centralizedanddecentralizegolutionsandillustratedtheir ap-
plicability in two samplenetwork topologies. At the end,we

d sumethat

| | | | |

would like to discusssomeof the aspectf our future work.

We arecurrentlyworking on the expansionof our o w control
resultsinto a generalcombinedframework for congestiorand
o w control. Relyingontheimplementatiorof our o w control
algorithm,we aredevelopinga reactive recever-orientedcon-
gestioncontrol schemehatcanbe appliedto real-timelayered
mediasystemsaswell asothermulticastingapplications.

APPENDIX |
PROOF OF OPTIMALITY FOR THE WATER-FILLING
APPROACH OF SECTION |1.B

In sectionll.B, we formulateda perlink o w control prob-
lem asa constraintcorvex optimizationproblem. We claimed
thatthe answerto the optimizationproblemof (6) is given by
Equation(8). In this appendixwe prove our claim.

First we notethatfor the specialcaseof the
optimal solutionis trivially While sucha
solutionsatis esoptimizationproblemof (6), it introducesan
undetutilized link. Therefore,in the restof the proof we as-
resultingin a scenarioin which at
leastoneof the o wsis notin its saturatiorregion. In this case
the optimal solutionsatis es , otherwisewe can

nd othersolutionsyielding largeraggreyateutilities according
to the following reasoning. Assuming ,
thereexists at leastone ow thatis notin its saturationre-
gion. We notethatadding to therateof sucha o w in-
creaseshe aggreyateutility by avalueof



Therefore,the optimal solution _  must satisfy the condition

In whatfollows we will prove that(8) is the solutionto the
optimizationproblemposedin (6) considering
We denotethe solutionof Equation(8) by _
andanothelfeasiblesolutionsatisfyingthe problemconstraints
by . De ning , we shaw
that _ forary_ _ andhence_ istheoptimal
solution. Insteadof working with the vectors_ and _ , we
work with the differencevector__  _  _
in which  canbe positive or negative correspondingo the
deviationsfrom _ . Consequentlywe cande ne thefollowing
two orderedsets.

(23)
(24)
Combiningthefacts and , with the
expression
(25)
we concludethat .
Now we will comparethetotalincreasén _ with theto-

tal decreasén _ dueto the _ andwill shav thatthe total
decreasés greatetthanthetotalincreaseAssuming and
aregreatetthan where istheindex de nedby (9), weargue

that . Otherwiseconsideringhefactthatthe elements

of _ areidenticalfor , thesecondptimizationconstraint

( ) is violated by consideringan increasen
by a value of where is thelastindex in the setof

positive valuesandadecreasin by avalueof where
Now, we canwrite the maximumtotal increasein
_ dueto__as

(26)

Thesecondermin theabove statemenis equalto zerobecause
allofthe 'swhose islessthanorequalto ,arealreadyin

theirsaturatiorregionandanincreasen  'swill notincrease
thevalueof _ . Thetotaldecreasin _ dueto __is

(27)

Now, we show that the total decreas€27) is greaterthanthe
total increase(26)to _ . This canbe doneby multiplying
both Equation(26) and Equation(27) by andtakinginto
accountthe fact that The result of
multiplying (26) by is

(28)
wheretheinequalityholdsdueto thefactthat . The
resultof multiplying (27) by is

(29)
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Again the inequality holds because where
. Comparingheresultsof inequalitieg28) and(29)

andkeepingin mindthat ,weconclude
that
(30)
Thus,
— — (31)

Inequality (30) yieldsthatthe maximumtotal increaseén  _
is lessthanor equalthetotaldecreas@n _ implying thatthe
overallchangesn thevalueof _ is negative. Thereforewe
conclude QED
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