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Abstract—In this paper, wepresentan analytical solution to the
generalproblem of �o w control for both unicast and multicast IP
networks. Relying on the so-calledmax-min �o w fair nessmetric,
we formulate a pair of centralized and decentralizedconvex opti-
mization problemsthat can be analytically solved with quadratic
and linear complexitiesrespectively. Utilizing the solution to the
decentralizedoptimization problem, we then proposea �o w con-
tr ol algorithm requiring no per �o w state information. The pro-
posedalgorithm can be implemented by merely making useof a
simple Explicit Congestion Noti�cation (ECN) marking scheme
to convey minimum per link �o w fair nessinformation to the end
nodes.Relying on the resultsof our curr ent work, wealsoaddress
the �o w control issueof distrib uting real-time multimedia traf�c
acrossmulticast IP networks.

Index Terms— Unicast IP Networks, Multicast IP Networks,
Heterogeneity, Inter -SessionFairness, Flow Control, Max-Min
Fairness,Optimality , ECN Marking, Layered Media Systems.

I . INTRODUCTION

I N the past decade,multicasting techniqueshave been in
widespreadusefor communicationnetworking applications

asef�cient meansof network resourcesharing.However, uti-
lizing multicastingtechniqueshasintroducedsigni�cant techni-
calchallengesatdifferentlevels.Enforcinginter-session(�o w)
fairnessamonga set of competing�o ws is one of the most
importantchallengesof utilizing multicastingtechniques.For
the lack of any built-in �o w fairnesssupportin UDP anddue
to the fact that multicastsessionsaretypically built on top of
UDP, achieving �o w fairnessin hybrid unicastand multicast
networksis in facta complex task.

Reviewing the literatureof multicastingapplicationsreveals
that somesigni�cant protocolshave beenproposedwithin the
context of streamingmedia. Utilizing streamingmediaover
multicastIP networkswas�rst proposedby Deeringet al. [9].
Following thework of Deeringet al., replicatedmediastreams
approach�rst presentedby Cheungetal. [5] within thecontext
of DSGprotocolandlayeredmediastreamsapproach�rst pro-
posedby McCanneet al. [27] in thecontext of RLM protocol
aswell asLi et al. [22] in the context of ratecontrol aspect
of LVMR protocolaresomeof themostwell-known protocols
in this area. While noneof theseprotocolsin their original
formsdealtwith inter-session(�o w) fairness,Rubensteinet al.
[33] andsomefollow on researcharticleslatershowedthatuti-
lizing multiple transmissionratesasproposedpreviously im-
provesnetwork fairnesspropertieswithin the context of max-
min fairness.
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With theabove introduction,we clarify that the main focus
of this researchwork is to developinter-session(�o w) fairness
algorithmsrelying on the conceptof max-minfairness.Such
algorithmshave to offer low complexity solutionsthat canbe
obtainedin real time consideringthedelayconstraintsof com-
municationnetworking applications.Further, suchalgorithms
haveto addresstheco-existenceissuesof unicastandmulticast
�o ws.

In whatfollows,we brie�y review related�o w controlwork
in thecontext of our currentresearchwork. Theoriginal TCP
�o w control was discussedby Jacobson[16] and further en-
hancedby Floyd et al. [11]. Addressing�o w andratecontrol
problemswerealsoconsideredin the literatureof mediamul-
ticasting,for example,by Li et al. in [23] andWanget al. in
[37]. In therecentyears,propositionof ECN(Explicit Conges-
tion Noti�cation) markingtechniquesproposedby Ramakrish-
nanet al. in [28] andby Lapsley et al. in [20] hasbroughtthe
promiseof practicaldeploymentof effective �o w andconges-
tion controlmechanismsfor theexistingInternetinfrastructure.
In addition, applicationsof control and optimizationtheories
asdescribedby [3], [6], [7], [12], [13], [17], [30], [32] have
shedlight on thegeneralproblemof �o w control in computer
communicationnetworks. Althoughleadingto ratherdifferent
�o w control strategies, the key promiseof mostof the recent
resultsis to maximizeasetof utility functionspertainingto the
bene�t of variousnetworkentitieswhile potentiallyconsidering
pricing issue.Anothercloselyrelatedliteratureapproachto our
currenttopicadvocatesagame-theoreticapproachasdescribed
by [26] and[19] in which reachinga stableNashequilibrium
solutionis desired.

In this study, we payspecialattentionto theresultsof Athu-
raliya et al. [1], [2], Graveset al. [15], Kelly et al. [18], Low
et al. [25], Kunniyuret al. [19], Ramakrishnanet al. [28], and
Sarkaret al. [34]. Our formulationof the�o w controlproblem
is bestcategorizedunder the optimization �o w control tech-
niques.It is henceaimingatmaximizingaglobalandaperlink
setof utility functionsde�nedoverthecompletepathof unicast
andmulticasttrees.

More speci�cally, our formulationof the �o w controlprob-
lem is a convex optimization problem de�ned over a set of
piecewiselinearutility functions.Themainadvantageof utiliz-
ing suchasetof utility functionscompareto thepreviouslypro-
posednonlinearutility functionsis simplicity. Not only appeal-
ing from thecomplexity standpoint,our techniquecanalsosat-
isfy importantcharacteristicsof well-behavedalgorithmssuch
asguaranteedexistence,boundedness,stability, andscalability.
Consideringpracticality, the resultingproposedalgorithmcan
be implementedin real-timeby merely taking advantageof a
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simplebinaryECNmarkingmechanismcurrentlyunderreview
by IETF [28].

In summary, our solutionto theformulationof the�o w con-
trol problemidenti�es maximumachievablefair ratesfor indi-
vidualunicastandmulticastsessionssharingthesameunderly-
ing network infrastructure.An outlineof thepaperfollows. In
SectionII, we formulateandanalyticallysolve a pair of global
andper link optimal �o w control problemsrelying on the so-
calledmax-min fairnessmetric. Our solutionsto theseprob-
lems are capableof addressinginter-sessionfairnessissuein
order to specifya fair assignmentof the availablebandwidth
amongasetof competingunicastor multicast�o ws. In Section
III, we describea decentralizedimplementationof our perlink
�o w controlsolutionrelying on a simpleECN markingmech-
anism. We note that the implementationof this sectiondoes
not requirestoringany per �o w stateinformationin individual
links. In this section,we alsodiscussthe implicationsof ap-
plying our �o w control problemto both unicastandmulticast
sessions.In SectionIV, we utilize the the resultsof our �o w
control work to satisfy the real-timerequirementsof layered
and replicatedmediasystemsover multicastIP networks. In
SectionV, we numericallyvalidateour analyticalresults. Fi-
nally, SectionVI includesa discussionof concludingremarks
andfuturework.

I I . FLOW CONTROL OPTIMIZATION PROBLEM

In this section,we focuson a pair of optimal �o w control
problemsandtheirsolutions.Westartfrom acentralizedglobal
formulationof theproblemaimingatguaranteeinginter-session
fairnessamongcompetingunicastandmulticast�o wsutilizing
the set of links over an existing network topology. We then
move on to a decentralizedlocal formulation of the problem
relying on the conceptof max-min fairnessand comparethe
two methodsregardingcomplexity andoverall fairnessissues.

In order to formulate both centralizedand decentralized
problems,we rely on the max-min fairnessconceptof [4]
de�ned below.

De�nition 2.1: A bandwidth allocation schemeamong a
numberof competing�o ws is max-minfair if no �o w canbe
allocateda higher bandwidthwithout reducingthe allocation
of another�o w with anequalor a lower rate.

�

Intuitively, max-min fair allocationimplies that for a number
of competing�o ws over an existing network topology, each
�o w shouldbe able to receive a “f air share”of the available
bandwidth.If a �o w cannotfully utilize its fair sharedueto a
limitation imposedby anotherlink, thentheresidualbandwidth
of that�o w is split fairly amongother�o ws.

A. CentralizedFlow Control Problem

Usingtheabovenotionof max-minfairness,we formulatea
convex optimizationproblemby meansof de�ning a per �o w
fairnessutility with theobjectiveof maximizingthesumof util-
itiesover thesetof links of a givennetwork topology.

Assume� �o wsaresharinga setof links � overa particular
network topology. Further, assumethat the capacityof link �

where ����� is speci�ed by �	� . Each�o w 
 hasa maximum
requiredbandwidthdenotedby �
� . Dependingon the char-
acteristicsof �o w 
 the term ��� could vary from a minimum
guaranteedavailablebandwidthfor a restricted�o w to thefull
capacityof thebottlenecklink over a unicastor multicastpath
for an unrestricted�o w. Hence,assigninga bandwidthhigher
thantherequestedvalue � � to �o w 
 leadsto capacitywastage
of the setof links utilized by �o w 
 dueto the fact that �o w 


cannotutilize morethanits maximumrequiredbandwidth. In
accordancewith the latterassumption,we selectthefollowing
concaveutility function1 to representthefairnessof individual
�o ws.
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Fig. 1 illustratessampledrawingsof suchautility function.

Fig. 1. Sampledrawingsof theutility function /�0�132!054 for �o ws 687�9;:=<�>;?

with maximumrequiredbandwidth@A0 .

Assuming an ordered set of bandwidth requirements
��B
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��F suchthat �
B�*��-CG*IH3H�HJ*���F , our for-
mulationof the global �o w control problemis now described
in theform of thefollowing optimizationproblem.
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where� is thetotalnumberof �o wsoverthenetwork topology,
�

� is thecapacityof link � ,
�

�
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�
� is theutility functionde�ned

in Equation(1),and
Z

��� is theweightingfunctionde�nedbelow
indicatingwhetherlink � is utilizedby �o w 
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We alsonotethata �o w priority mechanismcanbeeasilyim-
plementedby usingvaluesother than

"

in Equation(3). Re-
minding the fact that the summationoperationpreservescon-
cavity, theproblemof (2) is categorizedunderconstraintconvex
optimization problemswith piecewise linear objective func-
tions. We caneasilyconvert the problemof (2) to a standard
linear programming(LP) problem as the result of replacing
the secondlinear piece in the saturationareaby a new con-
straint.Theequivalentstandardlinearprogrammingproblemis
expressedas
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where
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�h£ . We now note
the LP problem of (4) can be solved relying on one of the
few existingmethodssuchastherevisedSimplex method,LU-
decompositionmethod,or sparseBartel-Golubmethodasde-
scribedin [14] and[31]. Dependingon thechoiceof algorithm
andnumericalapplicability, theaveragecomplexity of solving
theLP problemof (4) is in anorderrangingfrom «
�¬�®­•¯±°X�[�

C

�

to «����™­O¯�°X�[�c²'� where­ is thenumberof links overthenetwork
topology � . It is in orderto mentionthattheaboveformulation
of theglobal�o w controlproblemis in factimplementingapri-
ority mechanismin which the�o w weightsaresetproportional
to thenumberof endnodeslinks traversedby the�o w. Despite
the fact theremay be other considerationsfor implementing
�o w prioritiessuchasthenumberof �o w endnodes,the �nal
formulationof theproblemneverthelesscomesdown to (4) for
adifferentchoiceof theweightingfunctions ¡
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is also importantto notethat the solutionto the problemfor-
mulationof (4) tendsto follow max-min fairnesspropertyof
de�nition of 2.1if
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This is a designconsiderationthatcanbeoffsetby relative im-
portanceof priority overmax-minfairness.

B. DecentralizedFlow Control Problem

Consideringtheneedfor accessingglobal stateinformation
amongthe setof links of a givennetwork topologyaswell as
thecomplexity of thesolutionto theglobalproblemabove,we
reducethe global probleminto a set of per link �o w control
optimizationproblems.The setof per link problemscanthen
besolved independentlyandwith a linearcomplexity for both
unicastandmulticast�o wsandwithout requiringto accessany
stateinformation amongthe links of a given topology. Not
requiring to accessstateinformation, however, comesin ex-
changefor potentialunderor overestimationof �o w fair shares
yielding to sub-optimality. The latter is dueto the fact that a

fair sharecalculatedfor a �o w at a link may be subjectto ex-
tra limitationsor relaxationsimposedby anotherlink. Conse-
quently, theother�o wsof the�rst link couldbeassignedhigher
or lower fair sharesby takingadvantageof theunusedportion
of thebandwidthassignedto the�rst �o w or having to give up
aportionof their bandwidth.

We also note that althoughour simpli�ed approachcanbe
independentlyutilized for network links accommodatingboth
unicastandmulticastsessions,thereareadditionalimplemen-
tationconsiderationsthatneedto beaddressedin caseof mul-
ticastnetworks. We will addressthe latter issuesin the next
section.Prior to proceedingwith expressingsimpli�ed formu-
lation of the �o w control problemand its solution, we point
out that our simpli�ed approachcalls for detectinga per �o w
bottleneckintroducingminimum availablefair shareto a spe-
ci�c �o w. In thenext section,we proposea simpleECN mark-
ing techniqueto detectandconvey bottlenecklink information
to the endnodesof a session.With the descriptionprovided
above, we now focuson the formulationof the per link �o w
controlproblemandthecorrespondingsolution.

Assume� �o ws aresharinga link with bandwidthcapacity
� . Each�o w 
 hasamaximumrequiredbandwidth�

� . Relying
onthede�nition of theconvex utility functionof (1) andassum-
ing anorderedsetof bandwidthrequirements�•B
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F , our per link formulationof

the �o w control problemis now describedin the form of the
following optimizationproblem.
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where � is the numberof competing�o ws over a link, � is
the capacityof the link, and

�

�¬�™�)��� is the utility function of
�o w 
 asde�ned in Equation(1). We observe thatsolvingper
link optimization problem of (6) doesnot require accessing
any stateinformation. Remindingthe fact that thesummation
operationpreserves concavity, the problem of Equation (6)
is categorizedunderconstraintconvex optimizationproblems
with piecewise linear objective functions. The problem can
be solved utilizing a similar approachas the one utilized in
the previous subsectionandnoting the fact that Condition(5)
holds. Ratherthan relying on the approachof the previous
subsection,we selectwater-�lling approachin orderto �nd the
uniquesolutionof theproblemwith a lower complexity while
satisfyingDe�nition 2.1. We expressthewater-�lling solution
to theconstraintoptimizationproblemof (6) asfollows.
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where��� is thebandwidthassignedto the 
 -th �o w and ¼ satis-
�es thefollowing condition
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. AppendixI provesthat the water-�lling solution
of Equation(8) is, in fact,theoptimalsolutionto theconstraint
optimizationproblemof (6).

We observe that the water-�lling approachof Equation
(8) starts by dividing the bandwidth equally among all of
the � �o ws until the �rst �o w reachesits maximumrequired
bandwidth �
B , then it �x es the assignedbandwidthfor the
�rst �o w to �
B and divides the remainingbandwidthamong
the remaining�o ws equally, and so on. Consequently, the
�o ws that have reachedtheir saturationregions receive their
maximumrequestedbandwidthwhile the other �o ws receive
equal sharesof the remainingbandwidthguaranteednot to
be less than the assignedsharesof �o ws in their saturation
regions.Themethodhencesatis�esDe�nition 2.1of max-min
fairness.To clarify theabovediscussionconsiderthefollowing
examples.

Example 2.1 Assume three �o ws are sharing a link with
capacity �I�ÆÅ`HSÇ�È‰É�ÊmË . In addition, assumethat the max-
imum bandwidthrequestedby eachof the three �o ws is as
follows.
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Accordingto the algorithmstatedabove, �rst we have to �nd
thevalueof ¼ . From(9), we observe that the inequalityholds
for ¼
�·° . Consequently, Equation(8) introducesthefair band-
width assignmentas
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We notethatthedistribution of thebandwidthis max-minfair.
�

Example 2.2 Assume four �o ws are sharing a link with
capacity�‰�

" |

È‰É�ÊmË . In addition,assumethatthemaximum
bandwidthrequestedby eachof thefour �o ws is asfollows.
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Accordingto the algorithmstatedabove, �rst we have to �nd
the valueof ¼ . From (9), it is not hardto observe that the in-
equality holds for ¼‰�Æ° . Consequently, Equation(8) intro-
ducesthefair bandwidthassignmentas
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Again we note that the distribution of the bandwidthis max-
min fair.
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It is also important to note that there is a simple geomet-
ric interpretationfor thewater-�lling approachof Equation(8)
specifyingthe numberof �o ws in their saturationregion. In
order to explain the geometricinterpretation,we considera
coordinatesystemwith its x- andy-axis correspondingto the
overall allocatedbandwidthandtheoverall fairness.For such
a system,we observe that theaggregateutility function of the
optimizationproblem(6) appearsin the form of a piecewise
linear function. Furthertheslopesof consecutive linearpieces
alongwith theassociatedx-coordinatesof thebreakpointsare
membersof thesets
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respectively. The key observation with regardsto the water-
�lling approachof Equation(8) is that thevertical line passing
throughthe breakpoint ¼ representsan aggregatelink band-
width assignmentof
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to the competing�o ws. Geometricallyspeaking,the solution
to theconstraintoptimizationproblemof (6) lies betweentwo
valuesassociatedwith the bandwidthassignmentof Equation
(12) for the vertical lines passingthroughbreakpoints ¼ and

¼•¯

"

. Theverticalline associatedwith breakpoint ¼ speci�es
the numberof �o ws in their saturationregion. The following
exampleshowsgeometricinterpretationof Example2.1.

Example 2.3 Assumethe three �o ws of Example 2.1 are
sharing a link with capacity � . We discussmax-min fair
assignmentof the link bandwidthfor differentvaluesof link
capacity, � .

Fig. 2 shows the drawing of the aggregateutility function
for thisparticularexample.Fromthe�gure weobservethatfor
the link bandwidthssatisfying °Ø*Ù�ÚºÙ°^H Ì•Í…È‰É�ÊmË the �rst
�o w canreceive its maximumrequestedbandwidthwhile the
other two �o ws canonly receive a portion of their maximum
requestedbandwidths; for the link bandwidths satisfying

°^H Ì•ÍšÈ‰É�ÊmË�*q�µºGÅ`H Ì•Í‹È‰É�Ê�Ë the�rst two �o ws canreceiver
their maximumrequestedbandwidthwhile the third �o w can
only receive a portion of its maximumrequestedbandwidth;
and�nally for the link bandwidthssatisfying �Ù¸qÅvH Ì—ÍAÈ‰É�Ê�Ë

all of the three �o ws can receive their maximum requested
bandwidths.

�

Utilizing our water-�lling approach, we now formalize
our �o w control algorithm at an intermediatenode with
capacity� accommodating� competing�o ws.
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Fig. 2. Drawing of theaggregateutility functionfor the�o ws of example2.1.
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As an important observation, we make note of the fact that
thetimecomplexity of “Flow ControlOptimizationAlgorithm”

«
�®�[� is linearin termsof thenumberof competing�o ws � . In
thenext section,weutilize alow complexity algorithmto detect
theminimumavailablefair bandwidthfor asetof �o wsrelying
on theresultsof thecurrentsection.

Before we discussthe implementationof our �o w control
protocolbasedon thedecentralizedsolutionof this subsection,
wenotethatit is alsopossibleto envisionahybrid �o w control
optimizationproblemthatcanbesolvedover local zones.The
ideabehindproposingsucha scenariois to addressthe trade
off betweenaccuracy and the practicality of the solution. In
sucha scenario,the optimizationproblemof SectionII.A can
besolvedover thetopologiesof local zonesin whichexchang-
ing stateinformationis not overheadprohibitive. Applying de-
centralizedapproachof this subsectionto local zonescanthen
identify theminimumfair shareof each�o w.

I I I . UTIL IZING ECN MARKS IN THE IMPLEMENTATION OF

THE PER L INK FLOW CONTROL PROTOCOL

In thissection,wedescribetheimplementationof a�o w con-
trol protocolbasedontheresultsof SectionII.B. Westartby de-

scribingutilizationof abinaryECNmarkingtechniquefor both
unicastandmulticast�o wsandcontinueby discussingparticu-
lar implicationsof deploying theresultsof SectionII.B in case
of multicast�o ws.

A. DecentralizedFlow Control Protocol

Westartbydescribingtheimplementationof thegeneral�o w
controlprotocol.Our proposalfor implementingthe�o w con-
trol protocolcallsfor utilizationof abinaryECNmarkingtech-
niqueasdescribedby [28]. Sucha markingtechniquerelieson
receiving supportfrom theintermediatenodesto propagatethe
marksonthepathsstartingfrom thesourceto thereceiversof a
session.Themarkingprobabilityis calculatedbasedon theag-
gregateloadsof theintermediatenodes.Wenotethatthemark-
ing proposalof [28] is currentlyunderconsiderationby Internet
EngineeringTaskForce(IETF) asa standardizationcandidate
for next generationIP packet networks. Having solvedtheper
link max-minfairnessoptimizationproblemof SectionII.B, in
this subsectionwe utilize themark-basedestimationtechnique
of [15] to detectthe bottlenecklink of a unicastsession. In
the next subsection,we generalizeour approachto detectthe
bottlenecklink of a multicastsession.

In whatfollowswebrie�y describetheapproachof [15] and
distinguishthe differencesbetweenits proposedmethodand
our method.The authorsof [15] suggestutilizing a setof per
link power rationalutility functionsforming a per link convex
optimizationproblem. The setof utility functionsarede�ned
suchthatthey convergeto a max-minfair distribution of avail-
ablelink bandwidthamonga setof competing�o ws. Showing
that the choiceof utility functionsfor the limiting caseof an
in�nite power value leadsto a max-min fair allocationof the
link bandwidthamongcompeting�o ws, the authorsthenrely
on an approximationof the max-min fair allocationfor some
largenumberï . Relyingon duality theoryandmakinguseof
the conceptof scaledshadow pricesof [18], the authorspro-
posean iterative methodthat will asymptoticallyconverge to
theoptimalfair shareof a link in thelimiting caseof ïñðóò .
We recall that theshadow pricesof [18] arede�ned asthe in-
verseof theLagrangemultipliers in theoptimizationproblem.
We note that we are investigatingthe exact solutionsto a re-
latedbut differentprimal optimizationproblemobtainedfrom
the de�nition of max-min fairnessinsteadof looking for ap-
proximatedsolutionsto thedualoptimizationproblemof [15].
Consequentlyratherthanrecursively calculatingscaledshadow
prices,we solve the optimizationproblemof (6) relying on a
non-recursiveapproach.This leadsto theintroductionof exact
per link max-minfair sharesat any instantof time. Addition-
ally becauseof introducingexact solutionsrelying on a non-
recursive approach,we alsoeliminatetheneedfor providing a
stabilitydiscussionregardingtheconvergenceof ourapproach.

Assumingthat solving the set of optimizationproblemsof
SectionII.B yields to the introductionof anorderedlist of per
link fair shares¡O­
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fair shareof asessiontraversinglinks ¡ ­
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ô
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ô
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­™õXö
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£ is equiv-
alentto specifying ø
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ô in theorderedlist of ¡Mø
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canbeapproximatedby ø

B

ô for somelargenumberï consid-

ering thefact that �

&

ö

�

N

ö

*

"

for 
Ô��¡O°

 ;D;D'DE 

è

ô

£ . Consequently,
identifying the bottlenecklink of the sessionis equivalent to
conveying

û

ô to the endnodesof a unicastsessionor asdis-
cussedsubsequentlyto thereceiversof amulticastsession.As-
sumingthata packet is markedat link 
 of theunderlyingses-
sion with probability

"

¦

b

L��œ�¬¦à�®ø

�

ô

�™ýâ� , theendnodesof the
sessioncanobtainanestimateof theminimumfair shareof the
session�¬¦�x3���

ô

�	�

N

ÿ at any interval of time by measuringthe
receiving rateof unmarked packets �

ô

�

b

L��œ�c¦

û

ý

ô

� in that
interval.

Next, we notethatnumericalimplementationof suchan al-
gorithmis unstabledueto thefactthatthevalueof �

ô for large
ï canbeeithervery closeto

|

or
"

dependingon thevalueof
ø

�

ô . To overcometheabove-mentionedproblem,[15] proposes
utilizing thefollowing transformation
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andapplyingappropriatecoef�cients É

�

ô , �

�

ô to keepthevalue
of 


�

ô closeto
"

. Adoptingtheproposalof [15] in thecontext of
our work, we notethat thevalueof 


�

ô is guaranteedto satisfy
thefollowing inequality
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¯�� (15)

for every link 
 of theunderlyingsessionandsomesmallnum-
ber � by selecting
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û

ô

§�êü3�




B

ô

�™ýê¯

D;D'D

¯Î�




õXö

ô

�®ý�þ

N

ÿ

�ê�




B

ô

�;ü

"

¯Î���

�

ö

�

N

ö

�®ýê¯

D;D;D

¯G�

�

�

ö

ö

�

N

ö

�™ý-þ

N

ÿ

(18)

specifyingthenumberof unmarkedpacketsas

�

ô

�

b

L��œ�¬¦

û

ý

ô

� (19)

Having resolved the above-mentionednumerical implemen-
tation issue, we now introduce the following pair of �o w
control algorithms that can be implementedrespectively in
the intermediatenodesand the end nodesof a unicast or

subsequentlya multicast sessionrelying on a binary ECN
markingscheme.

Flow Control Algorithm: Intermediate Node
Û Calculateminimumfair shareof thelink from “Flow Con-

trol OptimizationAlgorithm” of SectionII.B.
Û Determinethevalueof ø

�

ô

�

"��

­

�

ô .
Û Computethevaluesof É

�

ô and �

�

ô from Equation(16) and
Equation(17) respectively.

Û Calculatethevalueof 


�

ô from Equation(14).
Û Mark a packet with probability

"

¦

b

L��œ�¬¦à�




�

ô

�™ý
� for
somelarge ï .

Flow Control Algorithm: End Node
Û Calculatethe rate of receiving unmarked packets from

Equation(19) for theprevioustime interval.
Û Approximateminimum fair shareof the path from the

sourceas �®�

�

ô

�

�®É

�

ô

���

ö

� where�

ô

�ìü3¦�x3���

ô

�Õþ

B��

ý .

We notethatit is highly likely for anintermediatenodeto have
asetof �x edvaluesfor É

�

ô and �

�

ô overthelife timeof aslowly
varyingsessionandconcludethat the �rst stepof the interme-
diatenodealgorithmis likely to betakenonly onceat thetime
of sessionestablishment.

B. MulticastingImplications

In this subsection,we discussdifferentaspectsof protocol
implementationwhencopingwith multicastnetworks. With-
out lossof generalityandconsistentwith importantmulticast-
ing applicationssuchasmediastreamingandbulk datatransfer
applications,we considermulticasttreearchitectureswith one
sourceandmany receivers.We observe that theproposedpro-
tocol of theprevioussubsectioncannow beutilized for multi-
castsessionsby consideringa multicastsessionasa setof vir-
tual unicastsessionswith eachvirtual sessionconsistingof the
sourceof a multicastsessionandan individual receiver of the
session.Consequentlydependingon the requirementsof the
target applications,differentactionsmay be taken by a group
of end-nodesto reportminimumfair sharesof a multicastses-
sion. In this study, we considertwo scenarios.While in the
�rst scenariotheobjective is detectall of thebottlenecksof in-
dividual virtual sessions,in the secondscenariothe objective
is to discover the overall minimum fair shareof the session.
Sourcecentricmediastreamingandsynchronizedreceivercen-
tric bulk datatransferareamongthe applicationexamplesre-
latedto thesetwo scenariosrespectively. It is worth mention-
ing that synchronizedprotocol implementationof both of the
above-mentionedscenariosaresubjectto feedbackimplosion
problemas�rst pointedout in [8]. In what follows we adopt
someof the multicastingliterature techniquesto addressthe
problemin eachcaseindividually. In both cases,we assume
thatthesourceof amulticastsessioninitiatesthediscoverypro-
cessby sendingpilot multicastingpacketsto themembersof a
multicastsession.

We startby addressingthe�rst casein which thesourceof a
sessionor anothercentralizednodemayrequireto accessbot-
tleneckinformationof individual receiversof thesession.Con-
sideringthe fact thatasidefrom feedbackimplosionaccessing
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perreceiver informationmaynotbeapracticalwayof handling
theproblemin largescaleenvironments,somefeedbackaggre-
gationmethodshave beenproposedin the literatureof multi-
castingto copewith the issue. Examplesof suchtechniques
canbe found in [21], [24], and[35]. We adoptanaggregation
methodwithin the lines of the above-mentionedreferencesin
which designatedreceivers in local zonesareusedfor aggre-
gatingthe feedbackandsendingtheresponseon behalfof the
receiversof thezoneto thesourceof thesession.We notethat
utilizing sucha techniqueimposesan approximationerror as
the resultof reportingthe averageor the lowestbottleneckto
the sourceof the session.Next, we focuson the secondcase
in which theobjective is to discover theoverall minimum fair
shareratherthanall of theminimumfair sharesof individualre-
ceiversof a multicastsession.Reviewing theliteratureof mul-
ticastingrevealsa rich set of asynchronousreceiver-initiated
protocolsproposedto eliminatefeedbackimplosion. The ar-
ticles of [29] and[10] areof specialinterestto us amongthe
setof articleson thetopic. In addition,[36] includesa general
analysisof suchtechniques.Consideringthefact thatany pro-
posedmethodis expectedto guaranteean implosionfree way
of discovering the overall minimum fair share,the following
approachis proposedasafeasiblealternative. Uponthereceipt
of polling packets,receiversof amulticastsessionsettheirown
timerswith arandomvaluecalculatingandreportingtheirmin-
imumfair shareafterhaving anexpiredtimeronly if nothaving
seena smallerfair sharevaluereportedby anotherreceiver of
themulticastsession.

IV. FLOW CONTROL FOR LAYERED AND REPLICATED

MEDIA SYSTEMS

We continueour discussionby elaboratingon how the cur-
rent researchwork �ts into the framework of layeredor repli-
catedmediasystemsovermulticastIP networks.We recallthat
suchsystemshavestrict real-timeconstraintsandhencehavea
needfor low complexity �o w controlalgorithms.

Noting thefactthatin a layeredor a replicatedmediasystem
a layer is mappedonto a multicastgroup,we provide the fol-
lowing brie�ng to describea layeredmediasystem.Consider
a multicastmediasessionwith a partitioningof receiversinto

 

groups.For a sessionwith ! receiversand
 

groups,each
group î �r¡

"

 ;D;D'D= 

 

£ consistsof !

ô receiverssuchthat !Ú�

¨#"

ô

Y
B

!

ô . For sucha mediasessiona set $³�ª¡&%•B('

D;D'D

' %

"

£

is calleda partitioningof the receiver set ¡

"

 'D;D'DE 

!Ý£ if $ is a
decompositionof the setof receiversinto a family of disjoint
sets.Thetermgrouprateis usedto denoteaggregatereceiving
rateof a receiver in thegroupwhile thetermlayer rateis used
to denotetransmissionrateto a speci�c layer. For an ordered
partitioningof receiversinto

 

groupswith orderedgrouprates
of )

B

 

)
C

 'D;D'D; 

)

"

suchthat )
B
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*
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"

thelayerrates
of a layeredmediasessionarecalculatedin theform of
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A receiver in group î subscribesto layers
"

through î receiv-
ing anaggregaterateof )

ô . Interpretationof theabove formu-
lation in caseof replicatedmediastreamsis alsostraightfor-
ward.For anorderedpartitioningof thereceiversinto

 

groups

% B

 

% C

 ;D'D;DE 

%

"

with orderedgroup rates of ) B

 

) C

 'D;D'DE 

)

"suchthat ) B *.) C *

D;D;D

*/)

"

the layer ratesare the same
as the group rates. A receiver in group î only subscribesto
layer î receiving a rateof )

ô .
We now notethatour formulationof the �o w control prob-

lem canbe appliedto a layeringarchitecturedescribedabove
by treatingdifferent multicastgroupsassociatedwith differ-
ent layersasindependent�o ws. As theresult,we observe the
pleasantbehavior of our centralizedalgorithmwith a priority
mechanismimplementationbasedon thenumberof endnodes
associatedwith a �o w. ConsideringCondition(5) andpaying
attentionto thefactthatfor a layeringarchitecturetherelation-
ships

ž

Bn¸

D'D;D

¸

ž

F

and
�
BÔ*

D'D;D

*,��F

hold, we concludethat our proposedcentralizedalgorithm
never accommodateslower priority higher bandwidth layers
beforeaccommodatinghigherpriority lower bandwidthlayers.
Additionally, we notethatthebehavior of our decentralizedal-
gorithmis alsothesameconsideringthe fact that the relation-
ships

ž

B
�

D'D;D

�

ž

F
�

"

and
�
BÔ*

D'D;D

*,��F

hold. However, wemakenotethatbothof theabove-mentioned
algorithmsmaypartiallyaccommodatedifferentlayersof ame-
diasessionastheresultof totalavailablebandwidthlimitations.
While this works �ne for a replicatedmediasystem,a layered
mediasystemshouldallow the receivers to modify their re-
porting logic suchthat thebandwidthsof lower priority higher
bandwidthlayersareappliedto higherpriority lowerbandwidth
layersresultingin completeful�llment of the requirementsof
higherpriority layersonelayerata time.

It is alsoimportantto notethat consideringthe mappingof
the layer ratesto the aggregatedgroup ratesas indicatedby
Equation(20), theminimumfair shareof a groupis thesumof
minimumfair sharesof themulticastgroupsrepresentingspe-
ci�c layersof thatgroupin a layeredmediasession.

At theendof thissectionwepointoutthatfor smallandlarge
sizetopologies,thecentralizedalgorithmof SectionII.A with
a priority mechanismbasedon the numberof endnodesand
thedecentralizedalgorithmof SectionII.B canberespectively
utilized to specifymaximumavailablebandwidthto individual
layersof amediasystem.As anexample,the�o w controlwork
of this researcharticlecanbeutilized to relatethe�o w control
aspectof our previousresearchwork LayeredMediaMulticast
Control (LMMC) to its rateallocation,partitioning,anderror
controlaspectsasdiscussedin [38], and[39].

V. NUMERICAL ANALYSIS

In this section,we providenumericalexamplesto further il-
lustratecentralizedanddecentralizedalgorithmsof SectionII.
With theassumptionthatall of thebandwidthunitsof thecur-
rent sectionarethesame,we do not show theunits in theex-
amplesof thissection.Additionally for bothof theexamplesof
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this section,we denote�m� astherateof the 
 -th unicastsession
and �)�á� asthe rateof the � -th virtual sessionof the 
 -th mul-
ticastsession.Accordingly, we assumeanunrestrictedunicast
or multicastsession
 is requestinga bandwidthof � � equalto
thecapacityof thebottlenecklink over its pathto a source.In
caseof multicastsession
 , we assumea virtual session� is re-
questinga bandwidthof � �á� alsoequalto the capacityof the
bottlenecklink over its path to a source. Taking into consid-
erationthat the resultingassignedratesof the virtual sessions
belongingto thesamemulticastsessionarethesame,thevalue
of � � for amulticastsession
 is relatedto thevalues� �á� of its
virtual sessionsas

� � �¶�����

�

� �á� (21)

Wepointout thatthesolutionto thestandardLP problemof (4)
is representedin thematrix form

�-K!L

$ 0 1

�

\—]v_^acb'dEe8fhg-i 2

� *,É (22)

where
0

�ªü43
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T

(

T

þ

1

and � �ªü �
B

D;D'D

�
F

þ

1

are �-5

"

coef-
�cients andthe�o w vectorsrespectively. Furthertheconstraint
matrix

2

and the constraintvector É are accommodatingthe
threeconstraintsetsof (4). Whencomparingtheresultsof the
centralizedalgorithmof SectionII.A with thoseof the decen-
tralizedalgorithmof SectionII.B, we pay attentionthat while
in the formercasesolving the linearprogrammingproblemof
(4) directly speci�es the fair sharesof the �o ws, �nding the
fair sharesof the�o ws in thelattercaseis equivalentto �nding
the minimum fair sharefor that �o w over the set of links on
its path. In addition,theaggregateutility of the decentralized
algorithmis obtainedby summingup theaggregateutilities of
individual links.

Example 5.1 For our �rst example, we borrow the sam-
plenetwork topologyof Fig. 3 from [15]. Thesampletopology
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Fig. 3. An illustrationof the�rst samplenetwork topology.

consistsof six unrestrictedmulticast and � ve unrestricted
unicastsessionsdistributedover a total of 19 links. We note

that the six multicastsessionsconsistof a total of 14 virtual
sessions.TableI providesspeci�cationsof thesamplenetwork
as well as per link resultsof the decentralizedalgorithm of
SectionII.B. The �rst four columnsof Table I respectively
show a virtual session, its underlying path, its requested
bandwidth,and the resultingrequestedbandwidthof its �o w
accordingto (21). While the valuesof the third and fourth
columnsarethesamein caseof unicast�o ws, they maydiffer
in caseof multicastsessions.This is due to the fact that the
third column value indicatesthe capacity of the bottleneck
link over thepathof a speci�c virtual sessionwhile the fourth
column value is the capacityof the bottlenecklink over all
of the virtual sessionsof the samemulticastsession.The last
threecolumnsof TableI respectively show thelink number, the
link capacity, and the setof correspondingcalculatedsession
ratesaccordingto our decentralizedalgorithm. Note that the
valuesof the lastcolumnaresortedin order, correspondingto
thevalueof � � for their related�o ws.

Next, we comparecalculatedfair sharesof individual �o ws
resulting from utilizing the centralizedalgorithm of Section
II.A with thosefrom the decentralizedalgorithm of Section
II.B. Beforeproceedingwith the review of the results,we re-
call that thesolutionto thestandardLP problemof (4) in case
of thesamplenetwork topologyof Fig. 3 is representedin the
matrix form of (22). Considering

"�6

link constraints,
"X"

�o ws
alongwith

"X"

upperboundconstraints,and
" |

orderedsetcon-
straints,

2

and É areof thesize ×

|

5

"÷"

and ×

|

5

"

respectively.
TableII includesminimumfair sharesof each�o w andtheag-
gregateutility of thesamplenetwork asthe resultof applying
bothcentralizedanddecentralizedalgorithmsof SectionII. The
resultsof thecentralizedalgorithmhave beenobtainedby ap-
plying a priority mechanismin which the �o w weightsareset
proportionalto the numberof links traversedby the �o w and
thenumberof endnodesassociatedwith the�o w respectively.

Due to the impact of local and global max-min fairness
anddueto similar implementationof priority mechanism,we
expectobservingdifferentfair sharesbut closeaggregateutility
functionswhen comparingthe resultsof the �rst centralized
and the decentralizedalgorithms. Additionally due to global
considerationof max-minfairnessanddueto applyingdifferent
weightingfunctions,weanticipateobservingsimilar fair shares
but different aggregateutility functionswhen comparingthe
resultsof the �rst andthe secondcentralizedalgorithms. The
results of Table II are in agreementwith our expectations.
While we observe similar aggregate utility functions when
comparingtheresultsof the�rst centralizedandthedecentral-
ized algorithms,we seecloseassignmentof fair shareswhen
comparingthe �rst andthesecondcentralizedalgorithms.We
arguethatconsideringanaggregateutility offsetof

|

HáÍ�7 along
with signi�cant lower complexity and the lack of a needto
accessstateinformation,ourdecentralizedalgorithmis abetter
choice than the �rst centralizedalgorithm for this speci�c
example. We alsoarguethat from a practicalstandpoint, the
useof the decentralizedalgorithm is most probablythe only
choice despitethe fact that the accuracy of the resultsvary
from caseto case.

�
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TABLE I
THE PATH OF INDIVIDUAL SESSIONS AND THE FAIR SHARE OF INDIVIDUAL FLOWS FOR THE SAMPLE NETWORK TOPOLOGY OF FIG. 3.

Virtual PerLink
Session Path �-�á� ��� Link Capacity SessionRates
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Example 5.2 In order to show the applicability of our
work to layeredmediascenarios,weutilize thesamplenetwork
topologyof Fig. 4 in our secondexample. We notethat there
arefour categoriesof bandwidthin thesampletopologyof Fig.
4. In the�gure, eachcategory is representedby a differentlink
thicknessand/orshade. The sampletopology consistsof six
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Fig. 4. An illustrationof thesecondsamplenetwork topology.

unrestrictedmulticast and eight unrestrictedunicastsessions
distributedover a total of 39 links. The six multicastsessions
consist of a total of 21 virtual sessions. We observe that
besidesa standalonemulticastsession,the sampletopology

accommodatestwo layeredmediasessionswith threeandtwo
multicastgroupsrespectively. While the �rst mediasession
consistsof the threemulticastgroups�

8 , �@< , and �>= asshown
in the �rst column of Table III, the secondsessionincludes
the two multicastgroups �

½ and �@A . TableIII alsoprovides
speci�cationsof thesamplenetwork aswell asper link results
of the decentralizedalgorithm of SectionII.B. The �rst four
columnsof Table III respectively show a virtual session,its
underlyingpath,its requestedbandwidth,andtheresultingre-
questedbandwidthof its �o w accordingto (21). Thelast three
columnsof Table III respectively show the link number, the
link capacity, and the setof correspondingcalculatedsession
ratesaccordingto our decentralizedalgorithm. Note that the
valuesof the lastcolumnaresortedin order, correspondingto
thevalueof �-� for their related�o ws.

Next, we comparecalculatedfair sharesof individual �o ws
resulting from utilizing the centralizedalgorithm of Section
II.A with thosefrom decentralizedalgorithmof SectionII.B.
We recall thatthesolutionto thestandardLP problemof (4) in
caseof the samplenetwork topologyof Fig. 4 is represented
in thematrix form of (22). ConsideringÅ

6

link constraints,
"

×

�o wsalongwith
"

× upperboundconstraints,and
"

Å orderedset
constraints,

2

and É areof thesize ÌXÌB5

"

× and Ì÷ÌC5

"

respec-
tively. TableIV includesminimumfair sharesof each�o w and
theaggregateutility of thesamplenetwork astheresultof ap-
plying bothcentralizedanddecentralizedalgorithmsof Section
II. Theresultsof thecentralizedalgorithmhave beenobtained
by applyingpriority mechanismsin which the�o w weightsare
set equally, proportionalto the numberof links traversedby
the�o w, andthenumberof endnodesassociatedwith the�o w
respectively. Note thatCondition(5) only holdsin caseof as-
signingequal�o w prioritiesimplying thatthemax-minfairness
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TABLE III
THE PATH OF INDIVIDUAL SESSIONS AND THE FAIR SHARE OF INDIVIDUAL FLOWS FOR THE SAMPLE NETWORK TOPOLOGY OF FIG. 4.

Virtual PerLink
Session Path �-�á� �-� Link Capacity SessionRates
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propertyof De�nition 2.1 is not satis�ed underthe other two
centralizedscenarios.In addition,recall that the implementa-
tion of ourdecentralizedalgorithmassignstheweightingfunc-
tion of a �o w proportionalto thenumberof links traversedby
that�o w. As theresult,theimplementationof ourdecentralized
algorithmis closerto thesecondcentralizedalgorithmthanthe
othertwo centralizedalgorithms.

Similar to Example5.1, we expectobservingdifferent fair
sharesbut close aggregateutility functionswhen comparing
the resultsof the secondcentralizedandthe decentralizedal-
gorithmsrespectively. Additionally, we anticipateobserving

similarfair sharesbut differentaggregateutility functionswhen
comparingtheresultsof the�rst, thesecond,andthethird cen-
tralized algorithmsrespectively. The resultsof Table IV are
in agreementwith our expectations.While we observe simi-
lar aggregateutility functionswhen comparingthe resultsof
the �rst centralizedand the decentralizedalgorithms,we see
closeassignmentof fair shareswhencomparingthe �rst, the
second,andthe third centralizedalgorithms.Again, consider-
ing anaggregateutility offsetof

"

°^H

6

7 compareto thesecond
centralizedalgorithmalongwith signi�cant lower complexity
andthe lack of needto accessstateinformation,utilizing our
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TABLE II
A COMPARISON OF PER FLOW MINIMUM FAIR SHARES (MFS) OF THE

SAMPLE NETWORK TOPOLOGY OF FIG. 3 AS THE RESULT OF UTIL IZING

OUR CENTRALIZED AND DECENTRALIZED ALGORITHMS. THE WEIGHTING

FUNCTIONS ARE SET BASED ON THE NUMBER OF FLOW LINKS AND FLOW

END NODES IN CENTRALIZED 1 AND CENTRALIZED 2 CASES

RESPECTIVELY. THE TABLE ALSO INCLUDES AGGREGATE UTIL ITY OF THE

SAMPLE NETWORK FOR THE CENTRALIZED AND DECENTRALIZED

ALGORITHMS.
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decentralizedalgorithmis justi�ed in caseof thisexample.Fur-
therconsideringimplicit priority mechanismof alayeredmedia
architectureandasproposedin SectionIV, the bandwidthsof
lowerpriority higherbandwidthlayerscanbeappliedto higher
priority lower bandwidthlayersin order to accommodatethe
requirementsof higherpriority layersonelayerat a time.

�

VI. CONCLUSION

In this paper, we studiedthe solution to the generalprob-
lem of �o w control for hybrid unicastand multicast IP net-
works. We aimedat providing centralizedand decentralized
optimalsolutionsto addressinter-sessionfairnessissueamong
competingunicastand multicast�o ws. Relying on the stan-
dardlinearprogrammingschemesandwater-�lling schemere-
spectively, our solutionsto centralizedand decentralizedfor-
mulationsof the �o w controlproblemanalyticallydetermined
maximumallowableratesmaximizingamax-minfairnessmet-
ric. We showed that our low complexity decentralizedalgo-
rithm couldbe implementedwith minimal ECN markingsup-
port from intermediatenetwork nodes.Further, we notedthat
our proposeddecentralizedtechniquedid not requirestoring
any stateinformation in intermediatenetwork nodes. Addi-
tionally, we explainedhow the �o w control resultsof our cur-
rent work, could be utilized in real-timemediasystems.Tak-
ing into considerationthe low complexity of our decentralized
�o w control technique,we arguedthatour techniquecouldbe
effectively adoptedin differentsizeunicastandmulticastnet-
works.Wealsoarguedthatourdecentralizedtechniqueis capa-
ble of copingwith the varying membershipdynamicsof mul-
ticast groups. Finally, we comparedthe performanceof our
centralizedanddecentralizedsolutionsandillustratedtheir ap-
plicability in two samplenetwork topologies. At the end,we

TABLE IV
A COMPARISON OF PER FLOW MINIMUM FAIR SHARES (MFS) OF THE

SAMPLE NETWORK TOPOLOGY OF FIG. 4 AS THE RESULT OF UTIL IZING

OUR CENTRALIZED AND DECENTRALIZED ALGORITHMS. THE WEIGHTING

FUNCTIONS ARE SET EQUALLY, BASED ON THE NUMBER OF FLOW LINKS,

AND BASED ON FLOW END NODES IN CENTRALIZED 1, 2, AND 3 CASES

RESPECTIVELY. THE TABLE ALSO INCLUDES AGGREGATE UTIL ITY OF THE

SAMPLE NETWORK FOR THE CENTRALIZED AND DECENTRALIZED

ALGORITHMS.
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would like to discusssomeof the aspectsof our future work.
We arecurrentlyworking on theexpansionof our �o w control
resultsinto a generalcombinedframework for congestionand
�o w control.Relyingontheimplementationof our�o w control
algorithm,we aredevelopinga reactive receiver-orientedcon-
gestioncontrolschemethatcanbeappliedto real-timelayered
mediasystemsaswell asothermulticastingapplications.

APPENDIX I
PROOF OF OPTIMALITY FOR THE WATER-FILL ING

APPROACH OF SECTION I I .B

In sectionII.B, we formulateda per link �o w control prob-
lem asa constraintconvex optimizationproblem. We claimed
that theanswerto the optimizationproblemof (6) is givenby
Equation(8). In this appendix,we proveourclaim.
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under-utilized link. Therefore,in the restof the proof we as-
sumethat ¨

F

��Y
B

�-�â¸©� resultingin a scenarioin which at
leastoneof the�o ws is not in its saturationregion. In this case
theoptimalsolutionsatis�es ¨
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�¹� , otherwisewe can
�nd othersolutionsyielding largeraggregateutilities according
to the following reasoning.Assuming ¨
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creasestheaggregateutility by a valueof �����œ�
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Therefore,the optimal solution � F mustsatisfy the condition
¨

F

�3Y B

�MF

�

�G� .
In what follows we will prove that (8) is thesolutionto the

optimizationproblemposedin (6) considering̈
F

�3Y B

�MF

�

�¹� .
We denotethesolutionof Equation(8) by � F
� ���MF
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andanotherfeasiblesolutionsatisfyingtheproblemconstraints
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� ��� � � , we show
that �8�™� �‹*Î�8��� F � for any � N�·� F andhence� F is theoptimal
solution. Insteadof working with the vectors � and � F , we
work with the differencevector O � � ¦�� Fú�Æ�QPOB
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P F÷�

in which P'� can be positive or negative correspondingto the
deviationsfrom � F . Consequently, we cande�ne thefollowing
two orderedsets.
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Now we will comparethetotal increasein �8��� � with theto-

tal decreasein �8�™� � dueto the O andwill show that the total
decreaseis greaterthanthetotal increase.Assuming


� and �
å

aregreaterthan ¼ where¼ is theindex de�ned by (9), weargue
that 
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å . Otherwiseconsideringthefact that theelements
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	¸�¼ , thesecondoptimizationconstraint
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V where �Eå is the last index in the setof
positive P valuesandadecreasein �
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Thesecondtermin theabovestatementis equalto zerobecause
all of the �GF

�[V

'swhose�
å is lessthanor equalto ¼ , arealreadyin

theirsaturationregionandanincreasein �`F

��V

'swill not increase
thevalueof �8��� � . Thetotaldecreasein �8�™� � dueto O is
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Now, we show that the total decrease(27) is greaterthan the
total increase(26) to �8��� � . This canbe doneby multiplying
bothEquation(26) andEquation(27) by ���SR andtaking into
accountthe fact that �-�

N
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*IH'H;H����SR . The result of
multiplying (26)by ���SR is
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wheretheinequalityholdsdueto thefactthat �
�SRG*,����V . The
resultof multiplying (27)by ���SR is
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Again the inequality holds because�
�SR ¸Ú���aV where Ê �

¡
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H;H'H

 �b

£ . Comparingtheresultsof inequalities(28)and(29)
andkeepingin mindthat ¨
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PQ�[V , weconclude
that
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Thus,
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�[V ^ �SR
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(31)

Inequality(30) yields that themaximumtotal increasein �8��� �

is lessthanor equalthetotaldecreasein �8��� � implying thatthe
overall changesin thevalueof �8��� � is negative. Thereforewe
conclude�8��� �š*,�8�™� F'� . QED
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