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Abstract—Received signal strength has been widely used as
the main criterion of connectivity between wireless nodes. We
investigate the connectivity of fading wireless ad-hoc networks
with a novel connectivity metric. Our metric of connectivity
considers realistic effects of the characteristics of the utilized
wireless nodes such as modulation and symbol error rate. We
assume a pair of nodes are connected if the bi-directional sym-
bol error rate on their direct connecting link is below a given
threshold. Our treatment of the problem relies on a probabilis-
tic approach describing the quantities of interest in the form of
random variables. Our simulation results over sample ad-hoc
topologies support the fact that depending on the characteris-
tics of the wireless nodes, different connectivity results may be
observed for the same signal strength.

Index Terms— Wireless Ad-Hoc Networks, Connectivity,
Rayleigh Fading Channel, Modulation, Symbol Error Rate.

I. INTRODUCTION

Wireless ad-hoc networks are a special class of adap-
tively self-organizing wireless networks in which any mobile
node can transmit, receive, or relay signals. Eliminating the
need for any fixed infrastructure has made the deployment
of wireless ad-hoc networks attractive from an operational
and economical standpoint. However, strong tendency for
the deployment of ad-hoc networks has encountered major
challenges due to sometimes conflicting time-varying fading
channel, connectivity, capacity, and power issues.

Investigating the connectivity of radio networks and subse-
quently wireless ad-hoc networks goes back to four decades
ago. In his pioneering work, Gilbert [7] studied the connec-
tivity of infinite random networks relying on the so-called
geometric disk model and percolation theory [12], [8]. In the
geometric disk model, a random topology network is repre-
sented by a disk graph in which two nodes are considered
directly connected if their distance is smaller than a given
transmission radius. Percolation theory revolves around find-
ing conditions under which a node belongs to an unbounded
cluster of connected nodes. The work of Gilbert showed that
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there exists a minimum number of nodes within a transmis-
sion range above which a random graph is almost surely con-
nected. It also triggered a rich set of follow on studies in
applying percolation theory concepts and the geometric disk
model to the connectivity of random networks.

Recently, the connectivity subject has received much at-
tention due to the deployment of wireless ad-hoc networks.
Some of the recent studies about the connectivity of infinite
random networks relying on the geometric disk model in-
clude the work of Booth et al. [3], Philips et al. [?], and
Quintanilla et al. [14]. In addition, a survey of the literature
reveals a large number of articles in the context of connectiv-
ity of ad-hoc networks with a finite number of mobile nodes.
Some of the related articles in this area are summarized be-
low. Cheng et al. [4] introduced a recursion for calculating
the average number of hops between two connected nodes.
Gupta et al. [10] proved that a large number of nodes in
an ad-hoc network are almost surely connected under some
mild assumption on the transmission radius. Santi et al. [15]
calculated the probability that a finite number of nodes on
a given interval are connected. Bettstetter [2] looked at k-
connectivity characteristics in a 2-D space under fixed power
assumptions. Doussi et al. [5] investigated percolation prop-
erties of the random graphs associated with Poisson Boolean
model as a mean of connectivity for wireless ad-hoc net-
works.

Although an attractive abstract model for studying the con-
nectivity, the geometric disk model is far from the reality of
wireless networks. Wireless networks are subject to tempo-
rally correlated loss due to the time-varying fading effects.
Further considering the mobility of the nodes, wireless links
are subject to the Doppler spread. The main disadvantages
of the disk model have to do with not considering the effects
of attenuation, interference, and noise in wireless networks
subject to time-varying fading effects. Some of the recent
literature articles have, hence, introduced other connectiv-
ity metrics that consider the effects of power, interference,
and noise. While increasing transmission power in high den-
sity areas can lead to reducing the received signal strength
between adjacent nodes due to undesired effects of interfer-
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ence and noise, reducing transmission power in low density
areas can lead to disconnecting adjacent nodes due to low
signal strength. In order to capture the effects of interference
and power, Gupta et al. [11] proposed the use of signal-to-
interference-noise-ratio (SIN R) as the metric of connectiv-
ity in wireless ad-hoc networks. According to SIN R met-
ric, two nodes in a random topology are directly connected
if their minimum SINR is greater than a given threshold.
Relying on the SIN R metric and considering a finite ran-
dom topology network with known per node transmission
rates, the authors introduced the attainable per node through-
put toward a randomly chosen destination. Baccelli et al. [1]
utilized the SIN R model under Poisson assumptions in the
context of infinitt CDMA networks. Relying on the same
SIN R connectivity metric, Dousse et al. [6] showed that if
both node density per unit area and SIN R are sufficiently
high, the resulting infinite graph of an ad-hoc network is al-
most surely connected. Grossglauser et al. [9] argued that
the capacity of an ad-hoc network can be significantly im-
proved by making use of mobility and multi-user diversity.
Interestingly, connectivity in random networks represented
by graphs of mixed short and long edges can also be related
to small world networks [17].

While SINR is a more realistic metric of connectivity
compared to the geometric disk model for wireless ad-hoc
networks, it is still not fully capable of capturing the physi-
cal connectivity phenomenon. In reality, a pair of nodes are
connected if a sequence of transmitted symbols from one can
be received at another. In addition, the considerations of time
and frequency can also affect the interpretation of connectiv-
ity. Hence, utilizing Symbol Error Rates (SER) can better
describe the connectivity phenomenon. Symbol error rates
and capacity are affected by a variety of other aspects of the
underlying communication system. These aspects are associ-
ated with the time-varying characteristics of the fading wire-
less channel, modulation, and the number of antennas in the
mobile nodes.

The contributions of our work are in the following areas.
We introduce a novel probabilistic connectivity metric for
wireless ad-hoc networks relying on an analysis of the time-
varying fading wireless channel. Our metric is defined based
on the symbol error rate of wireless channels thereby con-
sidering the effects of fading and modulation in the mobile
nodes.

The rest of this paper is organized as follows. Section II
provides an analysis of the received signal-to-interference-
noise ratio in time-varying fading Rayleigh channels. We
note that our analysis can also be applied to other fading
channels such as Rician and Nakagami channels. Section
III investigates the problem of connectivity based on a prob-
abilistic treatment of symbol error rates in wireless channels.

In Section IV, we numerically validate our connectivity anal-
ysis results. Finally, Section V concludes this paper.

II. ANALYSIS OF RECEIVED
SIGNAL-TO-INTERFERENCE-NOISE RATIO

In this section, we provide an analysis of the signal-to-
interference-noise ratio for a Rayleigh fading channel. We
note that a similar analysis can be applied to other fading
channels.

Consider g wireless links, labeled L1,..., L4, on which
transmission powers are P, ..., Py, respectively. Link ¢ is
associated with the ¢-th transmitter/receiver pair. The non-
negative number G;;(t) represents the path gain in the ab-
sence of fading from the transmitter of link j to the receiver
of link ¢ at time ¢. G;(t) captures such factors as path loss,
shadowing, antenna gain, and so on. Fj;(t) is the envelope
of the fading factor between the transmitter of link j and the
receiver of link 7. At the end of link ¢, the power at receiver ¢
is given by

Gii(t) Pi(t) Fia () ()

Similarly, interfering signals from all of the other links on
which P;’s (i # j) are transmitted are given by

Gij () P; (t) Fi;(2) 2)

The instantaneous signal-to-interference-noise ratio at time ¢
for link 7 determines the quality of the received signal and is
defined as

Gii(t) Pi(t) Fia (1)

SINR;(t) =
" i Gij (8) P (8) i (1) + PYV(1)

3)

where PZ-(N) (t) represents the power of white Gaussian noise
on link 7. We assume that the fading factors are Identically
and Independently Distributed (IID) when the transmitter and
the receiver belong to different links. However, the fading
parameters of different links vary depending on the location
of the end nodes of the link. Further, the fading factors of
each link are temporally correlated. We argue that the latter
case represents a channel in which the temporal correlation
between Fj;(t) and Fj;(t + At) cannot be ignored where At
is a given time shift. In order to capture the temporal correla-
tion of the wireless channel, we make few realistic assump-
tions as follows. First, the distribution of the white Gaussian
noise is independent from the fading distributions. Second,
we assume that the fading factors in interfering signals Fj;’s
with ¢ # 7, are IID, i.e., they are not spatially correlated.
Third, when the wireless channel varies slowly with respect
to the symbol interval, P;(t) and G;;(t) can be viewed as
constants and Fj;(t) as a random variable within the symbol
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interval. In the rest of our section, we work with the resulting
random variables in the symbol interval.
Based on the above assumptions, we define the average
signal-to-interference-noise ratio of link 7 as
R R Ya ] E[Gii PiFi;(t)]
SINR; = “)
" E[GyPiF;(t) + ni(t)]
_ GiiPiF'i; 5)
22 GijPiFij + Ey

where E[.] denotes the expectation operator, E[F;;(t)] =
Fij, and E[n;(t)] = E,. Given the path gains, transmis-
sion powers, statistics of the noise signal, and the first order
statistics of of the fading distributions Fj;, one can calculate
SIN R; in the symbol duration from the analysis above.

In our analysis, the output signal of the wireless channel
Q; and its input .S; in link ¢ can be related as

Qi = Hi S; + Y HijSj + ni (6)
J#i

where the fading factors H;; are complex Gaussian random
variables and m; represents the white Gaussian noise. We
note that in Equation (6), the undesired effects of interference
signals S and the noise signal n; are captured independently.
We assume that the receiver of link ¢ knows the channel fad-
ing factor H;; while the transmitter of link ¢ only knows its
distribution.

It is well established [13] that r;; = |H;;| has a marginal
Rayleigh density function when H;; is a complex Gaussian
random variable. The density function is expressed as

're_rz?i/QNz?
pr(Ti) = ——5—
M3

, Tii >0 @)

where p? equals to half of the average power of all of the
multipath components.

Since Fy; is defined as Fy; = r2 = |H;|?, we are inter-
ested in the distribution of |H;;|2. The distribution of | H;;|?
can be calculated by utilizing Equation (7) and the fact that
the following equation holds, [13].

(VFy) (8)

1
F.)=—__—
pr(Fi) 9 \/EPR
We conclude that Fj; has a marginal exponential Probability

Density Function (PDF) as

e~ Fii /217

pr(Fii) = Fi; >0 )

2/122 7 i

A similar argument is applied to the distribution of the ran-
dom variables Fj;.

III. A PROBABILISTIC SER-BASED CONNECTIVITY
METRIC

The discussion of this section revolves around providing a
probabilistic measure of connectivity based on the character-
istics of the underlying communication systems. These char-
acteristics include signal-to-interference-noise ratio, modu-
lation, and symbol error rates.

In [16], expressions of the symbol error rate of a single
transmit single receive antenna link in terms of the number
of signal points in the constellation L and the average signal-
to-noise ratio SINR can be found. As one of the operating
scenarios, the calculations are carried out for a Rayleigh fad-
ing channel and utilizing the PSK modulation scheme. In
what follows, we provide a brief review of the discussion.

First, we pay attention that in the current discussion the
quantity of interest is STN R rather than SN R. However, the
calculations of [16] are carried out under the assumption of
facing a Gaussian noise. Since we are working with SIN R,
we combine the undesired effects of interference and noise
signals together. We define

N; = Y HySj + ng (10)
J#i
As such, Equation (6) is expressed as
O, =H;S + N; (11

Next, we note that the set of S; signals in PSK modulation all
have the same unit magnitude with a different phase. Conse-
quently, the product H;;S; remains Gaussian. Since the sum
of Gaussian random variables is still Gaussian [13], the noise
signal IV; is still Gaussian. However, the resulting Gaussian
noise is now colored rather than being white. We note that
applying Maximum Likelihood (ML) decoding as utilized by
[16] to a colored Gaussian noise results in sub-optimality,
i.e., identifying upper bounds of the SE R. Nonetheless, the
upper bounds are very close to the optimal values of SER.
Based on the argument above, the analysis of [16] can still be
applied to the case of SIN R utilizing the model of Equation
(6) the same way it is applied to SN R.

Utilizing the analysis of [16] and given the fading chan-
nel characteristic, the symbol error rate of a single transmit
single receive antenna link ¢ is introduced as

SER;, = Q (\/CFM- SINRi) (12)
where the Gaussian () function is defined as
1 o0 22
= —F - 1
Q) = o= [ ew(-Gra a3

In addition, SINR; is the average signal-to-interference-
noise ratio at the receive antenna of link ¢ and ¢ depends
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on the choice of constellation. We note that the discussion
of [16] also introduces closed-form expressions for the sym-
bol error rates of a given link under ergodicity assumptions.
However, we rely on a probabilistic approach without limit-
ing our discussion to the ergodic case.

It is important to note that SER,; as defined in Equation
(12) is a random variable considering the fact that Fj; is a
random variable. Given the distribution of Fj;, the distribu-
tion of SER; can be found by relying on the fundamental
theorem of page 130 of [13].

Having calculated the symbol error rate of link ¢, we can
express our metric of connectivity in terms of the quantities
of interest. We note that our metric of connectivity is a proba-
bilistic metric. We introduce our probabilistic metric of con-
nectivity as

Pr(SER; > Sout) < Ag (14)

where Pr(.), Sout, and Ag represent probability, the thresh-
old of connectivity, and the outage probability, respectively.
We rely on Fig. (1) to explain our metric of connectiv-
ity. The figure depicts a normalized sample plot of 1 —
CDF(SER) where CDF(SER) indicates the Cumulative
Distribution Function of SER. For a choice of S,,; on the
horizontal axis, the corresponding value on the vertical axis
represents the value Pr(SER; > Syy:). Thus, the connec-
tivity metric may be satisfied if the horizontal line represent-
ing Ag is located above the value of Pr(SER; > Sout).

1-CDF(SER)
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Fig. 1. A normalized sample plot of 1 —C DF(SER) utilized to illustrate
the proposed connectivity metric.

Further, the following example is useful in better under-
standing the proposed metric of connectivity of (14). In voice
communication systems, an error of S,,; = 0.001 is accept-
able. That is to say, an outage happens when error rate is
more than 0.1% of the conversation. For such a system, our

metric implies that if the frequency of outage event in conver-
sations between two nodes is less than A g, we can consider
those two nodes connected.

We reiterate that the advantage of using the connectivity
metric of this section compared to an SIN R metric is that
the metric of this section can capture the fading characteris-
tics of the wireless channel as well as the effects of commu-
nication system components’ in the mobile nodes.

IV. NUMERICAL VALIDATION

We open this section by providing a justification for using
our proposed metric of connectivity instead of the SINR
metric. Our argument revolves around the fact that the prob-
abilistic measure of the symbol error rate of a link could be
different for the same ST N R based on the choice of the com-
ponents of the communication system.

We utilize Fig. 2 to justify our argument. For different
choices of L in an L-PSK modulation scheme, Fig. 2 depicts
normalized values of 1 — CDF(SER) versus Soyy;.

1-CDF(SER) for various PSK modulation schemes.

0.9F

16-PSK
0.8 \ 1

0.7

t)

0.6

ou

BPSK QPSK 8-PSK

0.5

0.41

Pr(SER>S

0.3

021

(B\{s,o.n

0.1

Fig.2. Normalized sample plots of 1—C DF (SE R) for different choices
of L-PSK.

The figure reveals the fact that the probabilistic measure
of the symbol error rate can be different for the same signal
strength based on the choice of modulation. For example,
for the choice of (Syyut, As) = (0.45,0.1), the connectivity
metric of (14) is satisfied for a wireless link utilizing BPSK
or QPSK modulation but not 8-PSK or 16-PSK.

Hence, depending on the thresholds of connectivity S,
and Ag that are determined by the hardware and software
computing platform of a mobile node, a pure measurement
of the signal strength such as SIN R is not quite capable of
describing connectivity.

Next, we apply our proposed connectivity scheme to a ran-
dom ad-hoc topology. In order to provide a meaningful basis
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of comparison, we compare our results for the same topol-
ogy. In our random topology, 200 nodes are distributed on a
2-D domain with an area of 1000 square meters according to
a Poisson point process.

Before proceeding with the explanation of our results, we
note that we are investigating the connectivity of wireless
ad-hoc networks accommodating mobile nodes in a wire-
less fading environment. We assume that the fading wireless
channel characterized by a Rayleigh distribution is quasi-
static and flat implying that the path gains are constant over a
symbol but vary independently from one symbol to another.

The following describes general settings of our experi-
ments. The gains for each link are computed as G;; = %
and G;j = # for i # j, where d;; represents propagatiozrll
path length fré)m the transmitter of link j to the receiver of
link . The factor n can be viewed as the power falloff with
frequency in an FDMA system, or the spreading gain in a
CDMA system. It is set as 7 = 0.002 in our simulations.

We assume that each node utilizes a total transmission
power of P = 1W on the combined set of its outgoing links.
The expected value of the noise power on each path is as-
sumed to be 10uW. Depending on a specific experiment, a
pair of nodes are considered to form a direct link £; if the
probabilistic connectivity metric of (14) holds. We note that
link connectivity may be directional implying that a first node
can transmit to a second node while the second node may
not be able to transmit to the first node. In our experiments,
we consider link connectivity to exist only if both nodes can
transmit and receive from each other under our connectivity
criterion.

For the random topology described above, we consider
four scenarios associated with different choices of L in L-
PSK modulation.

The illustrations of Fig. 3 show the connectivity graphs of
our connectivity metric for the given random topology net-
work. Reviewing the connectivity graphs, we observe that
the connectivity graphs of the topology vary depending on
not only the signal-to-interference-noise-ratio but the sym-
bol error rate characteristics. On the contrary to an SIN R-
based metric, utilizing our proposed metric provides a pre-
cise way of properly capturing the effects of the quantities of
interest when investigating connectivity. Generally speaking,
the choice of connectivity metric depends on the character-
istics of the underlying wireless channel and the information
available about the components of the communication sys-
tem. From the results of the experiments, we can also cal-
culate the percentages of the nodes belonging to the largest
connected cluster of nodes.

Utilizing the connectivity metric of (14), Table I reports
the connectivity results for three different combination of
choices of S,,: and Ag with similar other settings.

TABLE 1
A COMPARISON OF THE RELATIVE SIZES OF THE LARGEST
CONNECTED CLUSTER UTILIZING THE PROBABILISTIC SER
CONNECTIVITY METRIC OF (14).

Sout =0.2 Sout =03 Sout =0.3

Ag=0.2 Ag =0.2 Ag=0.3
16-PSK 2% 2.5% 4%
8-PSK 7% 10% 15.5%
QPSK 89.5% 94% 94%
BPSK 97% 97% 98%

We observe that increasing the value of S,,; and Ag in-
creases the size of the largest cluster of the connectivity
graph. We also observe that increasing the number of points
in a constellation decreases the size of the largest cluster of
the connectivity graph. The latter is expected as increasing
the number of points in a constellation increases the proba-
bility of error.

We note that for any given topology, the connectivity of
an ad-hoc network depends on the choice of connectivity pa-
rameters and the specific topology of the network.

V. CONCLUSION

In this paper, we investigated the connectivity of fading
wireless ad-hoc networks. We analyzed the time-varying
fading characteristics of signal-to-interference-noise ratio
(SIN R) of the wireless channel. By defining a novel prob-
abilistic metric of connectivity, we investigated the problem
of connectivity based on the symbol error rate rather than
the received signal strength. Our results clearly captured the
effects of communication system components in the connec-
tivity of wireless ad-hoc networks. Our future research is
focused on the extension of our results to the case of MIMO
wireless channels. Further, we are investigating the applica-
bility of our results in the context of cross-layer routing and
scheduling schemes for wireless ad-hoc networks.
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