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Abstract— We consider a fully connected network with Equivalently the interference network h&&/2 degrees
S full duplex source nodes, D full duplex destination of freedom [6].

nodes and R relay nodes, perfect feedback to source and  pafarence [7] generalized the interference network
relay nodes, and noisy cooperation between all source, he X K K wh h . .
relay and destination nodes. We show that this network © the X network, a network wnere there Is an in-
has 25— degrees of freedom if the channel gains are dependent message from every source node to every
time-varying/frequency selective. The implication of the destination node. It was shown that thfe x D X
result is that, the techniques mentioned in the title (i.,e network - theX network with S source nodes and)

relays etc.) can affect the capacity of a netwgrk only upto destination nodes anélD messages - has a capacity of
a o(log(SNR)) term and therefore cannot improve the SD 1. (SNR) + o(log(SNR)), i.e. it has 5D -
degrees of freedom of a network. Certain communication S+D—1 g ) v e S+D—1
scenarios excluded by our system model where these tech-grees of freedom. However, we observe that the models

niques improve the degrees of freedom are also identified. of the interference an& network excludes several of
Bounds on the degrees of freedom of a fully connecte”  the standard techniques employed to improve capacity in
node network emerge as a by-product of our study. wireless networks. For example, the model precludes co-
operation, multi-hop network communication, feedback
and full duplex operation. The main goal of this paper
The degrees of freedomof a network approximatesis to study the impact of relays, feedback, noisy co-
the capacity of a networks as operation and full-duplex operation on the capacity of
wireless networks.

C(SNR) = dlog(SNR) + o(log(SNR)) We generalize théS x D X network of [7] to the
where d is the number of degrees of freedom of thé x R x D network (Figure 1). This network ha full-
network andC'(SNR) represents the capacity of a netduplex source node# relays,D full-duplex destination
work as a function of the signal to noise ratio (SNR)10odes, perfect feedback to all source and relay nodes,
At high SNR, theo(log(SNR)) term becomes negligible noisy co-operation among all nodes. The network is
in comparison tolog(SNR) and the accuracy of the assumed to be fully connected, meaning that all channel
approximation becomes00%. By studying wireless gains are non-zero. The main result of this paper is that
networks at high SNR, the degrees of freedom approaldke S x D X network, theS x R x D network also
de-emphasizes noise and addresses the effects of ink&is =5 degrees of freedom. While, achievability
ference on wireless networks. follows trivially from the interference alignment based

The degrees of freedom approach has aided in findiggheme of [7], the main contribution of this paper is the
a powerful tool in combating interference in the forntonverse argument presented in Theorem 1 in Section
of interference alignment [2]-[5]. Interference alignmenrll. Therefore, in most cases, the answer to the question
is the idea that signals are constructed so that thegsed in the title of this paper is, quite surprisingly,
cast overlapping shadows at the receivers where theggative. In other words, the search for improvements
constitute interference while they remain distinguiskabpf the order oflog(SNR) in most wireless networks
at the receivers where they are desired. Through &Rds in interference alignment. The techniques of relays,
interference alignment based achievable scheme, fg@dback to source/relay nodes, noisy co-operation and
capacity of theK user interference network was characfull-duplex operation can only improve the capacity
terized asC(SNR) = (K/2)log(SNR) + o(log(SNR)).  upto ao(log(SNR)) term. There are, however, a few

exceptions precluded by our system model where these
1Also referred to as multiplexing gain [1] or capacity prerlo techniques can improve the degrees of freedom.

I. INTRODUCTION



Perfect Feedback

‘ : ‘ Similar notation is used for output signals and the
Nodel | © NodeS + R +1 additive noise terms as well.

The channel coefficientd; ;(1), H; ;(2),---, Vi, j €
{1,2,---,S+D+R} are knowrapriori to all nodes. We
assume the network is fully connected, so that all channel
coefficients can only take non-zero values. The AWGN
terms Z;(n) have unit variance and are independent
identically distributed (i.i.d.) in time and across nodes.

Perfect (noise-free) feedback of all received signals
Nodes | J\ NedeS+R+D is available to all source and relay nodes, but not to the

‘ ‘ ‘ destination nodes. Therefore, for codewords spanning
channel uses, the encoding functions are as follows,

fim(Wssrst,is s Wssren,i, Y1),
if i e{1,2,---,5}

L Rrelays
S distributed sources v D distributed destinations

Fig. 1. TheS x R x D network

H . . Ynfl)
1) Relays can improve the degrees of freedom if &;(n) = fm( o
network is not fully connected. fice{S+1,5+2---,5+R}
2) Co-operation can increase the degrees of freedom fi,n(Yl-"_l),
if the cost of co-operation is not accounted for (i.e. ifie{S+R+1,---,S+R+ D}

in genie aided networks). form—1.2-.- N.where
3) Full duplex operation can increase the degrees 0 e
freedom if source nodes can also be destination Y™ = (YY", Y R D)
nodes for other messages.
4) Feedback can improve the degrees of freedom if it
is provided to a destination node, in which case, tﬁ/i,j = gij (yiN) i€e{S+R+1,---,S+ R+ D},

behaves, in effect, like an extra antenna and can be .
) jed{1,2,---,5}
used to null out the interference.

The decoding functions are as follows,

Note that, since a destination node does not receive
Il. THES X R x D NODE X NETWORK feedback, it can only use its own received signal for
encoding and decoding. The probability of error is the
probability that there is at least one mess#ige; that is
g not decoded correctly, .6V; ; # W;; for some(i, 5).

nodesS—+R+1.S+R+2.--- . S+R+D are destination The total power across all transmitters is assumed to be
nodes (see Figure 1). Following the definition of af PE" channel use. We denotelotgnsm?(zp?‘ of the message
X network [7], for all j € {1,2,---,S} and for all S€t bY[Wi;(p)|. Let R ;(p) = ===x="== denote the
ice{S+R+1,S+R+2,---,5+ R+ D}, there is rate of the codeword encoding the mess#ge;, where
an independent messatjé ; to be communicated from the codewords spaiv slots. A rate-matrifR; ;(p))] is
source nodg to destination node. said to beachievable if messagedV; ; can be encoded
Full duplex operation is assumed so that all nodé¥ "at€ski ;(p) so that the probability of error can be
are capable of transmitting and receiving simultaneousfjfade arbitrarily small simultaneously for all messages

The input and output signals of th& x R x D node °Y choosing appropriately angf. .
networﬁ are relateg as: g S Let C(p) represent capacity region of tifex R x D

node network, i.e., it represents the set of all achievable

Consider anS x R x D node network, i.e., a network
with S + R + D nodes where nodes,2,---,S are
sources, nodeS + 1,5 +2,---,5 + R are relays, an

STRTD rate-matrice$(R;;(p))]. The degrees of freedom region
Yiln) = Y Hi;j(n)X;(n)+Zi(n),n € N(1) ofthe S x R x D node network is defined as
j=1
Ri ;i(p)
_ SD . _ ;
where, at thex'" discrete time slotyi,j € {1,2...5 + D= {[(dm‘)] eRI™ 1 dij = plggo logj(p)

R + D},j # 4, X;(n) is the symbol transmitted by

nodej, Y;(n) is the symbol received by nodeH; ;(n .

is the chaEnr)1eI from nodg to nodei and Z;(n) isf(th)e V(i,j) €S+ R+1,...5+ R+ D} x {1’2"'8}}

zero mean unit variance additive white Gaussian noise )

(AWGN) at nodei. We use the following notation, We present, in the theorem below, outerbounds for the
degrees of freedonmegion and thetotal number of

Xr 2 (X1, X4(2), -, Xi(n)} (2) degrees of freedom of thg& x R x D network.

K2



Originally Destination Nodes

Originally S+R+1,...5+R+D-1  gne source and one destination have multiple antennas
Source nodd . . . .
i \\ (see Figure 2). This is done by allowing full cooperation
AN ‘ between theS —1 source nodes, - - - , .S and theR relay

= nodesS+1,5+2,---,S5+ R so that they effectively be-
come one transmitter with + R — 1 antennas. Similarly,
destination nodeS+ R+1,S+R+2,--- ,S+R+D—-1
are also allowed to perfectly cooperate so that they form
one receiver withD —1 antennas. Note that all operations

W, described so far cannot reduce the degrees of freedom
region and therefore do not contradict our outerbound
argument. We represent the resulthgode X network
(Figure 2) by the following input-output equations.

Originally . o
Nodes2, ... S + R Originally Destination Node

S+ R+ D

4
S Hiy ()X (n) + Ziln)
j=1

Fig. 2. Conversion of th& x R x D network to a 4 nodeX channel

Theorem 1: Let for i = 1,2,3,4 whereX;(n),Y;(n), Z;(n) represent
out A the respectively transmitted symbol, received symbol
Do = < [(dij)] - and AWGN terms at nodeé. Note that fori = 2,3,

these terms are vectors. The definition of the channel

V(u,v) €{1--- 5} x {S +R+1,.,5+ R+ D} coefficients H, j(n) is clear from the above equation

SiELP d d <1 and Figures 1 and 2. Multiple messages that have the
Z gu T Z vip ~ do,u same source and the same destination are combined in
q=5S+R+1 the 4 node X network as follows:

Then D C D°“* where D represents the degrees of —

freedom region of theS x R x D node X network. Wsi=Wsiriin Wsirizn - Werrin-11]
Furthermore, Wiz = [Wstrep2 Wstrins -+ Wsrren,s]
SD Wao=¢, Wuy1=Wsirip1
max dij S
) [(di;)]€D S+ D-1 Now, we have converted thg x R x D network to a4
Equivalently, the sum-capacitys:(p) may be expressed \,4e x network of Figure 2. We now intend to bound
as D the number of degrees of freedom of this network
Cs(p) STD_1 log(p) + o(log(p)) by 1. The bound would then imply that that the sum
of the degrees of freedom corresponding all messages
Proof: associated with nodé and nodeS + R + D in the

aS& R x D network is equal td as desired. Let
for any (u,v) € {1,2,...,S} x{S+R+1,S+ R+ e a

S+ R+ D} Ui(n) = Hii(n)X1(n)+ Zi(n), i=1,2,3,4
S+R+D Ui(n) = (Ui(n),Uz(n),Us(n),Us(n))
) dw+zdva— v S oy = (U).Uy. Uy, TY)
i=S+R+1 ~ — — —
U. = (U U U
For convenience, we WI|| show the inequality for 2(13) (_l(n)_Q(n) 3(n))
(u,v) = (1,S + R+ D). By symmetry, the inequality Yl = (W1, Waz)
extends to all desired values ofv. We therefore intend Wy = (W31, Wa1,Was)
to show that .
S+RAD s Then, it can be shown that statements
S , S ) S described below are true
Z diq1 + st+R+D,j —dstrip1 <1 1(n), S3(n), S5(n) _ o
i=S+R+1 j=1 Si(n) : X, — Wy, Upt
To show this, we first eliminate all the messages thatare S, (n) : Xy, X5, X, Wy, Ur?
not associated with either source noder destination Sy(n) : 7?77;177;’72 — o, [7{1

node S + R + D. Now, we transform the original

S x Rx D node network with single antenna nodes into where A < B means that the value of is completely

2 x 0x 2 node network, i.e., alX network with2 source determined by the knowledge of the value takenAy
nodes, zero relay nodes afiddestination nodes whereThe proof is in the extended paper [8]. Let a genie



provide the messagéd’, , W, and U} to node3. Transmitted symbol
Note that statemenbs(n) implies that the node can /\

constructy’;(n),i = 1,2, 3, 4 using this side information % X
from the genie. Using Fano’s inequality, we can write 91 \/ Y2O
Nﬁ&l (p) — Ne Received symbol

< I(Wg,l;W4,17W4,2a[71N)
= H(UN|Wh) — H(UN |[Ws)

N N
_ Z H(ﬁl (n)|W1 67171) o Z H(ﬁl (n)|W2 ﬁnq) Fig. 3. K user full duplex network with (& =2, (b) K =4
- » Y1 » 1
n=1

() (b)

n=1
N Thus, the total number of degrees of freedom of ¢he

(@) ZH(U‘*(””Wl’ Urt nodeX network described is upper-bounded hyThis

el implies that

N

- g S+R+D s

+ ngl H(UQ(TLHWIa Ul ) U4(TL)) Z di,l 4 Z dS-ﬁ-R-l—D,j _ dS+R+D,1 < 1

N i=S+1+R j=1
= H(Ui(n)[Wa, U7, X1 (n)) The desired bound on the degrees of freedagion

n=1 automatically follows. Summing all equations of the
) — ~ o~ -1 above form provides the desired bound on the total
< Z H(Y 4(n)[Wy, U™,V ) number of degrees of freedom. |

n=1

N
n ZH(Ug(n)|U4(n)) I1l. K USERFULL DUPLEX NETWORK

n=1 In this section, we present bounds on the degrees of

N . - - freedom of theK user full duplex network (see Figure
— ZH(Zl(TL),ZQ(TL),Z3(TL),Z4(7’L)) 3). Consider a fully connected network witR™ full

n=1 duplex nodesl, 2, ... K. There exists a message from
o) N . 1~ every node to every other node in the network so that
<Y HY ()Y, W)+ o(log(p)) there are a total of¢ (K — 1) messages in the system.

n=1 The message from nodeto nodei is denoted byV; ;.

= 1 =N = Let H; ;(n) represent the channel gain between nodes
S Rsa(p) < NH(Y4 [W1) + o(log(p)) i andj corresponding to theith symbol. The channel
where the simplification in the third summand in th&ains satisfyZ; ;(n) = Hj;(n) andH;; = 0. As usual,
RHS in (a) and first summand in the RHS in (b) resufill nodes have apriori knowledge of all channel gains.
because o8, (n), S2(n), S3(n). Note that we have also The input-output relations in this channel are represented
used the fact that conditioning reduces entropy in (ﬁby

and in (c). The second summand in (b) can be shown K

to bg q(log(p)) using the fact that Gaussian variables Yi(n) = ZHi,j(n)Xj(n) + Zi(n), 3)
maximize conditional entropy (See extended paper [8]

for details). Now, using Fano’s inequality to bound rates =t
of messages intended for nodewe can write whereY;(n), X;(n), Z;(n),i = 1,2... K represent re-
_ _ 1 — — N spectively, the received symbol, the transmitted symbol
Raa(p) + Rap(p) < HI(Wan, WaniYy) and the AWGN term at nodé For codewords spanning
= log(p) + o(log(p)) N symbols, we assume that the transmitted codeword
1 N~ X;(n) depends on messagé¥;;,j = 1,2...i —
—NH(Y4 1) 1,i+1,...K, and received symbol¥"~'. Similarly,

where the final inequality can be derived from the starec 2ssume that the decoded message at each mnode

i i N
dard upper-bound on entropy using Gaussian variablés. 2 function of received symbolg;® and messages

- ) ...j=12...i—1i+1,. . K. Note that we d
. Gyis) , 2.1 ,v+ 1,... . Note that we do
Adding up the upperbounds afi; 1 (p) and Ra1(p) + 6 Siiow feedback in this system. The rate and degrees

]E”(p) . . of freedom region is defined similar to thfex R x D
Rsa(p) + Rai(p) + Raz(p) < log(p) +ollog(p))  network.



K distributed destinations

R distributed relays

Fig. 4. The parallel relay channel

Theorem 2: The sum capacity’'s4(p) of the K user
full duplex network as a function of power satisfies
the following bounds

rate) > =D 10g(0) + oftos(s)
Cratr) < BB ios(p) + oflos(r)

Equivalently, the number of degrees of freeddpy of
the network maybe bounded as

K(K-1) _ . _ K(K—l)

The reader |2$ referred to the extended paper [8] for
proof.

IV. DISCUSSION OFRESULTS

In this section, we discuss certain communication

scenarios precluded by the model of thex R x D

network where the techniques mentioned in the titl

improve the degrees of freedom performance.
The parallel relay network [9] withKX source and

destination nodes an® relays (Figure 4) presents an

interesting example where the impact of Theorem 1 can
be observed. Like th& user interference channel, there[4!
are K messages in this network - one message from
a source node to its corresponding destination node.

Reference [7] show that iR > K, the network has

approximatelyK degrees of freedom if the relays are
full-duplex nodes. However, the network considered in
[7] is not fully connected since the links from sourcel®]

of Theorem 2. For example, consider a network with
K nodes. If the nodes were half-duplex, then half the
nodes behave as transmitters and half behave as receivers
to form a K/2 user X channel. This channel has
dpg = 4K 7 degrees of freedom. From the bounds in
Theorem 2, it can easily be verified that; > dq. The
implication of Theorem 1 is that full-duplex operation
can only improve degrees of freedom of a network if
the source nodes can also be the destinations. Similarly,
while noisy co-operation and feedback to source nodes
cannot improve the degrees of freedom performance,
improvements can be observed in networks with genie
aided co-operation and feedback to decoding nodes (See
[2], [8], [10] and references therein for examples)

V. CONCLUSION

We show that relays, perfect feedback to source nodes,
full duplex operation and noisy co-operation can affect
the capacity of a fully-connected wireless network only
upto ano(log(SNR)) term. In such networks, the search
for capacity improvements of the order tg(SNR)
ends in interference alignment. We also note that there
are certain exceptions precluded by our model, where
these techniques can improve the degrees of freedom.
Our study provides insight into the type of networks
which are likely to derive maximum benefit from the
t8chniques mentioned, especially at high SNR.
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