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Abstract— We study the effects of physical layer parameters
on the connectivity of fading wireless ad-hoc networks. Relying
on a symbol error rate connectivity metric for wireless ad-hoc
networks, we assume a pair of nodes are connected if their bi-
directional measure of connectivity satisfies a given threshold. We
investigate the effects of three parameters on the connectivity phe-
nomenon. First and assuming the nodes are distributed over a
fixed finite area, we study the effects of the changes in nodes den-
sity on connectivity. Next, we measure the connectivity effects of
the interference coefficients, i.e., the portion of power an interfer-
ing node contributes to other links. Finally, we experiment with
threshold of link quality for connectedness. For each parameter,
we also provide an intuitive explanation of the phenomena occur-
ring in our experiments. QOur simulation results show that (1)
depending on the value of interference coefficient, an increase in
node density may increase or decrease, and (2) increasing the in-
terference coefficients and thresholds of link quality will decrease
the connectivity of fading ad-hoc networks.

Index Terms— Ad-Hoc Networks, Rayleigh Fading Channel,
Symbol Error Rate, Connectivity, Node Density, Interference,
Link Quality.

I. INTRODUCTION

Wireless networks allow for establishing communication
paths between different users regardless of their position. Not
requiring any fixed infrastructure has made the deployment of
wireless ad-hoc networks more attractive than cellular ad-hoc
networks from an economical standpoint and in the context of
special applications such as tactical applications. In spite of
having several advantages compared to wired networks, both
cellular and ad-hoc wireless networks have encountered ma-
jor challenges due to requiring to transmit data over the air
medium.

Investigating the connectivity of radio networks dates back
to almost half a century ago. Relying on the geometric disk
model and percolation theory, Gilbert [8] studied the connectiv-
ity of infinite random networks . In the geometric disk model,
a random topology network is represented by a disk graph in
which two nodes are considered directly connected if their dis-
tance is smaller than a given transmission radius. In the context
of ad-hoc network connectivity, percolation theory [12], [9] re-
volves around finding conditions under which a mobile node
belongs to an unbounded cluster of connected mobile nodes.
Gilbert showed that there exists a critical threshold represent-
ing the minimum number of nodes within a transmission range
above which a random graph is almost surely connected. He
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also introduced upper and lower bounds on the critical thresh-
old of connectivity.

Recently, the connectivity subject has received much atten-
tion due to the deployment of wireless ad-hoc networks. Some
of the recent follow-on studies about the connectivity of infinite
random networks relying on the geometric disk model include
the work of Booth et al. [4], Philips et al. [14], and Quintanilla
et al. [15]. In addition, there are a large number of articles
in the context of connectivity of ad-hoc networks with a finite
number of mobile nodes. Some of the related articles in this
area include the work of Cheng et al. [5], Santi et al. [16],
Bettstetter [3], and Dousse et al. [6].

Since geometric disk model does not capture the reality of
wireless networks, Gupta et al. [10] introduced another con-
nectivity metric based on the concept of Signal-to-Interference-
Noise Ratio (SINR). According to the SINR metric, two nodes
in a random topology are directly connected if their minimum
SINR is greater than a given threshold. Baccelli et al. [2] uti-
lized the SINR metric under Poisson assumptions in the con-
text of infinite CDMA networks. Relying on the same metric,
Dousse et al. [7] showed that if both node density per unit area
and SINR are sufficiently high, the resulting infinite graph of an
ad-hoc network is almost surely connected. Interestingly, con-
nectivity in random networks represented by graphs of mixed
short and long edges can also be related to small world net-
works [19].

In [11] and [20], we argued that even the SINR metric falls
short of truly capturing the connectivity phenomenon in wire-
less ad-hoc networks. We introduced a pair of probabilistic
connectivity measures based on the capacity and symbol er-
ror rates of wireless Multiple-Input Multiple-Output (MIMO)
links. We related the quantities of interest to the characteristics
of the physical layer such as modulation, number of antennas,
and SINR. Utilizing the size of the largest connected cluster of
an ad-hoc network, we focused on its connectivity.

In our studies, we noticed that the physical layer issues play
a crucial role in identifying the size of the largest cluster of an
ad-hoc network. For example, sending data over an open shared
transmission medium causes interference resulting in degrada-
tion of link quality and connectivity. Due to the same reason,
the physical location of the nodes becomes important which
brings the notion of density in mind. As such, we identified
the need for performing an independent study with the goal of
inspecting the effects of physical layer issues on the connectiv-
ity phenomenon. This paper addresses the latter need.

In this paper, we consider the effects of physical layer param-
eters of the network on connectivity based on the ergodic SER
measure of connectivity introduced in [20]. As the first parame-



ter of our discussion, we investigate the effects of node density
changes on the connectivity of a number of nodes distributed
over a fixed finite area. Next and as the second parameter, we
investigate the effects of the interference coefficient capturing
the shadowing gain. The third parameter of our discussion is
the threshold of quality in terms of symbol error rates required
for a pair of nodes to be considered directly connected.

This paper is organized as follows. In section II, we provide
areview and an analysis of the utilized connectivity metric, i.e.
the ergodic SER metric of [20]. Section III presents the results
of our study in measuring the effects of different parameters
of the physical layer on connectivity and the trade off between
them. We also provide some insight when justifying our results.
Finally, Section IV concludes this paper.

II. ERGODIC SER METRIC OF CONNECTIVITY

In this section, we provide a review of the connectivity metric
utilized in our study. Consider an ad-hoc topology with ¢ wire-
less flat fading links {£, - - -, £4} on which transmission pow-
ers are { P, - - -, P, }, respectively. Link 7 is associated with the
i-th transmitter/receiver pair. Each link may be connecting mul-
tiple antenna mobile nodes. Suppose, per symbol transmission
power P; is equally distributed among M; transmit antennas of
link . The number of receive antennas for link ¢ is assumed
to be N;. Let us assume that the N; x M; matrix H;; repre-
sents the fading channel between the transmitter of link j and
the receiver of link ¢. Denoting S; as the M; x T' symbol matrix
of link ¢ transmitted over discrete time blocks of length 7T, the
received symbol matrix at link ¢ is the following N; x T matrix

R; =H,-,~S,-+ZH,~J-SJ- +n; (1)
J#i

where the channel matrices H;; consist of complex Gaus-
sian random variable elements. Associated with each element
H;;(n,m) of channel matrices, we define the fading factors
F;j(n,m) = |H;;(n,m)|?. For each link 7, the SER can be
derived as an exact function of the average SINR and the corre-
sponding fading factors Fj;(n, m).

Denoting G;; as the scalar shadowing (path) gain in the ab-
sence of fading from the transmitter of link j to the receiver of
link 4, the signal-to-interference-noise ratio for link ¢ is defined
as

Gis 2i M; N; Fi(im,n)
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where the numerator term indicates the desired received power
at the receiver of link 4, and the numerator terms indicate the
power of interference and noise signals. We note that the power
of white Gaussian noise P{™ on link 4 is multiplied by IV;.

In [21], we identify the expressions of SER for link ¢ in terms
of the number of signal points in the constellation L; and the
average signal-to-interference-noise ratio SIN R;. Our calcu-
lations are carried out under the assumption of facing a complex
Gaussian noise signal and utilizing Phase Shift Keying (PSK)
modulation.

SINR; = @)

TABLE 1
THE VALUES OF ﬂ FOR DIFFERENT ANTENNA CONFIGURATIONS OF
INTEREST.
I1x1|2x1|1x2]|2x2
B8 1 0.5 1 0.5

Based on our analysis, the symbol error rate of link ¢ utilizing
BPSK modulation can be derived as

SER; = Q(\/2ﬂTiSINRi> 3)

where SIN R; is the average signal-to-interference-noise-ratio
of link ¢ calculated by taking the expected value of Equation (2)
and T; is defined as

M; N;
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Further, 8 is a constant that depends on the antenna configu-
ration. The values of 8 for the configurations of interest are
shown in Table I. Similar expressions can be given in the case
of utilizing L-PSK modulation.

Based on the assumption of facing a flat Rayleigh chan-
nel and in the duration of a frame, the channel matrices
H;;(n,m) consist of Gaussian random variables while the
shadowing gains G;; and transmission powers P; are con-
stant. Since H;;(n,m) are random variables and Fj;(n,m) =
|H;j(n,m)|?, the fading factors F;;(n,m) are themselves ran-
dom variables. Similarly, SINR; and SER; as defined in
Equation (2) and (3) are also random variables. However the
expectation SIN R; is not a random variable. Rather, it repre-
sents a probabilistic average. In order to express our connectiv-
ity criterion, we are interested in determining the distribution of
the random variables SER;.

When the channel matrix is identified by complex Gaussian
noise elements, | H;;| has a marginal Rayleigh density function
[13] in the form of

H:: e—\Hij|2/2H?j
pur(|Hyl) = 181
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where ,ufj equals to half of the average power of all of the mul-
tipath components affecting the link.
We now express two properties of random variables [13].

¢ Property 1: If z and y are random variables satisfying y =

g(x), then the PDF of y satisfies f,(y) = Lolo) oy

g'(z1)
’;’,”((Jf")) where 21, - - -, &, are the real roots of y = g(x) and
q

g'(z) represents the derivative of g(x) with respect to x.

o Property 2: If the PDF set {fs,(x1), -, fe,(%q)} is
associated with the set of independent random variables
{21, -, 24}, then the PDF of their sum z = 21 +- - -+ 2,
is calculated as f.(2) = fz,(2) * -+ * fz,(2) where x
represents the convolution operator.




Based on the first property above, the PDF of Fj; can be ex-

pressed as
1

s P (V) (©)
Once the PDFs of F; terms are calculated and assuming they
are spatially uncorrelated, the second property above can be uti-
lized to specify the PDF of Y; as defined in Equation (4). Fi-
nally, the PDF of SER; as defined in Equation (3) can be cal-
culated in terms of the PDF of the random variables Y; relying

on the the first property above.

Having specified the PDF of SER;, we assume that the fad-
ing wireless channel is ergodic. Under the assumption of facing
an ergodic Rayleigh channel and utilizing L-PSK modulation,

the average value SER; can be specified by calculating the ex-
pected value of Equation (3) as
SER; =

oo (1 p(Li—)n/L;
f() (; 0 €xp (_
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where py(.) is the Probability Density Function (PDF) of the

random variable Y;. In [21], we calculate closed-form expres-
sions of the integral of (7) in terms of the number of signal
points in the constellation L; and the average signal-to-noise
ratio SN R;. In what follows, we provide a brief review of our
discussion considering the fact that in the current discussion the
quantity of interest is SIN R; rather than SN R;. First, we in-
troduce the symbol error rate of a 1 x N; link using Maximum
Ratio Combining (MRC) as
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Noting that the number of bits per symbol is related to the
number of signal points in the constellation L; as log, L;, the
result of Equation (8) for a 1 x4 link utilizing BPSK modulation
with L; = 2 is expressed as
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Next, we focus on the symbol error rates of multiple transmit
antenna links using Space-Time Block Codes (STBCs) of [1]
and [18]. We note that in the case of STBCs and under the
assumption of a fixed amount of power available at the trans-
mitter, the power is split equally between the transmit antennas
of each link in a given symbol interval. On the contrary and in
the case of an MRC link, only one symbol is transmitted in each
symbol interval and the total power is allocated to it. Since the
product of transmit and receive antennas specifies the diversity
gain, different configurations of antennas utilizing either MRC
or STBC can yield similar diversity gains. For example, the di-
versity gain of a 1 x 4 MRC link is the same of that of a 2 x 2
STBC link. As such, the symbol error rate expression of a 1 x 4
MRC link can be used to specify the symbol error rates of a

w) dT) pr(Ts) dYs

2 x 2 STBC for as long as the effects of transmission power
are properly captured. We capture the transmission power split
effect in terms of SIN R;. We derive the symbol error rate of a
2 x 2 STBC link by replacing SIN R; with % in Equation
(8). With the choice of BPSK modulation, the result for a 2 x 2
link is expressed as

<7p._ 1 _ 1 | SINR 3 )
SER; = 5—35 24+ SINR; (Ej:o [2(2+SINRi)]j) (10)

Based on the ergodic symbol error rates of a MIMO link, we
express our ergodic connectivity metric in the form of

SERz S Sout

1)

where S, is the threshold of connectivity.

III. EXPERIMENTAL RESULTS

As indicated in the previous section, the ergodic connectiv-
ity metric of (11) is expressed in terms of the parameters of
the physical layer. The latter includes the number of antennas,
modulation, SINR, and the threshold of connectivity. In this
section, we investigate the effects of physical layer parameters
on the normalized size of the largest connected cluster in an ad-
hoc network. We note that a fully connected ad-hoc network is
represented by a normalized cluster size of 1.

Before proceeding with the explanation of our experiments,
we further note that we are investigating the connectivity
of wireless ad-hoc networks accommodating mobile nodes
equipped with two antennas. While the mobile nodes utilize
STBCs of [1] and [18] when transmitting, they rely on MRC
when receiving. In addition, we assume that the slow fad-
ing wireless channel characterized by a Rayleigh distribution
is quasi-static and flat implying that the shadowing gains are
constant over a frame but vary independently from one frame
to another.

The following describes the general settings of our experi-
ments. We consider a set of nodes distributed on a 2-D do-
main with an area of 1000 square meters according to a Poisson
point process. All of the nodes are utilizing BPSK modulation.
The shadowing gains for each link are computed as G;; =

and Gij =

path length fr(;;n the transmitter of link j to the receiver of link
. The factor n can be viewed as the common power falloff
with frequency in an FDMA system, or the spreading gain in a
CDMA system. We assume that each node utilizes a total trans-
mission power of P = 1W on the combined set of its outgoing
links with the total transmission power split equally between
the transmit antennas. The expected value of the noise power
on each path is assumed to be 10uTW . A pair of nodes are con-
sidered to form a link L; if the connectivity metric of (11) holds.
We note that link connectivity may be directional implying that
a first node can transmit to a second node while the second node
may not be able to transmit to the first node. In our experiments,
we consider link connectivity exists if both nodes can transmit
and receive from one another under the connectivity criterion.
For the random topology described above, we consider three
sets of experimentation scenarios. In the first scenario, we con-
sider a fixed connectivity threshold S, in a network with 200

1
a3,
- for i # j, where d;; represents propagation



nodes and study the effects of interference by choosing differ-
ent values for 7. In the second experimentation scenario, we
consider the effects of variations in the threshold of connec-
tivity Syt While keeping the rest of the parameters fixed. In
the third experimentation scenario, we investigate the effects of
variations in the node density for different values of 7. In each
of the experiments corresponding to these scenarios, we find the
largest connected cluster of the network and find its normalized
size.

Fig. 1 provides the results of our first set of experiments.
It depicts the normalized size of the largest connected cluster
versus the interference coefficient 7. The figure has a variation
range of [5e — 8, 1] for n while keeping the other parameters
fixed. The curve shows that increasing the value of 7 from 5e—8
to 0.04 yields a sharp drop in the normalized size of the largest
connected cluster from 1 to about 0.01. Passed the knee of the
curve, the connectivity is almost non-existent for the ad-hoc
network of our study.

<
.

®

Normalized Size of Largest Connected Cluster
an
T
.

0.1

0.2

0.3

I
0.4

I
0.5

I
0.6

0.7

0.8

0.9

n=.001

35

4(4\

35

n=.02
35

30F  —
25

201 =
- .

Interference Coefficient (1)

Fig. 1. The drawing of the normalized size of the largest connected cluster
versus the interference coefficient 7 for a connectivity threshold of Sout =
0.001.

Fig. 2 shows the connectivity graphs of three points before,
on, and after the knee of the drawing of Fig. 1. We observe that
increasing the interference coefficient will decrease connectiv-
ity and justify our observation based on the following argument.
Since a higher interference coefficient represents a lower SINR,
the symbol error rate increases and a smaller number of links
can satisfy the connectivity criterion.

Fig. 3 shows the effects of variations in the connectivity
threshold S,,; on the normalized size of the largest connected
cluster, i.e., the minimum symbol error rate required for con-
nectivity. Reviewing the curve, we observe that tightening the
connectivity threshold while keeping all other parameters fixed
will decrease connectivity. This is expected, because applying
a tighter threshold allows for a lower number of links to satisfy
the connectivity criterion.

Fig. 4 and 5 show the effects of variations of node density
on connectivity for two different choices of the interference co-
efficient 7). Interestingly, the effects of node density variations
impact connectivity in conjunction with the interference coef-
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Fig. 2. Connectivity graphs associated with three points before, on, and after

the knee of the drawing of Fig. 1.
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Fig. 3. The drawing of the normalized size of the largest connected cluster
versus the threshold of connectivity Soq¢ for an interference coefficient n =
0.002.

ficient . As it can be seen in Fig. 4, increasing node density
with a large interference coefficient 17 will lead to a decrease
in the connectivity profile. On the contrary, Fig. 5 shows that
increasing node density in conjunction with a small value of 7,
improves the connectivity profile. This result is in agreement
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Fig. 4. The drawing of the normalized size of the largest connected cluster
versus the number of nodes with connectivity threshold of St = 0.001 and
n = 0.001. For this choice of 7, connectivity degrades with increasing the
number of nodes in the network.

with the work of [6], where in the form of a theorem, the possi-
bility of percolation for infinite networks was explained under
different interference profiles. The reason behind these consis-
tent observations is that an increase in node density will impact
the effects of two contradicting factors. When nodes become
closer, the distance between neighboring nodes will decrease
which leads to a lower path loss and higher received power. On
the other hand, a decrease in distance or an increase in node
density will increase the amount of interference caused by in-
terfering nodes. The choice of dominant factor among these
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Fig. 5. The drawing of the normalized size of the largest connected cluster

versus the number of nodes with connectivity threshold of St =1e-6 and
n =1le-5. For this choice of 7, connectivity improves with increasing the num-
ber of nodes in the network.

two will then depend on the interference coefficient . As it is
shown in Fig. 4, for the case of 7 = 0.001 the second factor
was dominant and the connectivity kept decreasing with the in-
crease of node density. However for the case of n = 1le — 5, the
first factor is dominant and an increase in node density results
in an increase in the size of the largest connected cluster.

IV. CONCLUSION

In this paper we investigated the effects of variations of the
physical layer parameters on the connectivity of fading wire-
less ad-hoc networks. We assumed a pair of nodes are con-
nected if their bi-directional measure of connectivity, i.e., their
ergodic symbol error rate falls below a given threshold. We
focused on a set of experiments pertaining to the following fac-
tors. First, we looked at the effects of variations of node den-
sity in a fixed finite area. Second, we studied the effects of
interference coefficient or the portion of power an interfering
node contributes to other links. Finally, we studied the effects
of changing the threshold of link quality for connectedness. For
each parameter, we also provided an intuitive explanation of the
phenomenon occurring in our experiments. Our experimenta-
tion results showed that (1) depending on the value of interfer-
ence coefficient, an increase in the node density may increase
or decrease connectivity, and (2) increasing the interference co-
efficient and the threshold of link quality will decrease connec-
tvity.
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