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Abstract— Although chaotic systemshave received in-
creasingattention over the past decades,traditional mod-
eling toolshavealwaysencounteredconsiderableanalytical
and numerical dif�culties in modeling and predicting the
behavior of chaotic systems.Neural networks, on the other
hand, seemto beable to intr oducea powerful modelingtool
relying on their nonlinear nature for the task of modeling.
In this paper, we intr oducea novel schemefor the modeling
task of multi-dimensional discrete-time chaotic maps rely-
ing on the capabilities of perceptron neural networks and
presentsomeof the relatedexperimental results.

Index Terms— Chaos, Discrete-Time Chaotic Maps,
Fractals, Perceptron Neural Networks, Back Propagation
Learning Algorithm.

I . INTRODUCTION

CHAOSis a nonlinearphenomenonthatmanifestsit-
self in many �elds of science.Despitebeingsingled

outasanimportantresearchareaonly recently, chaoshas
beenaroundfor a long time, and dismissedas physical
noise. We now know that chaoscan readily occur ev-
erywherenonlinearityis present. In addition,chaoscan
occurin linear systemswith in�nite dimensions.Study-
ing chaoticphenomenain discrete-timedynamicalsys-
temsandmodelingsuchtime seriesis very attractive be-
causethey arenaturallyobserved in many physical,so-
cial, andeconomicalsystems.They alsofrequentlyarise
in thePoincareanalysisof systemsmodeledby ordinary
differentialequations.Modelingchaotictimeseries,how-
ever, encountersthe signi�cant challengeof analyzing
verycomplex dynamics.
Neural networks are a classof nonlinearsystemscapa-
ble of learning and performing tasksaccomplishedby
othersystems.Theirbroadrangeof applicationsincludes
speechand signal processing,patternrecognition,sys-
temmodeling,andservo mechanismcontrol.Thevarious

kinds of neural networks, generally, have energy func-
tions. The learningprocedureof neuralnetworks is, in-
deed,nothing more than decreasingtheseenergy func-
tions until reachinglocal minimum levels. Neural net-
works acquirethe requiredinformation from the exam-
ples suppliedto them in their learningprocedure. Sys-
temswith neuralnetwork building blocks are robust in
the sensethat the occurrenceof small errorsin the sys-
temsdoesnot interferewith the properoperationof the
system.This characteristicof theneuralnetworksmakes
themquitesuitablefor thetime seriespredictiontaskdis-
cussedin thispaper.
An outlineof thepaperfollows. In section[2], we brie�y
review the qualitative behavior of discrete-timetransfor-
mations.In section[3], weanalyzethemodelingtool per-
ceptronneuralnetwork andits correspondinglearningal-
gorithmbackpropagation.In section[4], we explain the
modelingschemeof discrete-timedynamicaltransforma-
tionswith neuralnetworks. In section[5], we summarize
theexperimental�ndings.

I I . QUALITATIVE BEHAVIOR OF DISCRETE-TIME

MAPS

In thepresentsection,we discussthecharacteristicsof
discrete-timemapscapableof exhibitingchaoticbehavior.
Thediscussionis basedontheliteraturematerialavailable
in [2], [3], [4], [5], [6], and[7].
Considera realclosedinterval
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Relation1 is called a discretemap over the interval
�

.
We can generalizethis scalardiscretemap into an m-
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dimensionalinterval mapvia thevectorequation
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where +

����� and +

� arem-dimensionalvectorsand
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is anonlinearvectorfunctionon +

� . Eachcomponent� �'.

of +

� takesvaluesin a closedinterval
�0/1�2� �3/��	�4/�


. We
caninterpret1 and2 asdynamicalsystemswhere! plays
theroleof thetimevariable.In spiteof theirapparentsim-
plicity, thedynamicsof many simplenonlinear, evenpoly-
nomial, discretemapsareextremelycomplicated.They
may have stable�x ed points, periodic orbits of differ-
ent periodicity, andchaoticregimes. Moreover, bifurca-
tion amongthesebehaviorscanbeobservedin parameter-
dependentfamily of mapsover variousnonemptyparam-
eterranges.
As abenchmarkexample,westudythebehavior of thelo-
gistic mapwhich is a one-dimensionaldiscretemap.The
equationof themapis
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where
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and
8

is a parameterwhichvariesfrom
0 to 1. Thelogisticmapis anexampleof aone-parameter
family of discretemapswhich transformsthe interval

�

into itself.
Althoughthelogisticmapis averypeculiarone,its quali-
tativebehavior holdsfor abroadclassof one-dimensional
mapsasshown in �gure 1. Speci�cally, for thosemaps
wherethe function �
����� in 1 is a differentiableunimodal
function,thesamequalitative behavior is observedasthe
qualitativebehavior of thelogisticmap.Morespeci�cally,
therateof decay
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of the interval width betweenperioddoublingfor the lo-
gistic maphasbeenfound to be thesamefor any differ-
entiableunimodalfunction. This propertyis, sometimes
referredto asmetricaluniversality.

Higherdimensionaldiscretemapscanbeeitherconser-
vative (area-preserving)or dissipative (area-contracting),
invertible or non-invertible. While someresultson one-
dimensionalmappingscan be generalizedto higher di-
mensions,the latter areusuallymuchricher in their dy-
namicalbehavior thanthe former. For instance,consider
thewell known two-dimensionalHenonmapdescribedby
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This mapwhich reducesto a one-dimensionalquadratic
mapfor

TU�V"

revealsmany new phenomenaquitetypi-
cal of multi-dimensionaldiscretemaps.First, theasymp-
totic behavior of thesystemdependson the initial point,

i.e, differentinitial pointscouldgive rise to differentpe-
riodic or aperiodicorbits. This behavior cannotoccurin
one-dimensionalunimodalmaps,whereat mostonesta-
ble period-1orbit canexist. Second,for certainparame-
tersandinitial points,thesystemconvergesto anattractor
with a self-similar internalstructure. Third, it hasbeen
proved[3] thatthereexist intersectionsbetweenstableand
unstablemanifoldsof theHenonmap.Theseintersections
are called homoclinic points and give rise to extremely
complicateddynamics,includingchaos.

I I I . PERCEPTRON NEURAL NETWORKS AND BACK

PROPAGATION ALGORITHM .

Perceptronneural networks and their learning algo-
rithm backpropagationalgorithm(BPA) have beenstud-
ied extensively in the literature[9], [10],[11], [12], [13],
[14], [15], [16]. In this section, we provide a brief
overview of theliteraturework.

A. Perceptron Neural Networks

In an arti�cial neuralnetwork, the unit similar to the
neuronis calledprocessingelement(PE).A PEhasalarge
numberof input pathsand combinesthem by a simple
weightedaddition.Usually, thecombinedinput is further
processedby a transferfunction. This transferfunction
may have the form of a thresholdfunction which passes
theinformationonly whenthecombinedinput signalhas
reachedacertainlevel, or it maybeacontinuousfunction
from thecombinedinput signal.
Normally, theoutputof thetransferfunctionconnectsdi-
rectly to the output path of the PE. The output path of
thePEmaybeconnectedto the input pathsof otherPEs
by a numberof weightingfunctions.Eachof theindivid-
ual input signalsto a PE is adjustedby theseweighting
functionsbeforecombiningwith otherinputsignalsin the
transferfunction.
Generally, a neuralnetwork containsa large numberof
PEs.PEsarearrangedin layers.A network usuallycon-
tainsseveral layerswith completeor randomconnections
betweenconsecutive layers. The input layer takes the
datafrom the outsideenvironment, the output layer re-
turns the datato the outsideenvironment,and the other
layersknown ashiddenlayersprocessthedatainsidethe
network. Figure 2 shows a simple network. Thereare
two phasesin theoperationof a neuralnetwork. The�rst
phaseis calledlearningandthesecondphaseis calledre-
calling. It is possibleto have onecombinedlearningand
recallingphasein a network, althoughin mostof thenet-
works thesephasesareseparate.The learningprocedure
is, indeed,nothingbut theadjustmentof weightingfunc-
tions suchthat the network can respondsuitably to the
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Fig. 1. Fixedpointsof W)X*Y�Z for []\_^0` aAb (curve 1) ^&` a4bc\d[U\e^&` fAb (curve 2) and [hge^&` fAb (curve 3)

Fig. 2. A simpleneuralnetwork with onehiddenlayer

input stimulation.If thedesiredoutput(s)is(are)different
from the input(s),thenthe trainednetwork is calledHet-
ero Associative (HA), otherwiseit is calledAuto Asso-
ciative (AA). If in thelearningprocess,thenetwork does
not have accessto the desiredoutput(s),this procedure
is calledUnsupervisedLearning(UL), andif thenetwork
doeshave accessto desiredoutput(s)the learningproce-
dureis calledSupervisedLearning(SL). Thereis alsoa
combinationof thetwo-mentionedlearningscalledRein-
forced Learning(RL). In the latter case,the supervisor
just let thenetwork know whetherits outputis suitablefor
aspeci�edinputor not.
Thenumberof samplesrequiredfor trainingdependson
the systemwhich the network attemptsto model. There

are casesin which the network needsseveral hundred
thousandsamplesto betrained.
Therecallingphaseis a situationin which thenetwork is
ableto createasuitableresponseaftertheappearanceof a
speci�c stimulation.This phasemaybepartof thelearn-
ing phaseasthis is thecasewhenthenetwork outputmust
becomparedto adesiredoutputin orderto createanerror
signal.
A simplenetwork doesnothave any feedbackconnection
betweentwo different layersor a layerwith itself. Such
kind of network is calleda feedforward network. In this
situation,theinputdatafrom theinputlayerappearsin the
output layer via the interfaceof hiddenlayers. Feedfor-
ward networks aregenerallyconsideredbecauseof their
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nonlinearproperties.Thedata�o w in feedbacknetworks
is morecomplicated.
A network mayoperateasasynchronousnetwork, i.e, all
of the PEssendtheir outputsat the sametime or as an
asynchronousnetwork, i.e, every PEmaysendits output
ata time independentof theotherPEs.
Therearetwo separateoperationsfor layers.The�rst one
is callednormalization.In thiscasetheoutputof thelayer
is adjustedat a �x ed level. In biological systems,this is
doneby connectingeachPEin a layerto otherPEsat the
samelayer. As theresult,every PEof a layerhasa crite-
rion aboutthe total outputof the layerandcanadjustits
outputcorrespondingto that. Hencethe level of the op-
erationof every layer approximatelyremains�x ed. The
secondkind is calledcompetitive operation.In this case,
theoperationof a layer is consequenceof interactionsof
PEoperationsin thatlayer. Unlike the�rst case,now only
few PEsareableto createthe layeroutput. As anexam-
ple,wemaymentionasituationin whichonly thePEwith
thehighestlevel of activity will specifytheoutputof the
layer.
Speechand signal processing,patternrecognition,sys-
tem modeling,andservo mechanismcontrol areamong
theapplicationsof neuralnetworks. In thespecifcaseof
time-seriesmodeling,neuralnetworkswith thebackprop-
agationtrainingalgorithmperformmoresuccessfullythan
linearor polynomialpredictionalgorithms.

B. Back PropagationAlgorithm

Generally, a neuralnetwork mustlearnhow to classify
input patterns.It hasbeenexperimentallyobserved that
as the numberof layers of a network increases,it can
classifymoreandmorecomplicatedpatterns. A signif-
icant problemis how a network candeterminethe error
betweenits output and the desiredoutput The network
thenovercomesthemismatchbetweendesiredandactual
outputsby adjustingthe weightingsof interconnections.
This is calledCredit Assignment(CA). The backpropa-
gationalgorithm(BPA), originally introducedby Minsky
and Papert [9], solves the CA problemby using all of
the PEsand adjustingtheir total interconnections.This
is done by propagatingthe output layer error to the
precedinglayer via the existing connections. In fact,
this operationis repeateduntil reachingthe input layer.
In other words, output error moves from eachlayer to
the precedinglayer -just the oppositedirection of the
movementof theoriginal information-until reachingthe
input layer.
Theclassicalform of abackpropagationnetwork consists
of oneinputlayer, oneoutputlayer, andoneor two hidden
layers.Althoughthereis nolimit onthenumberof hidden

layers from a theoreticalstandpoint, very complicated
problemscanbesolvedwith four hiddenlayers.In aback
propagationnetwork, eachlayer is fully connectedto the
next layer. In the learningphase,informationmaycome
backthroughthenetwork in orderto updatetheweighting
functions.Thenetwork mayalsobeheteroassociative or
auto associative. We usethe following notationfor the
purposeof explainingthebackpropagationalgorithm.
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from thelayer

k

i

Fnj

/:�lko


: Weighting function of the connectionbe-
tweenthe p -th neuronfrom layer �

kq<M%

� andthe m -th
neuronfrom layer

k

i

�

j

�lk&


: Thecombinedinputof the m -th neuronof layer
k

Hencea PE in a backpropagationnetwork transfersits
outputas

�
j

�lko
O�

��rts

/

��F
j

/
�lko


�l�

/
�lku<v%A


�	w

�

��r

�

j

�lko


w (6)

where� maybeeverycontinuousfunction.Themostpop-
ular functionsaresigmoid,hyperbolictangent,andsine
function. This is becauseof their interestingproperties
asnonlinearfunctionsin vanishingtheoutputerrorof the
network. Thesigmoidfunctionis de�ned as
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Supposethat the network hasan absoluteerror function
which is differentiablewith respectto all of the weight-
ing functions. Thenthe critical parameterwhich is back
propagatedto thenetwork is
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where • is the absoluteerror function. It will be shown
that this valuemaybeobtainedasa criterionof therela-
tiveerrorof the m -th PEin layer

k

. By usingthechainrule
twice,onemayintroducetherelationshipbetweentherel-
ativeerrorof aspeci�edPEin layer
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Note that in relation 9 theremust be a layer above the
layer

k

, andhenceit is notpossibleto usethis relationfor
theoutputlayer. If thefunction � is thesigmoidfunction
de�ned in 7 thenit is possibleto expressits derivative in
termsof itself.
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and by using relation 10, one may rewrite relation9 as
follows:
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Notethatthisrelationhasbeenobtainedfor sigmoidfunc-
tion. Hencethebackpropagationnetwork is describedby
thefollowing statement.
First informationpropagatesfrom the input layer to the
output layer. Thenthe error betweenthe desiredoutput
andthe network outputpropagatesfrom theoutputlayer
to theinput layerin thereturnpath.Thisproceduremate-
rializesitself accordingto thegeneralrelation9 or in the
caseof sigmoidfunctionasrelation11.
Theobjective of thelearningprocedureis to minimizethe
absoluteerror function. In the following, we study the
procedurebasedon the conceptof local error. Assume
that the weightingfunctionsof the network aregiven in
theform of Fqj

/��lk&


. In orderto decreasetheabsoluteerror
function,onemaychangetheweightingfunctionsin the
oppositedirectionof thegradientvector
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where
„�…

denotesthelearningcoef�cient, or it canbesaid
thateachof theweightingfunctionsvaryaccordingto the
magnitudeand oppositedirectionof the gradientvector
on theerrorsurface.
Partialderivativesof relation12maydirectlybecomputed
basedon the relative error relation. Basedon relation6
andchainrulewehave
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Combiningrelations12and13 will leadto
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In orderto apply theabove relationsto backpropagation
algorithm,it is necessaryto de�ne theabsoluteerrorfunc-
tion precisely. Assumethat ‡ is thepresentoutputof the
network to theinput p , and ˆ is thecorrespondingdesired
output.Now wemayde�ne theabsoluteerrorfunctionas
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Theindex ‰ denotesthevariouselementsof ˆ and‡ . Here,
the raw error function is �yˆ$H

<
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In neuralnetworks, the scaledlocal error which propa-
gatesthroughthe network is storedin the error �eld of
eachPE.As relation15shows,theabsoluteerrorfunction
is de�ned on thepair ��p

�

ˆ$� . In this casewith every new
pair ��p

�

ˆ)� theBPA adjuststheweightingfunctionsto de-
creasetheabsoluteerrorfunction.Now thestandardBPA
maybeintroducedasfollows:

i Propagatethe input p in the forward direction
through the network until reachingto the output

‡ . During propagatingthis informationthroughthe
network all of the combinedinputs

�

j and output
states�$j for eachPEareset.

i For eachPE in theoutputlayercalculatethe scaled
local errorby relation16, thenobtainthevariations
of weightingfunctionsby relation14.

i For eachPEin layer
k

locatedbelow theoutputlayer
andabove the input layer obtain the scaledrelative
error andthe variation in weightingfunctionsfrom
relations11 and14 respectively.

i Updateall of theweightingfunctionsby addingthe
variationsto theold values.

In orderto increasetheperformanceof thebackpropaga-
tion algorithm,we have to changethestandardalgorithm
slightly asdiscussedbelow.

1) InsertingMomentumTerm: Rememberthatthegra-
dient methodupdatesthe weighting functionsas linear
functionsof partial derivatives accordingto relation12.
The problemis that, this methodfails for the large val-
uesof thelearningcoef�cient

„y…

. On thecontrary, having
a small learningcoef�cient introducesa decreasein the
speedof thelearningprocedure.In orderto overcomethis
problem,we usetheconceptof momentumterm. Insert-
ing this termchangestheequation14 asfollows
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whereM standsfor the momentum.This relationis, in-
deed,a low pass�lter omitting the oscillatory behavior
andhenceproviding a reasonablelearningspeedwith a
smalllearningcoef�cient.

2) DerivativesCorrection: Fahlman[10] introduced
severalmethodsto increasetheconvergencespeedof the
standardBPA. Thesemethodswork basedon thederiva-
tivescorrectionandnonlinearerrorfunctions.Oneof the
simpletechniquesthatheused,wasto addasmallpositive
offset to the sigmoidfunction's derivative beforescaling
the error. To explain the performanceof the method,it
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maybesaidthatwhentheweightingfunctionsof PEsin-
crease,the combinedinput increasesandasa result the
operatinglevel go to thesaturation.Hencethederivative
andthescaledrelative errorvanish.In this caseaddinga
smalloffsetovercomesthisproblem.

3) FastBack Propagation: In this methodrelation14
is replacedby therelation
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In simplewordstheerrorof layer(
k <#%

) is addedto the
operatinglevel beforeupdatingthecorrespondingweight-
ing functions. It is alsopossibleto inserta coef�cient in
thisnew relation.
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Thevalueof theparameter‰ allowsusto bemore�e xible
in theimplementationandgetbetterresults.Notethatfor

‰

�#"

standardBPA is obtainedandfor ‰

�V%

relation18
is obtained.
We closethis sectionby pointing out that otherabsolute
error functionsproportionalto the higherpowersof Eu-
clideandistancebetweenthe desiredoutputandthe net-
work outputcanbe usedinsteadof theonede�ned in in
relation15.

IV. DISCRETE-TIME ARRAYS MODELING WITH

NEURAL NETWORKS

In thepastandpresentliteraturework, therearemany
examplesof control and modelingof nonlinearsystems
exhibiting chaoticbehavior by meansof usingotherwell-
recognizednonlinearsystemsand control tools suchas
fuzzy systems,neural networks, and ¡M¢ control, [1],
[17], [18], [21], [22], [23] aswell asmodelingnonlinear
systemsrelyingon thetheoryof chaos[19], [20].
In thissection,weintroducethemodelingof discrete-time
arrayswith neuralnetworks.Wefocusontwo kindsof the
arraysnamelyone-andtwo-dimensionaldiscrete-timear-
rays.

A. One-DimensionalDiscrete-TimeMaps

The �rst group consists of a broad class of one-
dimensionaldiscrete-timemapswhosenext stateis athird
orderpolynomialof thepresentstate.Themembersof this
grouparedescribedby therelation
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It is obvious that by choosingthe parameters
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and ˆ we can generatea large numberof famousone-
dimensionaldiscretemaps,e.g, with
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20becomesidenticalto theparabolicmapequationin the
form of
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Now we proceedto explain themodelingprocedure.We
have useda �x edstructurenetwork with two hiddenlay-
ersfor our modelingtask.This network hasfour neurons
in its input layer, ten neuronsin eachof its two hidden
layers,and one neuronin its output layer. The nonlin-
eartransferfunctionof eachof theneuronsis thesigmoid
function. The interestingpropertyof this function is that
its derivative canbedescribedin termsof itself as
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I
� , this is veryusefulin thelearn-

ing procedureof thenetwork andmayreducethecostof
computationsigni�cantly. Figure3 shows thestructureof
thenetwork. As it canbeseenin �gure 3, this network is
a fully connectedfeedforward perceptronnetwork In our
network, thelastpartof thelearningphaseis connectedto
the�rst partof therecallingphase.Thelearningphaseis,
indeed,theadjustingprocedureof theweightingfunctions
in responseto aninput in orderto have thesuitableoutput
in theoutputlayer. As thenetwork accessesdesiredoutput
samplesin its learningphase,thelearningprocedureis su-
pervisedlearning.In addition,becausethedesiredoutput
is differentfrom all of theinputsin eachstep,thetrained
network is hetero-associative. Fourinputsamplesarefour
consecutivesamplesof thediscrete-timemapping,andthe
outputthatthenetwork mustbeableto predictis the�fth
sampleof themapping.Therequirednumberof samples
for training of the network basedon the steadystatebe-
havior of the mappingdiffers from thirty thousandsfor
simpler mappingsto the one hundredthousandsfor the
morecomplicatedmappings,i.e, mappingswith chaotic
behavior.
Each example consists of four consecutive samples
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��­J� as the input and the �fth one, ���|®0� , as
the output. In the next example,the �rst sampleis dis-
cardedand the secondsamplethroughthe �fth sample
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N
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£

�

�
­

�
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®

� are usedas the input sampleswhile the
sixth sample ���>¯0� is usedas the output sampleand so
on andso forth. The network operationis basedon the
comparisonof the generatedoutputandthe desiredout-
put. Basedon this comparison,anerrorsignalis created
andby backpropagatingthis signalthroughthenetwork
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Fig. 3. Fixedstructureneuralnetwork usedfor modelingone-dimensionaldiscrete-timearrays

weightingfunctionsareadjusted.In the recallingproce-
dure,the error is approximatelyzero, i.e, an uppererror
boundof

%o"

I

­ for the error is used. The network is a
feedforward network with no feedbackconnection. As
the learningprocedureis basedon the correctionof the
error, the network is ableto have a suitableoutputwhen
theinput is de�cient or noisy.
Theabsoluteerrorfunctionis built onthebasisof thesec-
ondmomentumoutputerror
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Ht� by
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from thesigmoidfunction,therelative error
z�±

is

z&±

� <�}�•

}

�

±

�²<D}�•

}

R

}

R

}

�

±

�

�

RŠ°

<

R

�4�‹�O�Œ�

�

±

�

�

�

RŠ°

<

R

�4�

R

�‚�

%=<

R

� (25)

where
R

is the network output,
R)°

is the desiredoutput,
�

±

is the compoundinput of the outputneuron,and � is
thesigmoidfunction. It is interestingto know thatmulti-
plying theerrorby thederivative of thetransferfunction,
scalesit. In the learningprocedurethe gradientmethod
is considered.For implementingbackpropagationalgo-
rithm, weusethealgorithmdiscussedin theprevioussec-
tion andfor having a betterperformancewe usethe im-
provedversionof relation14asin relation19. Noteagain
thattheobjective of thelearningphaseis to minimizethe
absoluteerrorfunction.

B. Two-DimensionalDiscrete-TimeMaps

The secondgroup consistsof a broad classof two-
dimensionaldiscrete-timepolynomials
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wherethe �

/

j functionsaresecondorderpolynomialsof
the correspondingvariables,i.e, �

/

jŠ���|�

�¬�9/

j

P

�4/

jo�

P

…4/

j&�

N

. Again it shows that the generalityof this class
is morethanspecialmapswhich show chaoticbehavior
from themselvessuchasHenonmap.In fact,by choosing
parameters

�)/

j ,
�4/

j , and
…A/

j asfollow, wehaveHenonmap
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in theform of
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Generally, with the appropriatechoiceof parameters,it
is possibleto have variouskinds of steadystatebehav-
iors. Wehave usedagaina �x edstructureneuralnetwork
sameasbeforeexceptthatpresentneuralnetwork hastwo
neuronsin its outputlayercorrespondingto the �

�'��� and
R

�'��� outputs.Four inputsaretwo consecutive samplesof
signals�O� and

R

� . Figure4 showsthestructureof thenet-
work. Themechanismis completelythesameasbefore.
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Fig. 4. Fixedstructureneuralnetwork usedfor modelingtwo-dimensionaldiscrete-timearrays

Theonly differencehereis thattheabsoluteerrorfunction
is now de�ned as
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where�

°

,
RŠ°

aredesireoutputs,� ,
R

arenetwork outputs,
andtherelative outputerrorsare

z&±�¸
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All of the other stepsare the sameas the stepsimple-
mentedin caseof the�rst group.

V. EXPERIMENTAL RESULTS

In this section,�rst the simulationresultsof the mod-
eling taskarediscussed,thensomeof thepracticalprob-
lemsin theimplementationof thealgorithmarereviewed.
For all of thegraphsappearingin this section,the initial
weightingfunctionsof 0.1arechosenbetweenevery sin-
glepairof PEsconnectedtogether. Only for thegraphap-
pearingin �gure 8 a combinationof values0.1, 0.3, and
0.7 waschosenin orderto make a signi�cant initial dif-
ference.
First,theperformanceof themodelingtool is evaluatedin
caseof logistic map.As it is observed in �gure 5, for the
initial condition �>�

�º"

��»'¼ which yieldsto a stable�x ed
point, the network is able to follow the behavior of the
mapvery rapidly. Figure6 shows theresultfor theinitial
condition �

�

�2"

�

%

as an exampleof modelingchaotic
solutions.The�x edstructureneuralnetwork follows the
chaoticmapwith an absoluteerror lessthan0.001con-
tinuouslybut it takesalmost94'000 iterationsfor it to be

ableto predictthenext 40 samplesof themapwithin the
speci�ederrorbound.After that,theneuralnetwork loses
thetrackbecauseit becomeschaoticitself. Sinceit is not
possibleto haveazerovaluefor theerror, theerroris built
upastimeproceedsand�nally exceedstheacceptableer-
ror bound.At this stagethe learningprocessneedsto be
repeatedin orderto forcethenetwork to trackthechaotic
arraywithin theacceptableerrorlimits. Qualitatively, the
samepatternis repeatedin caseof �|�

�½"

�‹¾ anda num-
berof otherinitial conditions.Finally, it is very important
to note that the choiceof initial conditionsboth in case
of chaoticmapandtheweightingfunctionsof theneural
network greatlyaffectsthespeedof convergence.
Figure 7 shows the result of the modeling task for the
Henon map with the parameters�

LE�ŸT

�

�

�

6 �&%

� and
the initial condition ���>�

�

R

�&�

�

�

"

�‹¼

�Ÿ"

�‹¼Š� . It shows
that the network is able to reachto the �x ed point very
rapidly. Figure 8 shows the result of the modeling
task for the Henonmap with the parameters�

L¿�ŸT

�

�

�

"

�‹À�Á

%o"$�Ÿ"

�

"�" %

»�� and the initial condition ���
�

�

R

�
�

�

�

"

�‹ÂŠ»

�Ÿ"

�

($%

� . This is anexampleof modelingperiodicso-
lution andagain,the�gure shows thatthenetwork is able
to learntheperiodicbehavior of themapvery rapidly.
It is importantto remindthatalthoughthedynamicalbe-
havior of the mapis very muchmorecomplicatedcom-
pareto logistic map,it is relatively dif�cult in practiceto
choosetheparameterssuchthat themapexhibits chaotic
behavior. This is mainly becauseof the roundoff errors
thatshift themapoutof thenarrow chaoticregions.
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Fig. 5. Logisticmapmodelingresultfor initial condition=0.75

Fig. 6. Logisticmapmodelingresultfor initial condition=0.1

A. NumericalIssues

In thefollowing, anumberof numericalissuesencoun-
teredin theimplementationphasearementioned.

1) Time ConsumingLearningAlgorithm: The learn-
ing algorithmis time consumingandneedsto beperiod-
ically repeatedin caseof chaoticmaps. To explain the
issue,it canbesaidthatalthoughit is possibleto reacha
verysmallnetwork erroratsomestepsduringthelearning
phase,theerrornever reachestheabsolutevalueof zero.
If thenetwork erroris studiedfor furthersamples,it is ob-
servedthatthiserrorbeginsto grow astimeproceeds.The
phenomenonis relatedto thechaoticnatureof thesystem,
i.e, sincethe nonlinearnetwork modelsa chaoticarray,
it becomeschaoticitself. In this situation,the small er-

ror maybeconsideredasa smalldifferencebetweentwo
closeinitial conditionsfor thedesiredoutputandthenet-
work output. As a characteristicof a chaoticsystem,the
errorwill begin to grow soonandthis is nothingbut high
sensitivity to thevariationsof initial conditions.As amat-
ter of fact, this is interpretedasa sign for a network try-
ing to modela chaoticmapandbecomingchaoticitself.
Onewayof relieving theeffectof having anerrorcompo-
nentwhich grows with the time is to repeatthe learning
phasefollowedby therecallingphaseperiodically, other-
wise the resultsarenot reliableany more. In caseof the
mapsstudiedin our work, theneuralnetwork would typ-
ically beableto predictlessthanonehundredsamplesof
thechaoticmapafterthe�rst learningphasewith acouple
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Fig. 7. Henonmap Y statecomponentmodelingresultfor initial condition X*Y3Ã	ÄÆÅÇÃ:Z�ÈÉXÊ^0` b&ÄŒ^&` bAZ andparametersXÊËnÄÆÌcZ³ÈÉX*ÍJÄ:Î:Z

Fig. 8. Henonmap Y statecomponentmodelingresultfor initial condition X*Y
Ã

ÄÆÅ
Ã

Z�ÈÉXÊ^0` ÏÇfoÄŒ^0` a&Î:Z andparametersXÊËnÄÆÌqZ³ÈÉXÊ^0` ÐAÑ&Î:^0Ä�^0` ^4^0ÎŸf4Z

of hundredsof thousandsof examplesandthenthelearn-
ing phasehasto be repeatedwith a comparablenumber
of examplesas in the previous phaseandso on to have
reliableresults.

2) Effects of Learning Coef�cient and Momentum
Term: It wasmentionedthat thevariationsof weighting
functionsarederivedby therelation

ƒ

F

j

/yÒ ÓÆÔ

�#„y…

�

z

j

�lk&


�l�

/Ÿ�lku<†%A


The network learningspeedwhich is, in fact, the speed
of weighting functionsadjustmentprocedureis a func-
tion of thevalueof learningcoef�cient

„y…

. Althoughbig-
ger valuesof the learningcoef�cient may lead to have
fasterlearningprocedure,it is not possibleto have very

big learningcoef�cients. This is the direct effect of ap-
plying the gradientmethod,i.e, weighting functionsare
changedas a linear function of the error surfaceof the
partial derivatives in the gradientmethod. The approxi-
mation is valid as long as the error surfaceis relatively
linear while this assumptionis not valid for large values
of

„y…

. On the contrary, having small valuesfor
„�…

leads
to have a low learningspeed.In orderto overcomethis
problem,wehave usedtheimprovedversionof theabove
relationasin 18. Thesuitablevalueof

„y…

is differentfrom
caseto casebut in ordernot have the effectsof nonlin-
earerrorsurface,the

„y…

mustbe lessthanonein mostof
thecases.Moreover, thesecondmomentumof

ƒ

F
j

/

acts
moresuitablyin mostof thecases.
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3) Low ConvergenceSpeedNeartheOptimumPoint:
Themainproblemof thegradientmethodis dueto its low
convergencespeedneartheoptimumpoint, i.e, although
for a big initial differencemoving towardthedirectionof
the gradientvector decreasesthe differencerapidly, the
performanceof themethodis signi�cantly degradednear
theoptimumpoint. In orderto omit this problem,a mul-
tiple of layer(

kQ<Õ%

) errorcanbeaddedto theweighting
functionsadjustmentalgorithmasin relation29.
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whereM standsfor the momentum.In our experiments,
theweightingfunctionsadjustmentalgorithmhasshown
themostsensitivity to thevariationsof the ‰ coef�cient.
Thesuitablevalueof thisparameterisagaindifferentfrom
caseto casebut in the mostcasesa valuein the interval

� "$�&%A


hasled to asuitableresult.
4) Effectsof Initial Condition: All of theconvergence

resultsareaffectedstronglyby the choiceof initial con-
ditions. The choice of initial valuesof the parameters
play a crucial role in the convergenceof the algorithm.
Thealgorithmquickly diverges,if theinitial valuesof the
parametersarechosenunsuitably. As a practicalresult,
it is betterto set the initial valuesof the parametersas

Fnj
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�
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�

m .
5) Floating Point Over�ow Problems: As thelastim-

portantfactor, the over�ow problemis discussed.In the
implementationof any numericalcomputation,onemust
always considerthe probability of having very large or
very small numericalvalues. Storingsuchkinds of val-
uesmay leadto produceinvalid resultsbecauseof round
off operations.In our specialcase,signi�cant variations
of compoundinputsof PEscancreatemany problemsin
their storingprocedure.Basedon the asymptoticbehav-
ior of thetransferfunctionwhich is thesigmoidfunction
in this case,the problemmay be avoided. Observe that
the sigmoidfunction reachesits asymptoticvaluewith a
very goodapproximationwhenthe absolutevalueof its
argumentis lessthanor equal11, i.e

%

%

P¶z

I�{Ø×

�GÙ

"

�ÚxÜÛ

<¿%�%

%

�ÚxÜÝ

%�% (30)

In otherwords,thereexist somelimits for thecompound
input and for all of the valuesbeyond theselimits the
transferfunction almostactsthe same.Hence,an upper
limit of x

�½%�%

anda lower limit of x

�½<Þ%�%

areconsid-
eredfor thecompoundinput to avoid having theover�ow
problemin thenumericalalgorithm.

VI. CONCLUSION

This paperconcerneditself with themodelingof such
transformationsaslogisticandHenonmapswith a multi-
purpose�x edstructuresystem,i.e,aneuralnetwork rely-
ing onbackpropagationlearningalgorithm.
We useda �x ed structureneuralnetwork with two hid-
den layersin order to model one- and two-dimensional
discretemaps. This network hadfour neuronsin its in-
put layer andten neuronsin eachof its two hiddenlay-
ers.Thenumberof neuronsin its outputlayerwasonein
the caseof one-dimensionalandtwo in the caseof two-
dimensionalmappings. In the former case,we applied
four consecutive samplesof theone-dimensionalarrayas
the input of thenetwork andgave the �fth sampleasthe
desiredoutputto thenetwork in eachiterationof thelearn-
ing algorithm. In the former case,we appliedtwo con-
secutive samplesof eachof the stateelementsandgave
thethird elementof stateasthedesiredoutputto thenet-
work. We observed that thenumberof samplesrequired
for the training of the neuralnetwork dependedon the
steadystatebehavior of the mapping,i.e, the numberof
requiredsamplesincreasedin the caseof morecompli-
catedsteadystatebehaviors.
Therewereseveralproblemsin implementingthelearning
algorithmsuchasthelargenumberof requiredexamples,
theeffectsof having big learningcoef�cient andinserting
momentumterm in orderto overcomethecorresponding
drawbacks,the low convergencespeedof the algorithm
neartheoptimumpoint,theeffectsof initial conditionsin
the convergenceof the algorithm,andthe �oating point
issuesasthe resultof having to storevery large or very
smallcompoundinputs.
After insertingaslight improvementin thestandardlearn-
ing algorithmandaftercompletingthelearningphase,the
network wasableto predictthesequentialsamplesof the
correspondingdiscretearraywith a reasonableerror, i.e,
theerrorwaslessthan

%o"

I

­ . Thenumberof reliablepre-
dictedsampleswerelimited in thecaseof chaoticarrays
andthelearningphaseneededto bealternatively repeated.
This algorithm may be applied for modeling of
other classesof discrete-timetransformationssuch as
piecewise-linearandhigherdimensionaltransformations.
In thesecases,thealgorithmcanbeadjustedsuitablyfor
thecorrespondingpurpose.
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