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Abstract— Although chaotic systemshave receied in-
creasingattention over the past decades traditional mod-
eling tools have alwaysencountered considerableanalytical
and numerical dif culties in modeling and predicting the
behavior of chaotic systems.Neural networks, on the other
hand, seemto be ableto intr oducea powerful modelingtool
relying on their nonlinear nature for the task of modeling.
In this paper, we intr oducea novel schemefor the modeling
task of multi-dimensional discrete-time chaotic mapsrely-
ing on the capabilities of perceptron neural networks and
presentsomeof the relatedexperimental results.

Index Terms— Chaos, Discrete-Time Chaotic Maps,
Fractals, Perceptron Neural Networks, Back Propagation
Learning Algorithm.

I. INTRODUCTION

HAOSis a nonlinearphenomenotthatmanifestst-
C selfin mary elds of science Despitebeingsingled
outasanimportantresearctareaonly recently chaoshas
beenaroundfor a long time, and dismissedas physical
noise. We now know that chaoscan readily occur ev-
erywherenonlinearityis present.In addition,chaoscan
occurin linear systemswith in nite dimensions.Study-
ing chaoticphenomenan discrete-timedynamicalsys-
temsandmodelingsuchtime seriesis very attractve be-
causethey are naturally obsered in mary physical, so-
cial, andeconomicakystems.They alsofrequentlyarise
in the Poincareanalysisof systemanodeledby ordinary
differentialequationsModelingchaotictime serieshow-
ever, encounterghe signi cant challengeof analyzing
very complex dynamics.
Neural networks are a classof nonlinearsystemscapa-
ble of learning and performing tasks accomplishedoy
othersystemsTheir broadrangeof applicationsncludes
speechand signal processing patternrecognition, sys-
temmodeling,andseno mechanisntontrol. Thevarious
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kinds of neuralnetworks, generally have enegy func-
tions. The learningprocedureof neuralnetworks s, in-
deed, nothing more than decreasingheseenegy func-
tions until reachinglocal minimum levels. Neural net-
works acquirethe requiredinformation from the exam-
plessuppliedto themin their learningprocedure. Sys-
temswith neuralnetwork building blocks are robust in
the sensethat the occurrenceof small errorsin the sys-
temsdoesnot interferewith the properoperationof the
system.This characteristiof the neuralnetworks makes
themquite suitablefor thetime seriespredictiontaskdis-
cussedn this paper

An outline of the paperfollows. In section[2], we brie y
review the qualitatve behaior of discrete-timeransfor
mations.In section[3], we analyzethemodelingtool per
ceptronneuralnetwork andits correspondindearningal-
gorithmbackpropagation.In section[4], we explain the
modelingschemeof discrete-timalynamicalransforma-
tionswith neuralnetworks. In section[5], we summarize
the experimentalndings.

II. QUALITATIVE BEHAVIOR OF DISCRETE-TIME
MAPS

In the presensection,we discusghe characteristicef
discrete-timemapscapableof exhibiting chaoticbhehaior.
Thediscussions basedntheliteraturematerialavailable
in[2], [3], [4], [3], [6], and[7].
Considerarealclosedinteral
function which transformsary point of into a
point  in the sameintenal, i.e, . Choose
anarbitrarily initial condition in  anditerateit via the
algorithm

andanonlinear

(1)

Relation1 is called a discretemap over the interval
We can generalizethis scalardiscretemap into an m-



dimensionalntenal mapvia thevectorequation

)

where and arem-dimensionalectorsand

is anonlinearvectorfunctionon . Eachcomponent
of  takesvaluesin a closedintenal . We
caninterpretl and2 asdynamicalsystemsvhere plays
therole of thetimevariable.In spiteof theirapparensim-
plicity, thedynamicsof mary simplenonlineayevenpoly-
nomial, discretemapsare extremely complicated. They
may have stable x ed points, periodic orbits of differ-
ent periodicity andchaoticregimes. Moreover, bifurca-
tion amongthesebehaiors canbeobseredin parameter
dependentamily of mapsover variousnonemptyparam-
eterranges.

As abenchmarlexample we studythebehaior of thelo-
gistic mapwhichis aone-dimensionalliscretemap. The
equationof themapis

®3)

where and is aparametewhich variesfrom
0to 1. Thelogistic mapis anexampleof a one-parameter
family of discretemapswhich transformsthe intenal
into itself.

Althoughthelogistic mapis avery peculiarone,its quali-
tative behaior holdsfor abroadclassof one-dimensional
mapsasshavn in gure 1. Speci cally, for thosemaps
wherethe function in 1 is a differentiableunimodal
function,the samequalitatve behaior is obsered asthe
qualitative behaior of thelogisticmap.Morespeci cally,
therateof decay

(4)

of theinterval width betweernperioddoublingfor thelo-
gistic maphasbeenfoundto be the samefor ary differ-
entiableunimodalfunction. This propertyis, sometimes
referredto asmetricaluniversality
Higherdimensionatliscretemapscanbeeitherconser
vative (area-preserving)r dissipatve (area-contracting),
invertible or non-irvertible. While someresultson one-
dimensionalmappingscan be generalizedo higher di-
mensionsthe latter are usually muchricherin their dy-
namicalbehaior thanthe former. For instanceconsider
thewell knovn two-dimensionaHenonmapdescribedy

®)

This mapwhich reducedo a one-dimensionatjuadratic
mapfor revealsmary new phenomenguite typi-
cal of multi-dimensionabliscretemaps.First, theasymp-
totic behaior of the systemdependson the initial point,

i.e, differentinitial pointscould give rise to differentpe-
riodic or aperiodicorbits. This behaior cannotoccurin
one-dimensionalinimodalmaps,whereat mostone sta-
ble period-1orbit canexist. Secondfor certainparame-
tersandinitial points,the systemcorvergesto anattractor
with a self-similarinternal structure. Third, it hasbeen
proved[3] thatthereexistintersectiondetweerstableand
unstablemanifoldsof theHenonmap. Thesdntersections
are called homoclinic points and give rise to extremely
complicateddynamicsjncludingchaos.

[11. PERCEPTRON NEURAL NETWORKS AND BACK

PROPAGATION ALGORITHM.

Perceptronneural networks and their learning algo-
rithm backpropagatioralgorithm (BPA) have beenstud-
ied extensvely in the literature[9], [10],[11], [12], [13],
[14], [15], [16]. In this section, we provide a brief
overview of theliteraturework.

A. Percepton Neual Networks

In an arti cial neuralnetwork, the unit similar to the
neuroris calledprocessinglemen{PE).A PEhasalarge
numberof input pathsand combinesthem by a simple
weightedaddition. Usually the combinednputis further
processedy a transferfunction. This transferfunction
may have the form of a thresholdfunction which passes
theinformationonly whenthe combinedinput signalhas
reachedx certainlevel, or it maybea continuousunction
from the combinednput signal.

Normally, the outputof thetransferfunctionconnectdi-
rectly to the output path of the PE. The output path of
the PE may be connectedo the input pathsof otherPEs
by a numberof weightingfunctions. Eachof theindivid-
ual input signalsto a PE is adjustedby theseweighting
functionsbeforecombiningwith otherinputsignalsin the
transferfunction.

Generally a neuralnetwork containsa large numberof
PEs. PEsarearrangedn layers. A network usuallycon-
tainsseverallayerswith completeor randomconnections
betweenconsecutie layers. The input layer takes the
datafrom the outsideervironment, the output layer re-
turnsthe datato the outsideervironment,andthe other
layersknown ashiddenlayersprocesshe datainsidethe
network. Figure 2 shavs a simple network. Thereare
two phasesn the operationof a neuralnetwork. The rst
phasds calledlearningandthe secondphases calledre-
calling. It is possibleto have onecombinedearningand
recallingphasen a network, althoughin mostof the net-
worksthesephasesare separate.The learningprocedure
is, indeed,nothingbut the adjustmenbf weightingfunc-
tions suchthat the network canrespondsuitablyto the
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Fig. 2. A simpleneuralnetwork with onehiddenlayer

input stimulation.If thedesiredoutput(s)is(are)different
from theinput(s),thenthe trainednetwork is calledHet-

ero Associatve (HA), otherwiseit is called Auto Asso-
ciative (AA). If in thelearningprocessthe network does
not have accesgo the desiredoutput(s),this procedure
is calledUnsupervised.earning(UL), andif thenetwork

doeshave accesdo desiredoutput(s)the learningproce-
dureis called Supervised_earning(SL). Thereis alsoa

combinationof the two-mentionedearningscalledRein-

forced Learning (RL). In the latter case,the supervisor
justlet the network know whetherits outputis suitablefor

aspeci edinputor not.

The numberof samplegequiredfor training dependsn

the systemwhich the network attemptsto model. There

are casesin which the network needsseveral hundred
thousandsamplego betrained.

Therecallingphasds a situationin which the network is

ableto createa suitableresponsaftertheappearancef a

speci ¢ stimulation. This phasemay be partof thelearn-
ing phaseasthisis thecasewhenthenetwork outputmust
becomparedo adesiredoutputin orderto createanerror

signal.

A simplenetwork doesnothave ary feedbackconnection
betweentwo differentlayersor a layerwith itself. Such
kind of network is calleda feedforvard network. In this

situation theinputdatafrom theinputlayerappearsn the

outputlayer via the interface of hiddenlayers. Feedfor

ward networks are generallyconsideredecausef their



nonlinearproperties.Thedata o w in feedbacknetworks
is morecomplicated.

A network mayoperateasa synchronousetwork, i.e, all

of the PEssendtheir outputsat the sametime or asan
asynchronousetwork, i.e, every PE may sendits output
atatime independentf theotherPEs.

Therearetwo separat@perationgor layers.The rst one
is callednormalization.In this casethe outputof thelayer
is adjustedata x edlevel. In biological systemsthis is

doneby connectingeachPEin alayerto otherPEsatthe
samelayer As theresult,every PE of alayerhasa crite-

rion aboutthe total outputof the layer and canadjustits

outputcorrespondindo that. Hencethe level of the op-

erationof every layer approximatelyremains x ed. The
secondkind is called competitie operation.In this case,
the operationof a layeris consequencef interactionsof

PEoperationsn thatlayer Unlikethe rst casenow only

few PEsareableto createthe layeroutput. As anexam-
ple,we maymentionasituationin which only thePEwith

the highestlevel of actwvity will specifythe outputof the
layer

Speechand signal processing patternrecognition, sys-
tem modeling,and seno mechanisncontrol are among
the applicationsof neuralnetworks. In the specifcaseof

time-seriesnodeling,neuralnetworkswith thebackprop-
agationtrainingalgorithmperformmoresuccessfullfhan
linearor polynomialpredictionalgorithms.

B. Bad Propagation Algorithm

Generally a neuralnetwork mustlearnhow to classify
input patterns. It hasbeenexperimentallyobsered that
as the numberof layersof a network increasesjt can
classify more and more complicatedpatterns. A signif-
icant problemis how a network candeterminethe error
betweenits output and the desiredoutput The network
thenovercomeghe mismatchbetweerdesiredandactual

outputsby adjustingthe weightingsof interconnections.

This is called Credit AssignmentCA). The backpropa-
gationalgorithm(BPA), originally introducedby Minsky

and Papert[9], solvesthe CA problemby using all of

the PEsand adjustingtheir total interconnections.This

is done by propagatingthe output layer error to the
precedinglayer via the existing connections. In fact,

this operationis repeateduntil reachingthe input layer

In other words, output error moves from eachlayer to

the precedinglayer -just the oppositedirection of the
maovementof the original information-until reachingthe
inputlayer

Theclassicaform of abackpropagatiometwork consists
of oneinputlayer, oneoutputlayer, andoneor two hidden
layers.Althoughthereis nolimit onthenumberof hidden

layersfrom a theoreticalstandpoint, very complicated
problemscanbe solvedwith four hiddenlayers.In aback
propagatiometwork, eachlayeris fully connectedo the

next layer In thelearningphasejnformationmay come
backthroughthenetwork in orderto updatetheweighting
functions. The network may alsobe heteroassociatie or

autoassociatie. We usethe following notationfor the

purposeof explainingthe backpropagatioralgorithm.

: The presentoutput stateof the -th neuron
from thelayer
: Weighting function of the connectionbe-
tweenthe -th neuronfrom layer andthe -th
neuronfrom layer
: Thecombinednputof the -th neuronof layer

Hencea PE in a back propagatiometwork transfersits
outputas

(6)

where maybeeverycontinuougunction. Themostpop-
ular functionsare sigmoid, hyperbolictangent,and sine
function. This is becauseof their interestingproperties
asnonlinearfunctionsin vanishingthe outputerrorof the
network. Thesigmoidfunctionis de ned as

()

Supposehat the network hasan absoluteerror function
which is differentiablewith respectto all of the weight-
ing functions. Thenthe critical parametemwhich is back
propagatedo the network is

(8)

where is the absoluteerror function. It will be shavn
thatthis value may be obtainedasa criterion of therela-
tiveerrorof the -th PEin layer . By usingthechainrule
twice,onemayintroducetherelationshigbetweertherel-
ative errorof aspeci edPEin layer andthelocalerrors
in layer as

9)

Note that in relation 9 there must be a layer above the
layer , andhencaeit is not possibleto usethis relationfor
theoutputlayer If thefunction is thesigmoidfunction
de nedin 7 thenit is possibleto expressits derivative in
termsof itself.

(10)



and by usingrelation 10, one may rewrite relation9 as
follows:

(11)

Notethatthisrelationhasbeenobtainedor sigmoidfunc-

tion. Hencethebackpropagatiometwork is describedy

thefollowing statement.

First information propagategrom the input layer to the
outputlayer Thenthe error betweenthe desiredoutput
andthe network outputpropagate$rom the outputlayer
to theinputlayerin thereturnpath. This proceduranate-
rializesitself accordingto the generalrelation9 or in the
caseof sigmoidfunctionasrelation11.

Theobjectie of thelearningprocedurds to minimizethe
absoluteerror function. In the following, we study the
procedurebasedon the conceptof local error Assume
that the weighting functionsof the network are given in

theform of . In orderto decrease¢he absoluteerror
function, one may changethe weightingfunctionsin the
oppositedirectionof the gradientvector

(12)

where denotegshelearningcoefcient, orit canbesaid
thateachof theweightingfunctionsvary accordingo the

magnitudeand oppositedirection of the gradientvector
ontheerrorsurface.

Partialderwvativesof relation12 maydirectlybecomputed
basedon the relative error relation. Basedon relation 6

andchainrule we have

(13)

Combiningrelations12 and13 will leadto
(14)

In orderto apply the above relationsto backpropagation
algorithmiit is necessarjo de ne theabsolutesrrorfunc-
tion precisely Assumethat is the presenutputof the
network to theinput , and is the correspondinglesired
output.Now we mayde ne theabsoluteerrorfunctionas

- (15)

Theindex denoteghevariouselement®f and . Here,
theraw error functionis andfrom relation12
it is obvious thatthe scaledrelative errorin every PE of
outputlayeris obtainedoy

(16)

In neural networks, the scaledlocal error which propa-
gatesthroughthe network is storedin the error eld of
eachPE.Asrelation15shavs, theabsolutesrrorfunction
is de ned on the pair . In this casewith every new
pair the BPA adjuststhe weightingfunctionsto de-
creasdgheabsolutesrrorfunction. Now the standardBPA
may beintroducedasfollows:
Propagatethe input in the forward direction
through the network until reachingto the output
. During propagatinghis informationthroughthe
network all of the combinedinputs  and output
states for eachPEareset.

For eachPE in the outputlayer calculatethe scaled
local error by relation 16, thenobtainthe variations
of weightingfunctionsby relation14.

ForeachPEin layer locatedbelow theoutputlayer
and above the input layer obtainthe scaledrelative
error andthe variationin weightingfunctionsfrom
relationsll andl4respectrely.

Updateall of the weightingfunctionsby addingthe
variationsto the old values.

In orderto increasahe performancef the backpropaga-
tion algorithm,we have to changethe standardalgorithm
slightly asdiscussedbelaw.

1) InsertingMomentunierm: Remembethatthegra-
dient methodupdatesthe weighting functions as linear
functionsof partial derivatives accordingto relation 12.
The problemis that, this methodfails for the large val-
uesof thelearningcoefcient . Onthecontrary having
a small learningcoefcient introducesa decreasen the
speedf thelearningprocedureln orderto overcomethis
problem,we usethe conceptof momentumterm. Insert-
ing thistermchangesheequationl4 asfollows

17)

whereM standsfor the momentum. This relationis, in-
deed,a low pass Iter omitting the oscillatory behaior
and henceproviding a reasonabldearningspeedwith a
smalllearningcoefcient.

2) DerivativesCorrection: Fahlman[10] introduced
severalmethodgo increasdhe corvergencespeedof the
standardBPA. Thesemethodswork basedon the deriva-
tivescorrectionandnonlinearerrorfunctions.Oneof the
simpletechniqueshatheusedwasto addasmallpositive
offsetto the sigmoidfunction's dervative beforescaling
the error To explain the performanceof the method,it



may be saidthatwhenthe weightingfunctionsof PEsin-
creasethe combinedinput increasesaand as a resultthe
operatinglevel go to the saturation.Hencethe dervative
andthe scaledrelative errorvanish. In this caseaddinga
smalloffsetovercomeshis problem.

3) FastBad Propagation: In this methodrelation14
is replacedoy therelation

(18)

In simplewordsthe errorof layer ( ) is addedto the
operatingevel beforeupdatingthecorrespondingveight-
ing functions. It is alsopossibleto inserta coefcient in
this new relation.

(19)

Thevalueof theparameter allows usto bemore e xible
in theimplementatiorandgetbetterresults.Note thatfor
standardBBPA is obtainedandfor relation18
is obtained.
We closethis sectionby pointing out that otherabsolute
error functionsproportionalto the higherpowvers of Eu-
clideandistancebetweenthe desiredoutputandthe net-
work outputcanbe usedinsteadof the onede nedin in
relation15.

IV. DISCRETE-TIME ARRAYS MODELING WITH
NEURAL NETWORKS

In the pastandpresentiteraturework, therearemary
examplesof control and modelingof nonlinearsystems
exhibiting chaotichehaior by meansof usingotherwell-
recognizednonlinearsystemsand control tools suchas
fuzzy systems,neural networks, and control, [1],
[17], [18], [21], [22], [23] aswell asmodelingnonlinear
systemgelying onthetheoryof chaoq19], [20].

In thissectionweintroducethemodelingof discrete-time
arrayswith neuralnetworks. We focusontwo kindsof the
arraysnamelyone-andtwo-dimensionatiiscrete-timear-
rays.

A. One-DimensionaDiscrete-TmeMaps

The rst group consistsof a broad class of one-
dimensionadiscrete-timanapswhosenext stateis athird
orderpolynomialof thepresenstate.Thememberf this
grouparedescribedy therelation

(20)

It is obvious that by choosingthe parameters, ,
and we cangeneratea large numberof famousone-
dimensionaldiscretemaps, e.g, with

, and we reachthe logistic mapwith the
equation

(21)

or with , , -, and relation

20 becomesdenticalto the parabolicmapequationn the
form of

- (22)

Now we proceedo explain the modelingprocedure We

have useda x edstructurenetwork with two hiddenlay-

ersfor our modelingtask. This network hasfour neurons
in its input layer, ten neuronsin eachof its two hidden
layers,and one neuronin its outputlayer The nonlin-

eartransferfunctionof eachof theneurongs thesigmoid

function. The interestingpropertyof this functionis that

its derivative canbedescribedn termsof itself as

(23)

where , thisis veryusefulin thelearn-
ing procedureof the network andmay reducethe costof
computatiorsigni cantly. Figure3 shavs the structureof
thenetwork. As it canbeseenin gure 3, this network is
afully connectedeedforvard perceptrometwork In our
network, thelastpartof thelearningphases connectedo
the rst partof therecallingphase Thelearningphases,
indeedtheadjustingporoceduref theweightingfunctions
in responséo aninputin orderto have the suitableoutput
in theoutputlayer Asthenetwork accessedesirecoutput
samplesn its learningphasethelearningprocedures su-
pervisedearning.In addition,becausehedesiredoutput
is differentfrom all of theinputsin eachstep,thetrained
network is hetero-associat. Fourinputsamplesarefour
consecutie sample®f thediscrete-timenappingandthe
outputthatthe network mustbe ableto predictis the fth
sampleof the mapping. The requirednumberof samples
for training of the network basedon the steadystatebe-
havior of the mappingdiffers from thirty thousandgor
simpler mappingsto the one hundredthousanddor the
more complicatedmappings,.e, mappingswith chaotic
behaior.
Each example consists of four consecutie samples
asthe input and the fth one, , as
the output. In the next example,the rst sampleis dis-
cardedand the secondsamplethroughthe fth sample
are usedasthe input sampleswhile the
sixth sample is usedas the output sampleand so
on andso forth. The network operationis basedon the
comparisorof the generatedutputandthe desiredout-
put. Basedon this comparisonan error signalis created
andby backpropagatinghis signalthroughthe network



Fig. 3. Fixedstructureneuralnetwork usedfor modelingone-dimensionaliscrete-timearrays

weightingfunctionsare adjusted.In therecallingproce-
dure,the erroris approximatelyzero,i.e, an uppererror
bound of for the erroris used. The network is a
feedforvard network with no feedbackconnection. As
the learningprocedures basedon the correctionof the
error, the network is ableto have a suitableoutputwhen
theinputis de cient or noisy
Theabsoluteerrorfunctionis built onthebasisof thesec-
ondmomentunoutputerror

- (24)

By usingrelation 16 andsubstituting by
from the sigmoidfunction,therelatve error  is

(25)

where is the network output, is the desiredoutput,

is the compoundnput of the outputneuron,and is
the sigmoidfunction. It is interestingto know thatmulti-
plying the error by the derivative of the transferfunction,
scalesit. In the learningprocedurethe gradientmethod
is considered.For implementingbackpropagatioralgo-
rithm, we usethealgorithmdiscussedh theprevioussec-
tion andfor having a betterperformancewe usethe im-
provedversionof relation14 asin relation19. Noteagain
thatthe objectie of thelearningphases to minimizethe
absolutesrrorfunction.

B. Two-DimensionaDiscrete-TmeMaps

The secondgroup consistsof a broad classof two-
dimensionatiscrete-timgpolynomials

(26)

wherethe  functionsare secondorderpolynomialsof
the correspondingzariables,i.e,

Again it shawvs that the generalityof this class
is more than specialmapswhich shav chaoticbehaior
from themselessuchasHenonmap.In fact,by choosing
parameters , ,and asfollow, we have Henonmap

in theform of

Generally with the appropriatechoice of parametersit
is possibleto have variouskinds of steadystatebeha-
iors. We have usedagaina x edstructureneuralnetwork
sameasbeforeexceptthatpresennheuralnetwork hastwo
neurongdn its outputlayer correspondingo the and

outputs.Fourinputsaretwo consecutie samplesf
signals and . Figure4 shavsthestructureof thenet-
work. The mechanisnis completelythe sameasbefore.



Fig. 4. Fixedstructureneuralnetwork usedfor modelingtwo-dimensionatliscrete-timearrays

Theonly differencehereis thattheabsolutesrrorfunction
isnow de ned as

- (27)
where , aredesireoutputs, , arenetwork outputs,
andtherelative outputerrorsare

(28)

All of the other stepsare the sameas the stepsimple-
mentedn caseof the rst group.

V. EXPERIMENTAL RESULTS

In this section, rst the simulationresultsof the mod-
eling taskarediscussedthensomeof the practicalprob-
lemsin theimplementatiorof thealgorithmarereviewed.
For all of the graphsappearingn this section,the initial
weightingfunctionsof 0.1 arechoserbetweerevery sin-
gle pair of PEsconnectedogether Only for thegraphap-
pearingin gure 8 a combinationof values0.1,0.3,and
0.7 waschosenin orderto make a signi cant initial dif-
ference.

First,theperformancef themodelingtool is evaluatedn

caseof logistic map. As it is obseredin gure 5, for the
initial condition which yieldsto a stable x ed
point, the network is able to follow the behaior of the
mapvery rapidly Figure6 shavs theresultfor theinitial

condition as an exampleof modelingchaotic
solutions.The x edstructureneuralnetwork follows the
chaoticmap with an absoluteerror lessthan0.001 con-
tinuouslybut it takesalmost94'000 iterationsfor it to be

ableto predictthe next 40 samplesof the mapwithin the
speci ederrorbound.After that,theneuralnetwork loses
thetrackbecausét becomeshaoticitself. Sinceit is not
possibleto have azerovaluefor theerror, theerroris built
up astime proceedsand nally exceedgheacceptabler
ror bound. At this stagethe learningprocessneedso be
repeatedn orderto forcethenetwork to trackthe chaotic
arraywithin theacceptablerrorlimits. Qualitatvely, the
samepatternis repeatedn caseof andanum-
berof otherinitial conditions.Finally, it is veryimportant
to notethatthe choiceof initial conditionsbothin case
of chaoticmapandthe weightingfunctionsof the neural
network greatlyaffectsthe speedf convergence.
Figure 7 shaws the result of the modelingtask for the
Henon map with the parameters and
the initial condition It shavs
that the network is ableto reachto the x ed point very
rapidly.  Figure 8 shavs the result of the modeling
task for the Henonmap with the parameters
and the initial condition

. Thisis anexampleof modelingperiodicso-
lution andagain,the gure shavsthatthenetwork is able
to learntheperiodicbehaior of themapvery rapidly.
It is importantto remindthatalthoughthe dynamicalbe-
havior of the mapis very much more complicatedcom-
pareto logistic map,it is relatively dif cult in practiceto
choosethe parametersuchthatthe mapexhibits chaotic
behaior. Thisis mainly becausef the roundoff errors
thatshift the mapout of thenarrav chaoticregions.



Fig.5. Logistic mapmodelingresultfor initial condition=0.75

Fig.6. Logistic mapmodelingresultfor initial condition=0.1

A. Numericallssues

In thefollowing, anumberof numericalissuessncoun-
teredin theimplementatiorphasearementioned.

1) Time ConsumingLearningAlgorithm: The learn-
ing algorithmis time consumingandneedsto be period-
ically repeatedn caseof chaoticmaps. To explain the
issue,it canbe saidthatalthoughit is possibleto reacha
very smallnetwork erroratsomestepsduringthelearning
phasethe error never reacheghe absolutevalue of zero.
If thenetwork erroris studiedfor furthersamplesit is ob-
senedthatthiserrorbeginsto grow astime proceedsThe
phenomenors relatedto thechaoticnatureof thesystem,
i.e, sincethe nonlinearnetwork modelsa chaoticarray
it becomeshaoticitself. In this situation,the small er

ror may be consideredaisa small differencebetweerntwo
closeinitial conditionsfor the desiredoutputandthe net-
work output. As a characteristiof a chaoticsystemthe
errorwill begin to grow soonandthis is nothingbut high
sensitvity to thevariationsof initial conditions.As amat-
ter of fact, this is interpretedasa signfor a network try-
ing to modela chaoticmap andbecomingchaoticitself.
Oneway of relieving the effect of having anerrorcompo-
nentwhich grows with thetime is to repeatthe learning
phasedollowed by therecallingphaseperiodically other
wisethe resultsarenot reliableary more. In caseof the
mapsstudiedin our work, the neuralnetwork would typ-
ically beableto predictlessthanonehundredsampleof
thechaoticmapafterthe rst learningphasewith acouple



Fig.7. Henonmap statecomponentodelingresultfor initial condition

Fig.8. Henonmap statecomponentodelingresultfor initial condition

of hundredsf thousand®f examplesandthenthelearn-
ing phasehasto be repeatedvith a comparablenumber
of examplesasin the previous phaseand so on to have
reliableresults.

2) Effects of Learning Coefcient and Momentum
Term: It wasmentionedthatthe variationsof weighting
functionsarederivedby therelation

The network learningspeedwhich is, in fact, the speed
of weighting functions adjustmentprocedureis a func-
tion of thevalueof learningcoefcient . Althoughbig-
ger valuesof the learning coefcient may lead to have
fasterlearningprocedureijt is not possibleto have very

10

andparameters

andparameters

big learningcoefcients. This is the direct effect of ap-
plying the gradientmethod,i.e, weighting functionsare
changedas a linear function of the error surface of the
partial derivativesin the gradientmethod. The approxi-
mationis valid aslong asthe error surfaceis relatvely
linear while this assumptionis not valid for large values
of . Onthecontrary having small valuesfor leads
to have alow learningspeed.In orderto overcomethis
problem,we have usedtheimprovedversionof theabore
relationasin 18. Thesuitablevalueof is differentfrom
caseto casebut in ordernot have the effects of nonlin-
earerrorsuriace,the  mustbelessthanonein mostof
thecasesMoreover, the secondnomentunof acts
moresuitablyin mostof thecases.



3) Low CorvergenceSpeedNearthe OptimumPoint:
Themainproblemof thegradientmethodis dueto its low
cornvergencespeednearthe optimumpoint, i.e, although
for abig initial differencemoving towardthe directionof
the gradientvector decreaseshe differencerapidly, the
performancef the methodis signi cantly degradednear
the optimumpoint. In orderto omit this problem,a mul-
tiple of layer( ) error canbe addedto the weighting
functionsadjustmentlgorithmasin relation29.

(29)

whereM standsfor the momentum.In our experiments,
the weightingfunctionsadjustmentalgorithmhasshavn
the mostsensitvity to the variationsof the coefcient.
Thesuitablevalueof this parameteis againdifferentfrom
caseto casebut in the mostcasesa valuein the intenal

hasled to a suitableresult.
4) Effectsof Initial Condition: All of thecorvergence

resultsare affectedstrongly by the choiceof initial con-
ditions. The choice of initial valuesof the parameters
play a crucial role in the corvergenceof the algorithm.
Thealgorithmquickly diverges,if theinitial valuesof the
parametersre chosenunsuitably As a practicalresult,
it is betterto setthe initial valuesof the parametersas

5) Floating Point Over ow Problems: As thelastim-
portantfactor the over ow problemis discussed.n the
implementatiorof any humericalcomputationpnemust
always considerthe probability of having very large or
very small numericalvalues. Storing suchkinds of val-
uesmay leadto produceinvalid resultsbecausef round
off operations.In our specialcase,signi cant variations
of compoundnputsof PEscancreatemary problemsin
their storing procedure.Basedon the asymptoticbehar-
ior of thetransferfunctionwhich is the sigmoidfunction
in this case,the problemmay be avoided. Obsere that
the sigmoidfunction reachests asymptoticvaluewith a
very good approximationwhenthe absolutevalue of its
algumentis lessthanor equalll,i.e

(30)

In otherwords,thereexist somelimits for the compound
input and for all of the valuesbeyond theselimits the
transferfunction almostactsthe same. Hence,an upper
limit of anda lower limit of areconsid-
eredfor thecompoundnputto avoid having the over ow

problemin the numericalalgorithm.
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V1. CONCLUSION

This paperconcernedtself with the modelingof such
transformationsslogisticandHenonmapswith a multi-
purposex edstructuresystem|.e, aneuralnetwork rely-
ing on backpropagatiorlearningalgorithm.

We useda x ed structureneuralnetwork with two hid-
denlayersin orderto model one- and two-dimensional
discretemaps. This network hadfour neuronsin its in-
put layer andten neuronsin eachof its two hiddenlay-
ers. Thenumberof neurondn its outputlayerwasonein
the caseof one-dimensionaandtwo in the caseof two-
dimensionalmappings. In the former case,we applied
four consecutie samplesf the one-dimensionahrrayas
theinput of the network andgave the fth sampleasthe
desiredbutputto thenetwork in eachiterationof thelearn-
ing algorithm. In the former case,we appliedtwo con-
secutve samplesof eachof the stateelementsand gave
thethird elementof stateasthe desiredoutputto the net-
work. We obsenred thatthe numberof samplesequired
for the training of the neuralnetwork dependecon the
steadystatebehaior of the mapping,i.e, the numberof
requiredsamplesincreasedn the caseof more compli-
catedsteadystatebehaiors.
Therewereseveralproblemsn implementinghelearning
algorithmsuchasthelarge numberof requiredexamples,
the effectsof having big learningcoefcient andinserting
momentumtermin orderto overcomethe corresponding
dravbacks,the low convergencespeedof the algorithm
nearthe optimumpoint, the effectsof initial conditionsin
the corvergenceof the algorithm, andthe oating point
issuesasthe resultof having to storevery large or very
smallcompoundnputs.

After insertingaslightimprovementin thestandardearn-
ing algorithmandaftercompletingthelearningphasethe
network wasableto predictthe sequentiakamplesof the
correspondingliscretearraywith a reasonablerror, i.e,
theerrorwaslessthan . Thenumberof reliablepre-
dictedsamplesverelimited in the caseof chaoticarrays
andthelearningphaseneededo bealternatvely repeated.
This algorithm may be applied for modeling of
other classesof discrete-timetransformationssuch as
piecavise-linearandhigherdimensionatransformations.
In thesecasesthe algorithmcanbe adjustedsuitablyfor
the correspondingurpose.
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