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In the downlink of a multiuser multiple-input multiple-output (MIMO) communication system, simultaneous transmission to
several users requires joint optimization of the transmitted signals. Allowing all users to have multiple antennas adds an additional
degree of complexity to the problem. In this paper, we examine the case where a single base station transmits to multiple users using
linear processing (beamforming) at each of the antenna arrays. We propose generalizations of several previous iterative algorithms
for multiuser transmit beamforming that allow multiple antennas and multiple data streams for each user, and that take into
account imperfect channel estimates at the transmitter. We then present a new hybrid algorithm that is based on coordinated
transmit-receive beamforming, and combines the strengths of nonorthogonal iterative solutions with zero-forcing solutions. The
problem of distributing power among the subchannels is solved by using standard bit-loading algorithms combined with the
subchannel gains resulting from the zero-forcing solution. The result is a significant performance improvement over equal power
distribution. At the same time, the number of iterations required to compute the final solution is reduced.

Keywords and phrases: MIMO, multiuser, downlink, beamforming, SDMA, spatial multiplexing.

1. INTRODUCTION

Multiple-input multiple-output (MIMO) wireless commu-
nications systems have attracted considerable attention re-
cently because of their potential for improved reliability and
capacity compared to single-input single-output (SISO) sys-
tems. The initial focus of research has been on point-to-point
channels, but there is now increasing interest in multiuser
MIMO channels, since many current applications involve
multiuser networks. An excellent overview of recent results
and open problems in the area of MIMO communications,
including both the single-user and multiuser cases, can be
found in [1]. The simplest multiuser MIMO case involves a
base station (such as in a mobile telephone network or wire-
less LAN) equipped with an array of antennas that are used
to communicate with a group of users, each of which has
only one antenna [2, 3, 4, 5]. In this paper, we consider the
more general and complex case where potentially all users
have multiple antennas. We focus specifically on the down-
link or broadcast channel where the base is simultaneously
transmitting to a group of users. For simplicity, we consider
a single base station.

Finding the theoretical limits of such a channel is still an
area of active research [6, 7]. However, it is known that reach-
ing these limits depends on a concept in information the-
ory referred to as “writing on dirty paper” [8]. This concept
refers to the fact that, given a channel consisting of additive
noise and interference, if the interference is known exactly
to the transmitter, the capacity is the same as in the channel
with the interference absent. This has an obvious application
to the multiuser communications problem since, if the trans-
mitter has information about the channel transfer functions
available in advance, it also knows the interuser interference
it is causing when simultaneously transmitting to other users
[3, 4, 5, 6, 7]. However, dirty paper coding requires a new
class of codes that are interference-dependent. While of sig-
nificant theoretical interest, this type of scheme is very com-
plex and requires the use of codes that may be incompatible
with existing communication systems and protocols.

A suboptimal but simpler approach to this problem is to
assume that each user’s data is encoded independently of the
others, allowing the use of traditional modulation and cod-
ing schemes. In order to minimize hardware requirements,
a common assumption in this situation is that no multiuser
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detection (MUD) is used at the receivers, and all interference
due to signals intended for other users is treated as noise.
This approach requires that the interference produced by the
transmitter be balanced among all of the users in order to
meet the quality of service (QoS) requirement of each. Like
the dirty-paper approach, it also requires channel knowledge
at the transmitter. The solutions to this problem that have
been proposed to date can be put into two categories. The
first consists of zero-forcing (ZF) solutions, where all inter-
user interference is driven to zero. This concept is introduced
for receivers with only one antenna in [2, 3], and was first
studied for multiantenna receivers in [9]. This problem has
a straightforward closed-form solution when the transmit-
ter’s array has proper dimensions [10, 11, 12, 13], while for
other cases, it can be computed iteratively [14, 15]. Because
these algorithms create a set of orthogonal subchannels, al-
location of power to each subchannel can be done indepen-
dently as a second step. This allows for flexibility in adapt-
ing the ZF solutions to solve multiple optimization prob-
lems, such as power-constrained throughput maximization
or rate-constrained power minimization.

The second category of algorithms are referred to here
as “interference-balancing” (IB), since they attempt to trade
off the interference against the additive noise in the sys-
tem rather than forcing it to be identically zero. Since the
resulting beamforming vectors are not necessarily orthogo-
nal, adjusting the power transmitted to one user changes the
amount of interference experienced by the other users. As a
result, each optimization problem (power minimization, rate
maximization, etc.) must be treated separately, and the so-
lutions are in general iterative. For receivers with only one
antenna, the optimal solution for minimizing power given
a set of SINR constraints was first presented in [16, 17].
The same solution can also be computed using semidefinite
matrix optimization methods [18]. More recently, solutions
have been proposed for other optimization problems, such
as maximization of the sum rate given a total power con-
straint, or the maximization of the SINR margin for all users
given a minimum SINR requirement for each user and max-
imum total power [19]. For the case of single-antenna re-
ceivers, these algorithms are optimal among the class of lin-
ear processing methods, although nonlinear solutions such
as dirty-paper coding can offer improved performance. An-
other related solution of interest is the “regularized channel
inversion” approach of [4], a noniterative algorithm where
the transmitter uses a structure similar to a minimum mean-
squared error (MMSE) receiver. Like the other IB solutions,
it takes noise into account, and has been shown to outper-
form channel inversion (the ZF solution for single-antenna
receivers).

If we allow the receivers to have multiple antennas, the
problem is much more complex, and finding a solution with
globally minimal power or maximum rate is still an open
problem. One approach is to assume that only one data
stream is transmitted to each user, and jointly optimize the
transmit and receive beamformers [20]. A jointly optimized
beamforming approach has also been proposed for single-
user channels with multiple data streams, where the QoS re-

quirement for each data stream is known in advance [21, 22].
In this paper, we assume multiple antennas for each user
and allow multiple data streams per user. The transmission
of multiple data streams to a particular user is allowed if
the user’s channel has sufficient rank, but the only QoS con-
straints we assume to be in force are the total rate (i.e., sum
of the rates of all data streams) transmitted to that user
and a specified bit error rate. We wish to achieve the QoS
constraints for each user while minimizing the transmitted
power.

To solve this problem, we propose a new hybrid algo-
rithm that combines ideas from the ZF and IB solutions. We
first show how the IB algorithm of [16, 17, 18] can be gener-
alized to coordinated beamforming such as in [20], and how
it can make use of information about the accuracy of noisy
channel estimates. We then describe a hybrid algorithm that
begins by using a ZF approach to generate initial estimates
of the receive beamformers and the subchannel gains. Given
the subchannel gains, a bit-loading algorithm is then em-
ployed to determine the optimal power allocation. By using
this information to initialize an IB algorithm, a solution is
obtained that converges more quickly and achieves the QoS
requirements with lower power than other approaches. We
also show some simplifications that arise in the special case
where only one data steam is transmitted to each user, and
which allow a further reduction in computational cost.

The paper will proceed as follows. Section 2 outlines the
channel model and notation. Section 3 provides a brief sum-
mary of the generalized ZF (GZF) algorithm of [14, 15] and
the IB power minimization algorithm of [16, 17, 18]. Gener-
alizations to the IB algorithm are discussed in Section 4. The
hybrid ZF/IB algorithm is then presented in Section 5, and
Section 6 presents some simulation results that illustrate its
performance.

2. PROBLEM DEFINITION

Consider a narrowband multiuser downlink channel with K
users and a single base station. The base has nT antennas, and
the jth receiver has nR j antennas. The total number of anten-
nas at all receivers is defined to be nR =

∑
nR j . We will use

the notation {nR1, . . . ,nRK} × nT to represent such a chan-
nel (as opposed to writing nR × nT as in a point-to-point
MIMO channel). For example, a {2, 2} × 4 channel has a 4-
antenna base and two 2-antenna users. The channel matrix
from the base to the jth user is denoted by H j , the associ-
ated transmit beamforming matrix by M j , and the transmit-
ted data vector d j , which has dimension mj . The signal at the
jth receiver is thus

x j =
K∑
i=1

H jMidi + n j . (1)

The receiver’s estimate of the transmitted data is determined
using the beamforming matrix W j :

d̂ j = W∗
j

(
H jM jd j +

∑
i �= j

H jMidi + n j

)
. (2)
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If H j has rank Lj , we assume that mj ≤ Lj . The to-
tal number of data streams or subchannels allocated by the
transmitter is m =∑ j mj . Any transmission method that at-
tempts to cancel out all interuser interference will have the
requirement that m ≤ nT , since a beamformer using nT an-
tennas can null out at most nT − 1 interfering signals. For IB
methods, it is theoretically possible to accommodate values
of m > nT , but such an approach would likely require addi-
tional temporal coding. Since we do not consider this case,
we take nT to be a practical upper bound on m for all the
algorithms considered here.

Clearly, if the number of users is larger than the number
that can be supported using spatial multiplexing (SDMA),
a likely scenario in cellular or wireless LAN systems, then
other multiple access schemes must be used in conjunction
with SDMA. An important question is how to allocate the
users among the various available dimensions (space, time,
frequency, etc.). For example, if two users are located close
to each other or have highly correlated spatial channels, it
would make sense to assign them separate time or frequency
slots so that excess energy is not used in attempting to mul-
tiplex them spatially. Whereas finding solutions to this re-
source allocation problem is beyond the scope of this paper,
we introduce it in order to compare the approaches of choos-
ing mj = 1 versus using mj > 1 in channels that can support
both. For example, suppose a base has nT antennas and there
are nT users, each having two antennas. The single-channel
approach could be used to communicate with all nT users
simultaneously. On the other hand, the users could be split
into two groups of nT/2 users and time-multiplexed (assum-
ing nT/2 is an integer). The transmitter could use the multi-
channel approach to transmit two data streams to each user,
but since only half the time is available, the bit rate con-
straints would need to be doubled. The optimal allocation
of spatial and temporal channel resources in this situation
can probably only be known by global search, and the cost
function is expensive to compute. This question is studied
to a limited extent in Section 6. In the rest of this paper, we
assume that such allocation questions have already been an-
swered and focus on spatially multiplexing a single group of
users.

3. SUMMARY OF PREVIOUS RESULTS

3.1. Generalized zero-forcing

The ZF approach to multiuser downlink processing [10, 11,
12, 13, 14, 15] is useful because it decomposes the chan-
nel into what is effectively a set of orthogonal SISO chan-
nels. Given the set of SISO channels and the gains associ-
ated with each one, power can be allocated to the channels to
solve either the power control or the throughput maximiza-
tion problems. ZF applied at the transmit side does not result
in noise amplification as it does when used for receive beam-
forming; instead, a ZF transmit technique applied to a poorly
conditioned channel can result in a high required transmit
power to achieve the desired performance [4]. However, like
the receive case, errors in the channel estimate will produce

ZF transmit beamformers that result in interuser interfer-
ence. For the moment, we assume that the channel is known
perfectly, and consider noisy estimates in Section 4.

The fundamental idea behind ZF for downlink transmis-
sion is that all interuser interference is forced to zero. The
first type of ZF solutions that were proposed did this by forc-
ing HiM j = 0 for all i �= j [10, 11, 12, 13]. This has a straight-
forward closed-form solution, but it imposes severe restric-
tions on the array sizes: in most cases, such a solution re-
quires nT ≥ nR. In order to accommodate nR > nT for up
to nT users, a generalized form of the ZF solution has been
proposed [14, 15]. The larger sizes are accommodated by es-
timating the receivers’ linear combiners Ŵ j and applying the
ZF solution to a set of “virtual channels” that represent the
transfer function from the transmitter to the output of the re-
ceivers’ linear combiners. The virtual channels are defined as
Ŵ∗

j H j , so the ZF criterion becomes Ŵ∗
i HiM j = 0 for i �= j.

We now briefly summarize the GZF solution. Let H j =
Ŵ∗

j H j and

H̃ j =
[

H
T
1 · · · H

T
j−1 H

T
j+1 · · · H

T
K

]T
. (3)

The ZF criterion Ŵ∗
i HiM j = 0 is satisfied if M j lies in the

null space of H̃ j . Define Ṽ
(0)

j to be an orthonormal basis for

the null space of H̃ j , and let

H jṼ
(0)

j =
[

U(1)
j U(0)

j

]
Σ j

[
V(1)

j V(0)
j

]∗
(4)

be the SVD of H jṼ
(0)

j , where U(1)
j and Ṽ(1)

j correspond to
the nonzero singular values of Σ j . For user j, mutual infor-
mation will be maximized (under the zero-interference con-
straint) when the transmitter uses V(1)

j as its transmit vec-

tors, the receiver uses U(1)
j as its linear combiner weights, and

the gains are allocated by water-filling on the singular val-

ues in Σ j [13, 23]. Note that after Ṽ
(0)

j has been calculated,
the interuser interference requirement has been satisfied, so
other methods of transmitting to user j could be used such
as space-time coding or non-ZF beamforming [21], treating

H jṼ
(0)

j as the transfer function of a single-user channel.

Given H̃ j , optimizing the transmitter and receiver for

user j is straightforward, but the other users’ receivers (Ŵ j)

needed to form H̃ j must first be known. In turn, calculation
of the transmit beamformers M j impacts the optimal values

of the receive beamformers Ŵ j . This suggests an iterative so-

lution, where Ŵ j and M j are alternately recomputed. To ini-

tialize the iteration, Ŵ j is chosen as the first mj left singular
vectors of H j , and convergence is quantified by the properties
of

S =


W∗

1 H1
...

W∗
KHK

[M1 · · · MK

]
. (5)
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Under the ZF criterion, S should converge to a diagonal
matrix. In practice, however, the iterations are terminated
when the off-diagonal elements are sufficiently small (as de-
termined by the level of interuser interference that can be
tolerated). In our simulations, we have set the threshold to
20 dB below the noise level to ensure that the effects are min-
imal, and in our experience, the algorithm usually converges
in a few steps. Note that when the dimensions of the ar-
rays satisfy the conditions for the closed-form ZF solution
of [10, 11, 12, 13], the GZF solution described here achieves
a perfectly diagonal S after the first iteration, and the two so-
lutions can be shown to be equivalent.

3.2. Interference balancing

The term IB is used here to refer to a general class of algo-
rithms that take the effects of noise into account and allow
for a manageable level of interuser interference. As an exam-
ple, we describe the power minimization algorithm of [16],
which was designed for the special case where all users have
one antenna (nR j = 1). In such a case, the channel matrices
are row vectors, which we will denote as hT

j . When the chan-
nels are all known to the transmitter, the SINR at the jth re-
ceiver (γj) can be calculated by the transmitter as a function
of the channels and the transmit vectors m j :

γj =
∣∣hT

j m j

∣∣2∑
i �= j

∣∣hT
j mi

∣∣2
+ σ2

j

. (6)

Since the QoS requirement for each user can often be directly
mapped to an equivalent SINR (γj) given the available sig-
nal and code designs, the approach is to find an optimal set
of transmit vectors m j that satisfy all of the γj requirements
with minimum power. Define R j = hT∗

j hT
j and represent the

transmit vectors as m j =
√
λju j , the product of a real scalar

and a unit-norm vector. The algorithm of [16] attempts to
minimize the total transmitted power (

∑
λj), while satisfy-

ing (6) at the specified SINR or higher:

λju∗j R ju j −
∑
j �=k

γjλkukR juk ≥ γjσ
2
j . (7)

Related algorithms for solving this problem can be found in
[17, 18]. In the next section, we focus on generalizations of
the IB problem.

4. GENERALIZATIONS OF INTERFERENCE
BALANCING

To begin, we generalize to the case where H j is a matrix (i.e.,
multiple antennas at each receiver) and a single beamformer
w j is used at the receiver (i.e., one data stream per user). We
also assume that the estimate of H j is not perfect. If H j is
obtained by feedback from the receiver, the primary causes
of channel estimation error will be the finite length of the
training signals, and time variation in the channel. In either

case, it is reasonable to assume that the statistics of the esti-
mate Ĥ j are known. In the literature, this problem has been
studied for some cases when nR j = 1. In [24, 25], it is as-
sumed that either the mean or covariance of h j is known,
but not both. In [18, 26], robust beamforming vectors are
designed by using best and worst cases of the covariance ma-
trices R j = E[hT∗

j hT
j ].

Here we take a slightly different approach, assuming that
we have an estimate of the channel Ĥ, which we describe as
the sum of the true channel and an error term:

H = Ĥ + N. (8)

We assume that the error term is zero mean with covariance

n = vec(N), (9)

E
{

nn∗
} = Rc ⊗ Rr , (10)

where vec denotes the column stacking operation,⊗ the Kro-
necker product, and Rc, Rr are covariance matrices corre-
sponding, respectively, to the column and row statistics of
N. Equation (10) indicates that these statistics are assumed
to be separable:

E
{

[N]i, j[N]∗k,l

} = [Rc
]
j,l

[
Rr
]
i,k. (11)

Another way of interpreting this model is that it implies that
N can be decomposed as

N = R′rXR′∗c , (12)

where X contains independent, zero-mean, unit-variance,
complex entries, and R′c, R′r are the square roots of Rc and
Rr , respectively.

The above model does not account for all possible cases,
but it is appropriate for many situations encountered in prac-
tice, such as when H is estimated from training data. Let T be
the matrix of training samples so that the received training
signal Q is

Q = HT + Y, (13)

where Y represents an additive noise term. Then the least
squares estimate of H is Ĥ = QT∗(TT∗)−1, and the error
in the estimate is YT∗(TT∗)−1. If the elements of Y are un-
correlated, then Rr = ρInR for some ρ that depends on noise
variance and the training data length, and Rc = TT∗ (since T
is a design parameter, it can be chosen such that TT∗ = ξInT ).
One situation that is more likely to produce colored esti-
mates of H is when significant time variation in the channel
is present. If the statistics of the time variations are separable
in time and space (not an unreasonable assumption), then
(12) will hold in this case as well.

Let dj be the symbol transmitted to user j. If user j uses a
predetermined unit-norm beamforming vector w j , then the



240 EURASIP Journal on Wireless Communications and Networking

estimate of the transmitted symbol at the receiver will be

d̂ j = w∗
j

( K∑
i=1

H jmidi + n j

)

= w∗
j

(
Ĥ j + N j

)
m jd j︸ ︷︷ ︸

signal (d̂ j(sig))

+
∑
i �= j

w∗
j

(
Ĥ j + N j

)
midi + w∗

j n j

︸ ︷︷ ︸
noise (d̂ j(noise))

.

(14)

The transmitter views the “channel” as being the transfer
function from the output of the transmitting array to the
output of the receive beamformer w j , and the covariance of
this channel is

R j = E
[

H∗
j w jw∗

j H j
] = Ĥ∗

j w jw∗
j Ĥ j + E

[
N∗

j w jw∗
j N j
]

= Ĥ∗
j w jw∗

j Ĥ j + nT
(

w∗
j Rr j w j

)
Rcj .

(15)

Given R j , and assuming the noise vector n has covariance
σ2
nI, the SINR for user j becomes

γj =
E
[
d̂2
j(sig)

]
E
[
d̂2
j(noise)

] = λju∗j R ju j

σ2
n +
∑

i �= j λiu
∗
i R jui

. (16)

The result is that the problem is now identical to that posed
in (7), except that the definition of R j now includes informa-
tion regarding channel estimation error and user j’s beam-
former. Solving this system of equations would require of
course that the receiver weight vectors w j be known. Since
the transmitter knows what the statistics of the received sig-
nal at each user will be, it can predict w j for some receiver
structures (e.g., MMSE, maximal ratio combining (MRC),
etc.). If the transmitter first guesses an initial set of w j vec-
tors, it is then possible to calculate all R j and solve (7) for the
m j vectors. The transmitter’s estimate of each w j can then
be updated according to the known receiver structure. Re-
peated alternating calculation of w j and m j will reduce the
required transmitted power until it converges to a minimum
[20, 21, 27]. There are situations where (7) does not have a
solution for the given values of γj (see [16, 17, 18]). Care
must be taken in choosing the initial set of w j vectors because
it is possible to choose an initial vector that does not lead to
a solution, even when one exists. Because the problem can be
cast as a semidefinite optimization with convex constraints
[18], any valid initial values for w j will lead to the same solu-
tion, but a poorly chosen initialization point can increase the
number of iterations required for convergence. In our simu-
lation results, we test two possibilities: using the left singular
vectors of Ĥ j , or computing the GZF solution and using the
w j vectors that result.

The coordinated beamforming scheme described above
can be generalized one step further to accommodate the
transmission of multiple data streams per user, assuming the
channel dimensions and rank allow it. Assume that the SINR

requirements for each subchannel have been specified; that
is, let γj,k represent the SINR required for the kth data stream
and let w j,k be the corresponding column of W j for user j. If
we define

R j,k = Ĥ∗
j w j,kw∗

j,kĤ j + nT
(

w∗
j,kRr j w j,k

)
Rcj , (17)

the SINR is thus

γj,k =
λj,ku∗j,kR j,ku j,k

σ2
n +
∑

j �=l, k �=m λl,mu∗l,mR j,kul,m
. (18)

Given a set of SINR requirements γj,k, the same iterative
scheme of alternatively updating the transmitter and receiver
vectors can be applied. The challenge in this case is deter-
mining the optimal SINR requirements. A simple solution
would be to divide the rate requirement for each user into
mj channels with equal SINR, but this could easily result in
a situation where subchannels with low gain have unusually
high amounts of power forced into them (especially in highly
correlated channels). In iterative IB algorithms, this results in
more interference for other channels to deal with, and there-
fore solutions that require higher total power, as will be seen
in the simulation results.

If the gains of each of the spatial subchannels are known,
a better power distribution among the subchannels could be
calculated using water-filling. However, the gains of the sub-
channels cannot be known until the iterative power mini-
mization is computed, and the solution will change if the val-
ues of γi, j are changed. Rather than attempting an additional
iteration loop, we propose using the ZF solution as a means
to estimate γi, j . This hybrid algorithm is discussed in the next
section.

5. HYBRID ZERO-FORCING/INTERFERENCE-
BALANCING ALGORITHM

We propose as an alternative approach a hybrid between the
GZF and IB power minimization algorithms. The basic idea
of the algorithm is the following: the GZF solution is found
as the first step, the resulting subchannel gains are used to
compute a power distribution among the subchannels for
each user, and the Ŵ j matrices that result are used as the ini-
tial values for the IB iteration. The GZF solution does not
provide the optimal power distribution, but in practice, it
provides a reasonable estimate, and using it as an initializa-
tion significantly reduces the number of iterations in the IB
step. Since the GZF solution is itself iterative, a simplified ap-
proach would be to use the SVD of each Ĥ j for the same
purpose: use the left singular vectors to initialize W j and use
water-filling on the singular values to estimate the power dis-
tribution.

The problem with using either the SVD or GZF initial-
izations to determine power allocation is that the subsequent
IB step will change the gains for each subchannel, mak-
ing any previous power distribution suboptimal. However,
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it is important to note that the classic water-filling solution
assumes an infinite granularity in the signal constellations
available for transmission. In practical applications, the sys-
tem designer is likely constrained to a predefined discrete set
of available constellations and code designs, and must resort
to “bit loading” [28, 29, 30, 31]. For the hybrid algorithm,
the consequence of this fact is that there are a finite num-
ber of bit allocations, which can be mapped directly to SINR
requirements for each channel. This makes the approach of
estimating the power distribution without an outer iteration
loop feasible.

We briefly explain the bit-loading algorithm used here.
Bit loading is a well-studied technique that is most well
known for its application to multicarrier modulation
schemes, but that has recently been applied to the single-
user MIMO channel [32, 33]. Solutions have been proposed
for both power minimization and rate maximization. We fo-
cus on power minimization here, which means determining
the optimal bit distribution over the available subchannels,
given the subchannel gains and a total required transmission
rate and bit error rate. The original algorithm for this prob-
lem is described in [28, 29] and requires O(L logL) com-
putations for L available channels. Faster algorithms have
since been proposed [30], but for relatively small arrays, the
cost will be similar for all algorithms. The algorithm oper-
ates as follows: let Pn,l be the power required to transmit n
bits through the lth subchannel given the SINR of the sub-
channel, and define P0,l = 0. Initialize all channels to zero
bits, and repeat the following steps until the desired total rate
is achieved.

(1) Compute ∆Pl = PN+1,l − PN ,l, where N is the number
of bits currently assigned to subchannel l.

(2) Let k = arg minl=1,...,L ∆Pl, increment N for channel l,
and recompute ∆Pk.

Note that this method could also work for a code with non-
integer rate R, as long as there exist codes of rate 2R, 3R, and
so forth, up to the maximum possible rate.

The remaining problem that has not been addressed is
choosing mj . Like the problem of power allocation, the op-
timal choice of mj will depend on the interaction between
all the users’ channels and their SINR requirements, and is
difficult to find without an exhaustive search. This has been
demonstrated by the experimental results in [34]. One way of
estimating mj has recently been proposed [35]. In the simu-
lation results presented later, we have used examples where
the number of transmit antennas is large enough to assign
mj = nR j . The following is a summary of the complete pro-
posed hybrid algorithm:

Hybrid ZF/IB algorithm

(1) Given Rj and mj for each user, compute the general-
ized iterative ZF solution and use bit loading to de-
termine the subchannel power distribution subject to
meeting the rate constraints. Let γj,1, . . . , γj,mj repre-
sent the resulting subchannel SINRs for user j and let
w j,l be the lth column of W j .

(2) Define R j,k = Ĥ∗
j w j,kw∗

j,kĤ j +nT(w∗
j,kRr j w j,k)Rcj . Find

the unit vectors u j,k and power coefficients
√
λj,k such

that
∑
λj,k is minimized and

λj,ku∗j,kR j,ku j,k −
∑

j �=l, k �=m
γj,kλl,mu∗l,mR j,kul,m ≥ γj,kσ

2
j,k, (19)

using, for example, an available algorithm from [18].
(3) Repeat until convergence (optional).

(i) Recalculate the predicted receiver weights accord-
ing to the algorithm used at the receiver. For
MMSE, this is

w j,l =
[

Ĥ j

(∑
j,k

λj,ku j,ku∗j,k

)
Ĥ∗

j + σ2
j I

]−1

Ĥ ju j,l, (20)

assuming that the noise at the receiver is spatially
white with variance σ2

j . If the receiver has an MRC
structure, the weights are

w j,l = Ĥ ju j,l . (21)

In either case, the weight vectors must be normal-
ized so that w∗

j,lw j,l = 1.
(ii) Recalculate u j,k and λj,k for all j and k (repeat step

(2)).
(iii) Let Pn be the total transmitted power for iteration

n. If

10 log10

(
Pn−1

Pn

)
< ε dB, (22)

for some ε, stop.

The problem in step (3) is convex, so it is guaranteed to
converge. The reason that step (3) can be considered optional
is that after step (2) is completed, a feasible solution exists
that satisfies all constraints. In the simulation results that fol-
low, the reduction in power due to step (3) is often small, so
some performance could be sacrificed to reduce the compu-
tational cost.

An important special case of the hybrid algorithm is
when mj = 1 for all users. This can be a natural consequence
of channel dimensions or rank, but it may also be introduced
by design in order to simplify the system. Furthermore, while
it has not been studied specifically for the downlink case,
studies on uplink channels [36] have shown that coordinated
beamforming approaches the maximum available through-
put of the channel as the number of users becomes very large.
We discuss this case separately here because there are some
natural simplifications that can substantially reduce the cost
of the hybrid algorithm.

The first simplification is in the ZF step used for initial-
ization. When all users are limited to one data stream, the
block ZF step of (3) and (4) reduces to a simple pseudoin-
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verse: MS = H
†
S (the ZF solution in [3] is computed this

way). In the case where there are no channel estimation er-
rors, the received signal for user j, Ĥ jm jd j + n j , simplifies
to u jβ jdj + n j , where u j is the first column of U j and βj

is the first singular value of B j . The optimal receive beam-
former for user j is u j , which is equivalent to MRC (note
that this does not hold when mj > 1). Thus is it possible to

define w j = Ĥ jm j and avoid computing an SVD to find w j .
However, in order to repeat this process iteratively without
causing the rows of HS to diverge, it is necessary to normal-
ize w j at each step. With multiple data streams, the general-
ized ZF solution also provides an improved power distribu-
tion among the subchannels for each user, which is no longer
needed in this case. In this simplified version, we use the first
row of Ĥ j as H j to initialize the algorithm. The fast initializa-
tion, which replaces step (1) in the hybrid algorithm is sum-
marized below.

Fast initialization for hybrid ZF/IB
(1) Initialization. For j=1, . . . ,K , set w j=[1 0 · · · 0]T .
(2) Repeat until convergence.

(i)

HS =


w∗

1 Ĥ1
...

w∗
KĤK

 . (23)

(ii) MS = H
†
S .

(iii) For j = 1, . . . ,K , set w j = Ĥ jm j /
√

m∗
j Ĥ∗

j Ĥ jm j .

Step (2) does not necessarily converge to a diagonal so-
lution for HSMS, but it generally converges to a diagonally
dominant solution in just a few iterations. For situations
where computational cost is critical, one could use a “fixed-
cost” approach, where step (2) is repeated a fixed number of
times and step (4) is omitted. This results in a feasible solu-
tion that comes at a known cost.

6. SIMULATION RESULTS

In this section, we present simulation results in three differ-
ent areas. We first present performance data comparing the
hybrid ZF/IB algorithm with other ways of initializing IB al-
gorithms. We then test the generalized power minimization
algorithm in the presence of noisy channel estimates. Finally,
we include performance results on allocating multiple data
streams per user when the option is available. For simula-
tion results that involve bit loading, we assume that the re-
quired rate for each user is an integer number of bits/use.
The available set of signals are the QAM constellations from
1–8 bits/symbol (including BPSK and QPSK as special cases).
The power requirement is based on the upper bound on the
symbol error rate from [37, equation 5-2-80]:

PM ≤ 2 erfc

(√
3k

2(M − 1)
γb

)
, (24)

where k is the number of bits, M = 2k, and γb is the average
SNR per bit. The required bit error rate is fixed at 10−5, as-
suming no additional coding. Except where otherwise noted,
the channels used in the simulations were randomly gener-
ated from an uncorrelated complex Gaussian distribution.

6.1. Hybrid ZF/IB performance

We first compare the hybrid ZF/IB algorithm with three
other algorithms. The first is the ZF algorithm alone (with-
out any subsequent IB). To maintain a fair comparison, we
use bit loading to determine the power distribution among
the subchannels instead of the water-filling approach used in
[13]. The second is IB with the SVD initialization described
in Section 5, and is referred to in the plots as “SVD/IB.” The
third algorithm uses IB with equal power distribution among
the subchannels and the SVD initialization. We also include
results for the hybrid solution and SVD initialization after
only one iteration of the IB step, which yields a feasible solu-
tion with reduced computation.

We consider two scenarios. The first involves a {3, 3} × 6
channel, where the channel coefficients are complex Gaus-
sian, uncorrelated at the transmitter, but correlated at the re-
ceivers. The receiver interelement correlation matrix was a
Toeplitz matrix with [1 0.5 0.25] as its first row. The two
users are assumed to have equal gains. The second scenario
is a {1, 2, 3} × 6 channel, where the channel coefficients are
also complex Gaussian, but this time they are all uncorre-
lated, and each user is subject to a channel attenuation ran-
domly varying between 0 and 10 dB. In both cases, the rate
requirements for the users are integers chosen randomly in
the range of 2–8 bits/use per user. These same channel di-
mensions, attenuations, and transmission rates are used in
Figures 1, 2, 3, and 4. In these simulations, we do not in-
clude channel estimation error, so Rc and Rr are both zero.
Figure 1 shows the total power relative to noise required to
transmit at the requested QoS for both scenarios. The hybrid
algorithm achieves a consistent performance improvement
over all other solutions. The difference is particularly dra-
matic in the two-user case where the receivers are partially
correlated. This is to be expected, since this would lead to a
more uneven distribution of singular values of the channel
matrices. The hybrid solution is the best in both cases, but it
has a larger performance improvement over the SVD/IB and
ZF solutions in the three-user case. This is likely due to the
variable channel attenuations, since the results in [13] show
that the ZF solution works best when the users have similar
power levels.

Figure 2 illustrates the number of iterations required for
convergence in the scenarios considered in Figure 1 for the
hybrid algorithm, SVD initialization, and equal power dis-
tribution. In this plot and other subsequent plots illustrat-
ing convergence speed, convergence was defined as occur-
ring when two iterations produce a reduction in transmitted
power of less than 0.1 dB. Convergence requires only a few
steps in all cases. The advantage of the hybrid scheme in this
case is that there are fewer cases that require a large number
of iterations.
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Figure 1: A comparison of the power minimization capability of
the algorithms for correlated {3, 3}×6 and uncorrelated {1, 2, 3}×6
channels.
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Figure 2: A comparison of the number of iterations required for
convergence for correlated {3, 3} × 6 and uncorrelated {1, 2, 3} × 6
channels.

6.1.1. A comparison of MMSE and MRC receivers
The hybrid ZF/IB algorithm can be configured for any re-
ceiver structure that is a function of information available
to the transmitter. Figure 3 compares the performance of the
algorithm with MMSE and MRC receivers, using the same
two-user and three-user setup as in the previous example.
The MMSE receiver performs better in both cases, with an
improvement in the correlated channel case of only about
half that of the uncorrelated case. The increased cost in power
for MRC becomes significant only in a small percentage of
cases with difficult channels that lead to higher power re-
quirements. For some applications, this increase in required
power may be acceptable in order to reduce computation at
the receiver.
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Figure 3: Performance comparison of MMSE and MRC receivers
for correlated {3, 3} × 6 and uncorrelated {1, 2, 3} × 6 channels.
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Figure 4: Comparison of the required iterations for convergence for
MMSE and MRC receivers for correlated {3, 3}×6 and uncorrelated
{1, 2, 3} × 6 channels.

Figure 4 shows the number of iterations required for
the second stage of the algorithm to converge for both
MMSE and MRC receivers. In the uncorrelated three-user
scenario, the MMSE structure reaches convergence after the
first step in almost all cases. In both cases, the MMSE struc-
ture always converges after a few iterations, while MRC re-
quires 10 or more iterations in a small percentage of cases.
The relative computational cost per iteration of MMSE
and MRC at the transmitter is a function of array size,
but these results indicate that while MRC will result in
a reduced computational cost at the receiver, the cost at
the transmitter can potentially be higher due to an in-
crease in the number of iterations required for conver-
gence.
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Figure 5: Performance comparison of single-channel algorithms.

6.1.2. Single-channel performance
In order to examine the performance of the single-beam al-
gorithm, we use a {2, 2, 2, 2} × 4 channel and compare four
scenarios. First, the conventional single-beam algorithm was
run until convergence for the SVD initialization and for the
fast single-beam initialization. We also tested the SVD ini-
tialization after a single iteration, and examined the “fixed
cost” approach in which the iterations in step (4) are omitted
and the number of iterations in step (2) is fixed. If step (2)
is allowed to converge, it does so typically in around 5 itera-
tions, and in virtually all cases, less than 10 iterations. While
these iterations require much less computation than those of
step (4), it may still be desirable to keep computational cost
fixed by repeating step (2) a predetermined number of times,
rather than allowing it to repeat until convergence. Perfect
convergence is not necessary since the purpose of step (2) is
only to find an intelligent guess at an initial set of w j vec-
tors. Here we fixed the first step at 5 iterations. In Figure 5,
we compare the fixed-cost approach for 1, 2, and 3 iterations
with the SVD initialization and the final convergence point
of both initializations. Since the hybrid and SVD cases both
have the same SINR requirements for the users, and the IB
step is a convex optimization problem, they will converge
to the same point given enough iterations, but here they do
not because the step size for determining convergence was
fixed at 0.1 dB. The hybrid algorithm converges to a point
that is on average more than 0.5 dB better than the SVD ini-
tialization. Furthermore, all of the fixed-cost algorithms are
substantially better than the SVD approach after 1 iteration,
and it appears that 3 iterations are sufficient to reach near-
optimal performance almost all the time.

The required number of iterations for convergence for
the two initialization approaches are compared in Figure 6.
The cost difference is quite dramatic: the hybrid algorithm
requires more than 2 iterations only a tiny fraction of the
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Figure 6: Computational cost of single-channel algorithms.

time, while the SVD approach requires more than 10 itera-
tions 50% of the time.

6.2. Imperfect CSI performance

The IB algorithm for coordinated Tx-Rx processing was
tested on a set of randomly generated {4, 4} × 4 channels.
In each case, a true channel matrix and a corrupted channel
matrix were generated according to the additive noise model
in (8). We chose the noise term N to be uncorrelated, with
Rc ⊗ Rr = 0.1I. The corrupted channel matrix, along with
the matrices Rc and Rr , were made available to the transmit-
ter for designing the transmit-side beamformers. The receive
beamformers were calculated given the transmit beamform-
ers and the true channel, and the SINR of the link to each
user was computed. The SINR gain in Figure 7 is the mean
difference between the actual SINR and the original SINR de-
sign requirement (10 dB in all cases). We show the SINR gain
with and without taking into account Rc and Rr in the cal-
culations. We also plot a curve showing the additional power
required at the transmitter. The robust technique allows the
SINR requirement to be met in virtually all cases, although it
comes at a higher cost in power.

6.3. Multichannel/single-channel comparison

In this section, we compare the multichannel and single-
channel approaches using a {2, 2, 2, 2}×4 channel. The users
can all be accommodated simultaneously with mj = 1, or
they can be handled as two {2, 2} × 4 channels with mj = 2.
For the mj = 2 case, three distinct groupings are possible,
and the performance of all three was evaluated. Figures 8
and 9 show results derived by choosing the best of the three,
and a second curve representing the performance of one of
the groupings chosen at random. The plotted performance
numbers are derived by generating 1000 random channels
and computing the median power required to transmit at the
desired rates to all of the users. All channels are assumed to
be simple Rayleigh fading channels. Figure 8 compares the
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Figure 8: A comparison of channel allocation schemes as a function
of required transmission rate.

channel allocation strategies as a function of the transmis-
sion rate, which is assumed to be equal for all users. For this
figure, all channels are uncorrelated. The performance gap
between the optimal and randomly chosen groupings for the
multichannel approach is less than 0.5 dB at low transmis-
sion rates, and almost 1 dB at 5 bits/user. The single-channel
approach outperforms the multichannel approach only at
the lowest rate of 2 bits/user. Thus, while the single-channel
approach is attractive because of its reduced computational
cost, the use of multiple subchannels per user comes at a sig-
nificantly lower cost in transmitted power as the transmis-
sion rate increases.

Figure 9 compares the channel allocation approaches as a
function of channel correlation when all users have a trans-
mission rate of 2 bits/user. In this example, the H j matri-
ces are independent of one another, the individual columns
of H j are independent, but the rows are assumed to have
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Figure 9: A comparison of channel allocation schemes as a function
of correlation between receiver antennas.

a covariance matrix R defined by E{[R]i,k[R]∗j,k} = α|i− j|,
where α is the correlation parameter on the horizontal axis
of Figure 9. In completely uncorrelated channels, the single-
beam approach is about 1.5 dB better, while it is over 2 dB
worse in highly correlated channels. For large α, it is expected
that the gain of the secondary subchannels would be reduced.
However, this example shows that the greater flexibility of us-
ing the secondary subchannels results in better performance
as the channel becomes more correlated.

7. CONCLUSION

We have presented a new hybrid algorithm for designing
transmit vectors in multiuser MIMO downlink channels. By
combining the properties of generalized iterative ZF with
bit loading, a better initialization point for iterative IB al-
gorithms is obtained that improves both the performance
and the number of iterations required for convergence. We
have also generalized the iterative solution to include im-
perfect channel information with known covariance at the
transmitter. The simulation results have revealed that the hy-
brid approach requires less transmitted power than all other
approaches considered here, and is particularly better than
distributing the power equally among the subchannels. In
terms of computational cost, the hybrid algorithm does not
converge as quickly as IB with an equal power distribution,
but more quickly than other schemes that attempt to find
a better initial power distribution. The use of MRC rather
than MMSE receivers increases the required power slightly,
and may increase computational cost at the transmitter, but
comes with the benefit of reduced cost of the receiver.
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