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Abstract— The performance of MIMO-OFDM communica-
tion systems depends upon accurate channel estimation across
frequency bands much wider than the coherence bandwidth
of the channel. Obtaining channel estimates at all necessary
frequencies typically involves interpolation of channel estimates
obtained using pilots at a few distinct frequencies. This paper
derives a performance bound for channel estimates obtained
via frequency interpolation for slowly-fading frequency-selective
channels. Numerical simulations of the bound indicate that
normalized interpolation performance improves significantly as
the number of antennas increases, suggesting that fewer pilots
are needed as antennas are added to a MIMO-OFDM system.

I. INTRODUCTION

Wireless broadband multiple-input multiple-output (MIMO)

communication systems, such as WiMax and other MIMO

orthogonal frequency-division multiplexing (MIMO-OFDM)

systems, require accurate channel estimates in time and in

frequency. Typically this estimation is carried out by using

pilot symbols to estimate the channel at select times and

frequencies. In [1], it is shown that the optimal pilot se-

quences for OFDM are equipowered and equispaced over

the frequency band. A similar result is shown in [2] for the

MIMO-OFDM case. If the channel varies rapidly enough in

frequency, interpolation or extrapolation may be necessary to

obtain estimates at all of the frequencies of interest. The need

for interpolation may also arise when the transmitter requires

channel information and only limited feedback is available [3].

In order to quantify how well the channel may be estimated

in frequency-selective channels through interpolation, we de-

sire to find a lower bound on the interpolation performance

for MIMO-OFDM systems. In [4], a performance bound is

presented for temporal prediction and interpolation of nar-

rowband fast-fading MIMO channels. In this work, we use

a derivation similar to that of [4] to derive a performance

bound for the frequency interpolation of wideband (frequency

selective) slowly-fading MIMO channels. This lower-bound on

the interpolation error is derived using a vector formulation of

the Cramér-Rao bound and serves as a complement to the

bound derived in [4].
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the National Science Foundation under grant CCF-0313056, and by a National
Science Foundation Graduate Research Fellowship.

The remainder of this paper is organized as follows. In

Section II, we present the channel model which we will use as

the foundation of the performance bound derivation. In Section

III, we present the performance bound for the interpolation

of frequency-selective, slowly-fading MIMO-OFDM channels.

Numerical results for the bound are shown in Section IV.

Finally, we present our conclusions in Section V.

II. SYSTEM MODEL

The performance analysis is based on a ray-based MIMO

channel model. This model is an extension of the lowpass

single-input single-output (SISO) multipath fading model of

[5] given by

h(τ ; t) =
L∑

l=1

αl(t)e−jωcτl(t)δ(τ − τl(t)) (1)

where t is the time variable, τ is the delay variable, and ωc

is the carrier frequency. Each of the L rays, or paths, has an

associated scattering coefficient αl(t) and path delay τl(t).
Since we are considering frequency-selective, slowly-fading

channels, we remove the dependency on time to obtain

h(τ) =
L∑

l=1

αle
−jωcτlδ(τ − τl). (2)

In the frequency domain, this model becomes

h(ω) =
L∑

l=1

αle
j(ωc−ω)τl . (3)

The model may be expanded to address MIMO channels

with Mt transmit antennas and Mr receive antennas by

introducing the spatial dimension to the model via transmit

and receive array responses. The resulting model

H(ω) =
L∑

l=1

αlar,laT
t,le

−j(ω−ωc)τl (4)

where at,l and ar,l are the transmit and receive array re-

sponses, respectively, is a wideband, slowly-fading MIMO

model. It is valid for all types of antenna arrangements, but
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if uniform linear arrays (ULA) are used, the array response

vectors have the structure

aT
·,l = [ 1 e−jΩ·,l e−j2Ω·,l · · · e−j(M·−1)Ω·,l ], (5)

where Ωt,l = kdt sin φt,l, k is the wavenumber, dt is the an-

tenna separation distance, and φt,l is the direction of departure.

The parameter Ωr,l is defined in a similar manner. Note that the

array response vectors are functions of frequency through the

wavenumber k. At the carrier frequencies and bandwidths of

interest, this dependence on frequency is weak, so we will not

explicitly represent it in our model. However, we will account

for this frequency dependence later in the simulation examples.

The summation of (4) may be expressed in matrix-vector

notation as

H(ω) = ArXW(ω)AT
t (6)

where

Ar = [ar,1, . . . ,ar,L] (7)

At = [at,1, . . . ,at,L] (8)

X = diag(α1, . . . , αL) (9)

W(ω) = diag(ej(ωc−ω)τ1 , . . . , ej(ωc−ω)τL). (10)

For the purpose of analysis, it is convenient to vectorize (6)

to obtain

h(ω) = vec(H(ω)) = (At ⊗ ArX)vec(W(ω)) (11)

where vec(·) is the vectorization operator and ⊗ indicates the

Kronecker product.

We assume that we have NM channel estimates h̃(ωn)
at various frequencies ωn, n = 1, . . . , NM to be used for

interpolation. These estimates may be obtained through the

use of training or pilot symbol transmission. We model these

estimates as the true channel h(ωn) plus zero mean additive

Gaussian noise n(ωn) so that

h̃(ωn) = h(ωn) + n(ωn). (12)

The notation ·̃ is used to indicate a channel estimate formed

through training. The notation ·̂ will be used later to signify

channel estimates obtained through interpolation. The noise

distribution leads to the channel estimates being distributed as

h̃(ωn) ∼ CN (h(ωn),C). The noise is uncorrelated in space

and frequency so that C = σI. This is a good model when

unitary training signals are used to estimate the channel, which

is a reasonable assumption.

Stacking the NM estimates, we obtain the full model

h̃ =
[

h̃(ω1)T h̃(ω2)T · · · h̃(ωNM
)T

]T

=

⎡
⎢⎢⎢⎣

(At ⊗ ArX)vec(W(ω1))
(At ⊗ ArX)vec(W(ω2))

...

(At ⊗ ArX)vec(W(ωL))

⎤
⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎣

n(ω1)
n(ω2)

...

n(ωNM
)

⎤
⎥⎥⎥⎦

= (INM
⊗ (At ⊗ ArX))W + n

= h + n (13)

where

W =

⎡
⎢⎢⎢⎣

vec(W(ω1))
vec(W(ω2))

...

vec(W(ωNM
))

⎤
⎥⎥⎥⎦ . (14)

This model is parameterized by the L-length vectors α, τ ,

Ωt, and Ωr and the scalar σ, where α is defined as αT =
[α1, . . . , αL]T and the other vectors are defined similarly. To

simplify analysis, we collect all of these parameters into the

single (5L + 1) real-valued vector θ = [σ,�[α]T ,�[α]T , τT ,
Ωt

T ,Ωr
T ]T , where �[·] and �[·] denote the real and imagi-

nary parts of (·), respectively.

III. LOWER BOUND ON INTERPOLATION ERROR

We assume NM frequency-spaced channel estimates from

(12) are available for use in interpolating the MIMO chan-

nel in frequency. In order to derive a lower bound for the

interpolation error, we assume the following interpolation

scheme: first, the NM channel estimates are found; next,

the channel parameters θ are estimated using the available

channel estimates; finally, interpolation is carried out using the

model of (4) and the parameter estimates θ̂. We have chosen

the ray-based channel model and this interpolation method

with the purpose of finding the best possible performance of

any frequency interpolator. Note that the estimation of the

(5L + 1) parameter values of θ may be extremely difficult

for even moderate values of L. Thus, while this method of

interpolation is convenient for our analysis and provides a

useful lower bound, we do not mean to suggest this method

as a preferred algorithm for interpolation. In practice, the use

of other interpolation models and algorithms may be more

appropriate for particular implementations.

The estimation error using the aforementioned interpolation

scheme at any frequency ω is

e(ω) = ĥ(ω, θ̂) − h(ω, θ)

=
L∑

l=1

(ât,l ⊗ âr,lα̂le
jΔωτ̂l − at,l ⊗ ar,lαle

jΔωτl) (15)

where Δω = ωc − ω. It is clear from (15) that the estimate

error is a nonlinear function of the parameters, and we cannot

find the a minimizing solution of e(ω) directly. Instead, we

use the Cramér-Rao bound (CRB) to find the lower bound for

the error covariance matrix of any unbiased estimator. This

bound may be written using a vector formulation of the CRB

for functions of parameters [6] as

E[(ĥ(ω) − h(ω))(ĥ(ω) − h(ω))H ] ≥ H′BH′H (16)

where the matrix inequality A ≥ B means that A − B is

positive semi-definite. The matrix H′ is the (MtMr)×(5L+1)
Jacobian matrix

H′ =
[

∂h(ω)
∂θ1

∂h(ω)
∂θ2

· · · ∂h(ω)
∂θ5L+1

]
. (17)
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The matrix B defines the CRB for the parameters θ, and it

can be expressed using Bangs formula [7] as

[B−1]ij = [J(θ)]ij = Tr

[
C−1 ∂C

∂θi
C−1 ∂C

∂θj

]

+2�
[
∂hH

∂θi
C−1 ∂h

∂θj

]
(18)

where J(θ) is the Fisher matrix. Using (17) and (18), the CRB

matrix of (16) may be calculated in a straightforward manner.

Readers interested in the derivation may refer to the closely-

related derivation in the appendix of [4] for details.

Using (18), the Fisher matrix is found to be

J(θ) =

⎡
⎢⎢⎢⎢⎢⎢⎣

MtMrNM
σ 0T 0T 0T 0T 0T

0 �[P1] −�[P1] �[P2] �[P3] �[P4]

0 �[P1] �[P1] �[P2] �[P3] �[P4]

0 �[PT
2 ] �[PT

2 ] �[P5] �[P6] �[P7]

0 �[PT
3 ] �[PT

3 ] �[PT
6 ] �[P8] �[P9]

0 �[PT
4 ] �[PT

4 ] �[PT
7 ] �[PT

9 ] �[P10]

⎤
⎥⎥⎥⎥⎥⎥⎦

.

(19)

The submatrices P1-P10 are given by

P1 =
2
σ
W̆H(INM

⊗ AH
t At � AH

r Ar)W̆ (20)

P2 =
2
σ
W̆H(INM

⊗ AH
t At � AH

r ArX)D̆τ (21)

P3 =
2
σ
W̆H(INM ⊗ AH

t Dt � AH
r ArX)W̆ (22)

P4 =
2
σ
W̆H(INM

⊗ AH
t At � AH

r DrX)W̆ (23)

P5 =
2
σ
D̆H

τ (INM
⊗ AH

t At � XHAH
r ArX)D̆τ (24)

P6 =
2
σ
D̆H

τ (INM
⊗ AH

t Dt � XHAH
r ArX)W̆ (25)

P7 =
2
σ
D̆H

τ (INM
⊗ AH

t At � XHAH
r DrX)W̆ (26)

P8 =
2
σ
W̆H(INM ⊗ DH

t Dt � XHAH
r ArX)W̆ (27)

P9 =
2
σ
W̆H(INM

⊗ DH
t At � XHAH

r DrX)W̆ (28)

P10 =
2
σ
W̆H(INM

⊗ AH
t At � XHDH

r DrX)W̆ (29)

where � is the element-wise matrix product (Hadamard prod-

uct) and

W̆ = [W(ω1)T , . . . ,W(ωNM )T ]T (30)

D̆τ = [Dτ (ω1)T , . . . ,Dτ (ωNM
)T ]T (31)

Dτ (ω) = diag((ωc − ω)ej(ωc−ω)τ1

. . . , (ωc − ω)ej(ωc−ω)τL) (32)

Dt =
[
∂[At]:,1
∂Ωt,1

, . . . ,
∂[At]:,L
∂Ωt,L

]
(33)

Dr =
[
∂[Ar]:,1
∂Ωr,1

, . . . ,
∂[Ar]:,L
∂Ωr,L

]
. (34)

The sum of the variances of the interpolation errors for the

channel matrix coefficients may be bounded as

E
[‖e(ω)‖2

F

] ≥ Tr
[
H′BH′H]

= ε0(ω) (35)

where ‖·‖F denotes the Frobenius norm and the argument of

the trace is the CRB matrix given by (16).

IV. NUMERICAL SIMULATIONS

In the previous section, we derived a performance bound

for the frequency interpolation of wideband, slowly-fading

MIMO channels. In this section, we numerically evaluate the

performance bounds for a few specific scenarios. To quantify

the performance, we use the root mean square error (RMSE)

measure√
E [‖e(ωc + ωQ)‖2

F ]
E [‖H(ωc + ωQ)‖2

F ]
≥

√
ε0(ωc + ωQ)

E [‖H(ωc + ωQ)‖2
F ]

= ε(Q)

(36)

where ωc denotes the signal carrier frequency and ωQ rep-

resents the frequency relate to ωc at which the channel is

interpolated. From our discussion of (35), we recognize that

this error measure represents a bound on the average error

of all of the channel matrix elements. This allows us to

fairly compare the results of simulations for SISO and MIMO

channels.

A. Simulation Setup

To reduce the complexity of our simulations, we make

several simplifying assumptions concerning our channel pa-

rameters. The assumptions are used in the construction of

simulated channels for which the bound will be evaluated.

First, we assume that the different parameters

θ =
[
σ,�[α]T ,�[α]T , τT ,Ωt

T ,Ωr
T
]T

(37)

are independent. This ignores the tendency for larger magni-

tude scattering parameters to be associated with lower delays.

However, we believe this assumption is reasonable for our

purposes. We also assume the scattering parameters α are

zero-mean unit-variance complex Gaussian distributed, i.e.,

α ∼ CN (0, 1). A uniform distribution is assumed for the path

delays, τl, so that τl ∼ U [40ns, 400ns]. The antenna arrays

are assumed to be ULAs at both the transmitter and receiver.

The angles of arrival and departure for the ULAs for path l are

defined as Ωr,l = kdr sin φr,l and Ωr,l = kdr sin φr,l, respec-

tively, with antenna spacings dr = dt = λ/2 at ωc = 2.4 GHz

and angles distributed uniformly as φr, φt ∼ U [0, 2π).
For these parameter distributions, the average channel power

simplifies to E[‖H(ω)‖2
F ] = LMtMr. Thus, the normalized

interpolation error bound of (35) becomes

ε(ω) =

√
Tr[H′BH′H ]

LMtMr
. (38)

The SNR for our simulations is defined as

SNR =
E[‖h(ω)‖2]
E[‖n(ω)‖2]

=
L

σ
. (39)

For our simulations, we keep the noise power fixed at -20 dB.

Thus, the SNR in our simulations is not fixed, but is dependent

on the number of paths.
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Fig. 1. Average normalized interpolation error for 2-path SISO and MIMO
systems versus frequency.

B. Two Path Example

First, we present numerical results for a two path scenario.

Using the parameter distribution assumptions discussed pre-

viously, we have randomly created 100 channel realizations

using the channel model of (4). We assume that we have

NM = 16 channel estimates evenly distributed over a band-

width of 20 MHz. For each channel realization, the normalized

interpolation error bound of (38) is found over the bandwidth.

Figure 1 is a plot of the normalized error bound averaged

over the channel realizations. The vertical dotted lines on the

plot indicate the locations of the NM channel estimates. The

results indicate that the ability to interpolate increases as the

number of transmit and receive antennas increases. A intuitive

explanation for this result is that the additional antennas in

a MIMO system reveal more information about the channel

structure, allowing for better interpolation performance when

compared to a SISO system. A mathematical explanation is

that the SISO and MIMO systems each require the same

number of parameters θ to be estimated. The MIMO systems,

however, have more data points per channel sample to use

in carrying out the parameter estimation. The shape of the

curves in this figure, higher on the outsides with the smallest

error occurring in the middle, is not surprising since channel

samples on both sides of the frequency in question contribute

to a lower interpolation error. However, this shape does suggest

that in this particular scenario, uniform spacing of the channel

estimates, i.e., the location of the pilot symbols, favors the

frequencies at the center of the bandwidth. Other spacing

schemes, with more channel estimates towards the outside of

the bandwidth, may be able to flatten these curves over more

of the bandwidth.

C. Eight Path Example

We now consider a channel with L = 8 multipath compo-

nents. The results in [8] for outdoor measurements in Austin,

TX, suggest that channels may be better modeled using 3-8
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Fig. 2. Average normalized interpolation error for 8-path SISO and MIMO
systems versus frequency.

multipath components. Hence, this example represents a more

realistic scenario. We use the same simulation setup for the

eight path channel as for the two path channel. Note that as we

increase the number of paths, an identifiability problem will

occasionally arise when two paths have similar parameters,

resulting in an ill-conditioned CRB matrix. This issue is

particularly pronounced in the SISO case and becomes less

of a problem as the number of antennas increases. We address

this problem by removing the 15 channel realizations with

the poorest conditioned CRB matrices from consideration.

Figure 2 shows the average normalized error bound versus

frequency for the L = 8 case. As in the two path example,

the results of the eight-path scenario indicate that the ability

to interpolate increases as the number of transmit and receive

antennas increases. Note that the curves for the L = 8 case are

more uniform across frequency that in the L = 2 case. Thus,

for channels with a larger number of multipath components,

uniform spacing of the NM channel estimates allows for

good interpolation performance over most of the bandwidth

under consideration. The oscillations present in the SISO curve

indicate that, in this example, not enough channel estimates are

available to effectively interpolate between channel estimates.

The channel estimates are simply too far apart for the SISO

interpolator to perform well.

We further investigate this channel estimate spacing issue

in Fig. 3. This figure is a plot of the interpolation error bound,

averaged over channel realizations and frequency, versus the

spacing between the NM channel estimates in frequency. The

number of available channel estimates is fixed at NM = 16
and the spacing between these estimates increases as we move

to the right of the plot. This implies that the bandwidth

increases to the right, as well. Also included on the plot

is an estimate of the average coherence bandwidth (CBW)

of the channel realizations. We estimate the CBW for each

channel realization by the inverse of the maximum delay

spread for that realization. The average CBW plotted is the
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Fig. 3. Average normalized interpolation error for SISO and MIMO systems
versus the frequency separation of the NM training-based channel estimates.

mean of the CBW for all the realizations. Other methods

for calculating in the delay spread, such as those given in

[9], are available. However, the method we use to calculate

the delay spread seems the best matched with our channel

model and simplifying parameter assumptions. In Fig. 3, we

note that as the frequency separation approaches the CBW of

the channel, a rapid decrease in interpolation performance is

observed in the SISO case. A similar decrease is observed in

the 1×2, 1×3 and 2×2 MIMO cases, as well. However, the

decrease in performance begins later for the MIMO channels

than for the SISO channels. For the 3 × 3 MIMO channel,

very little decrease in performance is observed, even after

the the channel estimates are spaced farther apart than the

CBW. This suggests that for MIMO channels, the channel

estimates generated through training may be spaced father

apart in frequency than for SISO channels, and in some cases,

farther apart than the CBW.

D. Limitations of the Performance Bound

As the results previously presented demonstrate, the perfor-

mance bound for the interpolation of MIMO-OFDM channels

provides useful insights into the benefits of MIMO systems

in terms of interpolation error performance. However, some

caution is advisable when interpreting the results given by the

bound due to some inherent limitations of the bound. In the

formulation of the CRB of (16), it was implicitly assumed

that the true channel is perfectly modeled by (4) and that

interpolation errors are a result of noisy channel estimates.

Since (4) generally will not perfectly model the channel, there

will be unaccounted for modeling errors when applying this

bound to true channels. Therefore, the bound will not be fully

achievable, and the tightness of the bound will depend in part

on the amount of modeling error present. Note that we expect

the impact of modeling errors to be most pronounced when

the model is used to extrapolate the channel.

It should also be recognized that the channel given by the

model of (4) is a sum of sinusoids, and is, therefore, periodic

in frequency, though the period may be large for large L. Thus,

care should be exercised when applying the bound over a large

range of frequencies to ensure that channel is still behaving

“realistically enough” for the results to be meaningful. Also,

channel statistics such as the CBW should be used with caution

since the modeled channels may exhibit cyclic correlation

trends. For example, results for the L = 8 scenario do not

appear to be valid much beyond the bandwidths used in Fig. 3.

However, bandwidths currently considered for MIMO-OFDM

systems are typically well within this applicable range.

V. CONCLUSION

In this work, we have derived a lower bound for the fre-

quency interpolation error in wideband, slowly-fading MIMO

channel estimation schemes. This bound particularly addresses

the situation in MIMO-OFDM systems in which a few channel

estimates found through training must be interpolated to all

frequencies of interest. The bound was found by finding the

CRB for the interpolation using a MIMO ray-based chan-

nel model. Numerical analysis of the bound indicates that

the interpolation performance is significantly improved when

multiple antennas are used at the transmitter and receiver. We

attribute this performance increase to the additional channel

structure revealed in the MIMO case relative to the number

of parameters estimates required for channel interpolation.

The bound is most applicable when the true channel is well

described by the ray-based model.
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