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Abstr,act 

This paper considers the problem of recovering an unknown 
signal transmitted over an unknown (but stationary) multipath 
channel, and received by a narrowband array with unknown cali- 
bration. U.nlike recently proposed multichannel blind equalization 
techniques, the methods described herein employ a model based 
on physical channel parameters rather than unstructured multi- 
ple output F IR  filters. The algorithms exploit the structure of 
the signal and noise subspaces o,f the array output data when 
transformed to  the frequency domain. Two approaches are pre- 
sented. The first is an ESPRIT-like solution that provides a 
closed-form, but suboptimal, blind signal estimate. The second 
is based on, maximum likelihood and, though requiring a search, 
is easily initialized with the ESPRIT  solution. A mathematical 
development of the two algorithms is given, and their advantages 
and disadwntages relative to other currently available techniques 
are discussed. 

1. Introdluction 

Suppose an antenna array receives a number of multi- 
path reflections of a signal tnansmitted by an unknown 
source. The reflections may either be coherent (short 
delay spread) or incoherent (long delay spread), and 
may be closely spaced in angle. The problem addressed 
in this paper is the recovery of the transmitted signal 
via blind equalization of the multipath channel. The 
term blind here implies that the signal recovery is to 
be achieved with neither the aid of known training se- 
quences, knowledge of the channel, nor array calibration 
information. Because of the very generic nature of the 
problem, there are many relevant applications in com- 
mercial and military communications, as well as in the 
surveillance of non-cooperative sources. 

Classical approaches to  blind equalization have fo- 
cused on exploitation of the constant modulus prop- 
erty, or discrimination based on higher order statis- 
tics. The principal drawback of these techniques is that 
they tend to  converge quite slowly. More recently, a 
number of promising algorithms have been proposed 
that require only second order cyclostationary statistics 
[l, 2 , 3 , 4 , 5 ,  6 ,  71. While they have typically been devel- 
oped in the context of single channel fractionally spaced 
equalization, these algorithms can be readily reinter- 
preted as applying to  the multiple sensor case [8, 91. 
Under this interpretation, the above algorithms assume 
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an unstructured FIR filter of known (or estimated) du- 
ration separating the symbol source and the samples 
of each sensor output. The drawback of this model in 
the multiple antenna case is that it cannot take into 
account the very discrete nature of multipath channels 
(e.g., there are only a few non-zero FIR jilter taps), and 
consequently the number of parameters that must be es- 
timated can be quite large. In addition, these methods 
are centered around estimating the channel parameters 
rather than the transmitted signal; the signal must be 
estimated indirectly. 

Unlike earlier blind equalization methods, the al- 
gorithms proposed in this paper exploit a structured 
model for the array data in the frequency domain that 
depends directly on the (physical) multipath channel 
parameters. Instead of FIR filter coeficients, the al- 
gorithms directly estimate the transmitted signal, as 
well as the (relative) delay and spatial signature asso- 
ciated with each multipath. Estimates of these latter 
parameters are useful in locating the signal source (as 
in a surveillance problem), or in communicating with 
the source via the reverse link. For example, in a time- 
division duplex communication system, the spatial sig- 
natures could be used to  form a set of transmit beam- 
former weights that focus energy toward the “direct” 
path (the ray with smallest delay) and away from mul- 
tipath reflections. Such an approach would minimize 
the amount of multipath present at the remote. 

An added advantage of the model employed in this 
work is that it easily admits a maximum likelihood 
(ML) formulation when the noise is white and Gaussian, 
allowing one to  lay at least some claim to  optimality. 
Unfortunately, it will be seen that a closed-form solu- 
tion to  the ML problem is not possible, (although it can 
be reduced to  a search over only d - 1 real-valued pa- 
rameters, where d is the number of multipaths with dis- 
tinct delays. Consequently, a simpler alternative based 
on the ESPRIT algorithm [lo] is also presented. The 
ESPRIT approach provides a closed-form estimate of 
the transmitted signal and multipath delays which, if 
desired, can be used to  initialize the ML search. After 
a description of the assumed data model in the next 
section, the ML and ESPRIT solutions are outlined in 
Section 3. 
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2. Data Model 

Assume that a narrowband waveform is received by 
an array of m sensors via a stationary multipath channel 
with d distinct delays. The array output a t  time t is 
modeled as 

d 

x( t )  = aks(t - T k )  + n(t)  , (1) 
k=l 

where n(t) is additive noise, s ( t )  is the transmitted sig- 
nal, and Tk ,  a k  are the unknown delay and spatial signa- 
ture associated with multipath k .  Due to the presence 
of local scatterers in the vicinity of the transmitter or 
along the propagation path, there may be a number of 
coherent reflections that share the same delay Q. Con- 
sequently, the total number of received multipath rays 
may be quite large, although only d are assumed to have 
distinct delays. In general, the spatial signature ak as- 
sociated with the ICth delay is thus a linear combination 
of the array response vectors for reflections that share 
that delay. 

In the frequency domain, equation (1) becomes, with 
some notational abuse, 

d 

x(w) = aks(w)  exp(-jwrk) + n(w) . (2) 

As a notational convenience, assume that all of the vec- 
tors defined above are m-element row vectors. If N 
frequency samples of x(w)  are available, equation (2) 
may then be written in matrix form as 

k=l 

X = [ “‘~” 1 = S V ( 7 ) A  + N  , ( 3 )  
X ( W N  1 

where S is a diagonal matrix whose entries are the 
frequency samples of the transmitted signal S ( W ~ ) ,  

. I . , S ( W N ) ,  and 

(4) 

v(Tk)  = [exp(-jwlTk), ’ ’  ‘ ,exp(-jwNTk)]T . ( 5 )  

In practice, of course, .(U) can not be determined 
exactly since only a finite amount of data is available. 
Consequently, the model of ( 3 )  will not hold exactly, 
although the error introduced by a truncated Fourier 
transform is O(N-’) and often negligible. If DFT fre- 
quencies are chosen (i .e. ,  w k  = 27rk/N), then V(T) is 
Vandermonde, and there exists an N x N - d Sylvester 
matrix B that satisfies 

B*V(.r) = 0 .  (6) 

The first row of B* is [bo, b l , .  . . , b d ,  0, .  . . , O ] ,  where 
b = [bo,...,bdIT are the coefficients of a polynomial 

whose roots are e x p ( - j 2 ~ q / N ) ,  . . . , exp(-j2md/N). 
The algorithms described in Section 3 exploit the rela- 
tionships of ( 3 )  and (6) using the DFT as an approxi- 
mation. 

2.1. Identifiability 

Without timing information from the transmitter, 
only relative rather than absolute delays may be de- 
termined. Consequently, the earliest arrival will be as- 
signed the delay 1-1 = 0, and the remaining delays will 
be referenced to that point: 

7: [O,‘T~,‘’’,I-d], 7 2 , ’ ” , 7 d  > 0 .  (7) 

The following theorem outlines the conditions under 
which the model of ( 3 )  is identifiable: 

Theorem 2.1 Suppose a collection of data X = 
SV(7)A as defined in (3) is available. Provided that 
q = rank(A) > 1 and 

[1 exp(-j%rk1-2/N) . . . eXp(-j27rkTd/N)] A # 0 

’ d k = O , . . . , N - l ,  
( 8 )  

then  T, S,  and A m a y  be uniquely determined (the latter 
two t o  within a n  arbitrary complex scaling) whenever 

(9) 
N + q - 1  

d <  2 

Proof: The proof will not be included here due to space 
limitations. 

Although the above theorem applies to  a model that 
can be obtained only approximately in practice, there 
are some interesting comparisons that can be drawn be- 
tween it and earlier work. First of all, equation (8) is 
equivalent to the standard identifiability condition that 
states that all m channels cannot share a common zero 
[8, 21. In terms of the physical channel parameters, (8) 
implies that a common zero is only possible if a very 
special 7-dependent linear combination of the spatial 
signatures happens to  be zero. Clearly, such an event 
will occur with probability zero. As a second observa- 
tion, it is interesting to  note that the upper bound in (9) 
is not significantly different than that obtained for the 
case where the transmitted signal is exactly known. In 
fact, a comparison with the identifiability results of [ll] 
reveals that relaxing the assumption of a known trans- 
mitted signal reduces the total number of “resolvable” 
multipaths by at most only one. 

3. Algorithms 

In this section two algorithms are derived for estimat- 
ing the transmitted signal S, and the corresponding de- 
lays and spatial signatures T and A .  It is assumed that 
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the numbler of multipaths d is known. When d < m, 
standard ,techniques may be used to  estimate d based 
on the rank of X. A more complicated procedure is 
required if d 2 m. 

3.1. Maximum Likelihood. 

Assumi:ng the channel noise is white and Gaussian, 
estimates for r and S may be obtained by minimizing 
the negative log likelihood of the observations X. This 
can be shown to be equivalent to minimizing 

V ( S , r , A )  = IIX - SVAllZ, . (10) 

Solving for the separable parameters in A yields 

A =: (SV)+X = (V*S*SV)-lV*S*X, (11) 

and the resulting concentrated ML cost function be- 
comes 

V(S,T) = IIP~~Xll2F . (12) 

To simplify the ML criterion, it is convenient to  
parameterize the minimization problem in terms of 
the polynomial coefficients b rather than r. Since 
B*V = 13, 

span{S'Cr} I span{S-*B} * Pkv = Ps-,B. 

Hence, minimization of (12) is equivalent to  minimizing 

V(S,b) = IIps;-*BXII$ . (13) 

Further manipulation allows the ML criterion to  be 
written in the following useful form: 

V ( S ,  b) = IIPs-,BXII$ = 'rr{S-*BZB*S-lXX*} 

= 5*[(BZB*)@(XX*)T]5 (14) 

where 5 =: diag(S-l), Z = (B*S-lS-*B)-l, and @ de- 
notes the Hadamard product. As with the MODE al- 
gorithm diescribed in [12], the asymptotic performance 
obtained by minimizing the ML criterion is unaffected 
if Z is replaced by a consistent estimate Z. Such an es- 
timate may be obtained by an initial application of the 
algorithm with Z = I, or by the ESPRIT solution pre- 
sented below. In either case, the minimization of (14) 
may be accomplished as follows: 

1. Find the coefficients b that minimize the smallest 
singular (or eigen-) value of G(b) = (BZB*) 0 
(XX*)T. 

2. Set equal to  the singullar vector_ associated with 

The firest step of the above adgorithm requires a search 
over the parameters in b. The dimension of this search 
can be simplified by noting that since the d roots of 

the smallest singular value of G(b). 

b ( z )  = 0 are on the unit circle, the coefficients are 
conjugate symmetric i.e., be = b;-e for l = l , . . . , d .  
Also, since b(z) can be multiplied by an arbitrary scalar 
without changing its roots, it can be scaled so that 
Re{bo} = 1. Finally, since the delays are measured 
with respect to  the first arrival, one of th.e roots of b ( z )  
can be set to unity. The polynomial b ( z )  may thus be 
factored as b ( z )  = ( z  - l)c(z) where c ( z )  inherits conju- 
gate symmetry from b ( z ) .  Hence, estimating b requires 
a search only for the d - 1 real unknown parameters in 
c(z ) .  To initialize the search, the ESPIZIT algorithm 
described next may be used. 

3.2. An ESPRIT-Like Solut ion 

Unlike the above ML approach, the algorithm pre- 
sented in this section provides a closed-form solution 
for r (and hence b). The method exploits the special 
shift structure in the Vandermonde matrix V(T) in the 
same way as the ESPRIT algorithm [lO]. Note how- 
ever that this method is valid only when the number of 
multipaths d is smaller than the number of sensors m'. 

To proceed, let VI be the N - S x d matrix con- 
structed by taking the first N - 6 rows of V .  Let V2 
be constructed similarly from the last N - 6 rows of V. 
These two matricies are related by the equation 

v2 = VI+ (15) 

where 9 is a diagonal matrix with elements 
e--32?r6ra/N, i = 1,. . . , d. If E, represents the singular 
vectors associated with the d largest singular values of 
X, then with El, E2, SI, SZ defined similarly to  V l , V z ,  
a d x d matrix T will exist that satisfies 

El = SlVlT , E2 = S2VxT.  (16) 

Combining equations (15)-(16) and eliminating VI and 
V2 leads to 

where D = SlS;' and P = T-l9T. 
The vector T can thus be uniquely determined from 

the eigenvalues of the operator that maps El onto DE2. 
Except for the diagonal scaling D ,  this is identical to  the 
problem solved with ESPRIT. Using a technique similar 
to  least-squares ESPRIT, D and 9 may be estimated 
as the solution to  

DE2 = E19 (17) 

The solution for P is given by 

4 = E ~ D E ~  

which, when substituted into (18) yields the following 
equivalent problem 

d = argmind*[P& @ ( E ~ E f ) ~ l d  (19) 
d 
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where d = diagD. The minimizing d is thus the singu- 
lar vector corresponding to  the minimum singular value 
of [ P i  @ (E2Ea)T]. Estimates of T are computed from 

the eigenvalues of 9 = EiDE2. 
can only be esti- 

mated to within an arbitrary complex scaling. While 
this does not affect the estimation of r (@ is sim- 
ply scaled so that one of its eigenvalues equals unity), 
it does imply that D cannot be directly used to esti- 
mate S .  An estimate of the signal can be obtained by 
computing the appropriate singular vector of G(bEs), 
where bEs are the polynomial coefficients for the ES- 
PRIT estimate of r. 

The presence of D implies that 

4. A Simulation Example 

In this section, a simulation example is used to 
compare the method described in this paper (referred 
to  as Frequency Domain Subspace Equalization, or 
FDSE) with the Subchannel Response Matching (SRM) 
method described in [3 ] .  Signal estimates for the SRM 
approach are obtained by applying a pseudo-inverse of 
the channel impulse response matrix to  the data. All 
results are presented in terms of the average error (AE) 
between the transmitted signal s = diag{S} and the es- 
timated signal 8. The average AE for K trials is given 
by 

K 

AE = - I l a k 6 k  - 
1 
K 

k = l  

where cxk is a parameter used to correct for the arbitrary 
scaling of 8. 

A total of 100 trials were performed for each simula- 
tion scenario, and 64 shapshots ( N  = 64) of the array 
output were used in the estimation. At each trial a new 
data set was generated according to X t  = S t A  + N ,  
where St is an N x d signal matrix whose columns con- 
tain time shifted versions of a complex Gaussian ran- 
dom process. The matrix A was generated as a d x m 
unstructured complex valued random matrix a t  each 
trial. While SRM operates directly on Xt in the time- 
domain, FDSE requires that X t  be transformed to the 
frequency domain using an FFT. 

In the specific example considered here, a direct path 
signal and two multipaths were simulated with arrival 
times of 0, 0.8, and 1.2 sample periods. Figure (1) plots 
the AE of SRM and FDSE as the SNR was swept be- 
tween -10 dB and 40 dB in increments of 2 dB. 
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