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Abstract: The majority of algorithms developed 
for the narrowband direction of arrival (DOA) 
estimation problem rely on an eigenvalue decom- 
position (EVD) to determine both the number of 
signals and their respective DOAs. An alternative 
algorithm is presented that solves both the DOA 
detection and estimation problems without 
resorting to an EVD. The algorithm is shown to 
have asymptotically equivalent performance to 
that of the (unconditional) maximum likelihood 
method, and hence it yields asymptotically 
minimum variance DOA estimates. The computa- 
tional complexity required to update the DOA 
estimates in response to additional data from the 
array is investigated, and the algorithm is shown 
to be somewhat simpler than other methods with 
comparable performance. In addition, the asymp- 
totic distribution of the algorithm’s cost function 
is derived, and is shown to be composed of the 
sum of two differently scaled chi-squared random 
variables. A hypothesis test for determining the 
number of signals based on this result is then pre- 
sented. 

1 Introduction 

Maximum likelihood methods are a standard approach 
to solving parameter estimation problems such as those 
encountered in narrowband direction of arrival (DOA) 
estimation. In the maximum likelihood (ML) approach, 
the probability distribution of the observations is 
expressed as a function of the parameters to be estimated, 
and the so-called (log)-likelihood is maximised with 
respect to these parameters. Under certain regularity con- 
ditions, estimates obtained from the ML approach are 
both asymptotically unbiased and eficient, meaning that 
they achieve the Cramer-Rao lower bound (CRB) on 
estimate variance. 

ML solutions to the DOA estimation problem have 
been proposed by a number of authors. Two types of 
solutions have been obtained: one for the case of deter- 
ministic signals [I-41 (referred to as conditional ML), and 
one for a stochastic signals model [2, 4-61 (referred to as 
unconditional ML). Despite the desirable properties of 
these ML estimators, they have not enjoyed much pract- 
ical application since they typically require nonlinear, 
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multidimensional optimisation procedures. In the case of 
deterministic ML, a further drawback is that its estimates 
do not asymptotically achieve the Cramer-Rao lower 
bound (CRB) on estimate variance [7]. This is due to the 
fact that the number of free parameters to be estimated 
grows with the amount of data collected. 

The difficulties associated with ML techniques have 
led to a proliferation of DOA estimation methods, especi- 
ally those based on the separation of the data into ‘signal’ 
and ‘noise’ subspaces. These methods rely on an eigen- 
value decomposition (EVD) of the array covariance 
matrix, and either a search of a one-dimensional spec- 
trum [SI or the calculation of the roots of a certain poly- 
nomial [9]. While these methods achieve ML or 
near-ML performance in many cases, difficulties arise 
when the signals have nearly coincident DOAs or are 
highly correlated. These difficulties are a direct result of 
using a one-dimensional optimisation procedure to solve 
what is inherently a multidimensional problem. 

Recently, two new subspace (EVD) based multidimen- 
sional algorithms have been proposed whose asymptotic 
second-order performance is equivalent to that of ML; 
i.e. they yield DOA estimates that asymptotically achieve 
the CRB for arbitrary second-order ergodic signals and 
Gaussian noise. These algorithms are the weighted sub- 
spacefitting (WSF) method of Viberg and Ottersten [lo, 
111, and the method of direction of arrival estimation 
(MODE) algorithm of Stoica and Shaman [l2, 131 
(sometimes referred to as noise subspace fitting (NSF)). 
Both algorithms rely on a multidimensional search of 
roughly the same order of complexity as ML to estimate 
the DOAs. Since in addition both require an EVD, one 
may legitimately wonder what is gained by implementing 
them in lieu of ML. A number of empirical studis [ll, 
141 have demonstrated one advantage, indicating that 
WSF has better convergence properties than both condi- 
tional and unconditional ML. 

The primary drawback of using algorithms based on 
the EVD occurs when operating in a tracking or updat- 
ing mode where, given a small number of additional 
snapshots from the array, one attempts to recompute the 
DOA estimates using the most recent estimates and pre- 
viously received data. For example, updating the WSF 
and MODE estimates requires that the principal eigen- 
space be completely recomputed. While algorithms have 
been proposed for performing the eigenspace update efi- 
ciently [15-191, such techniques are still quite complex 
and often suffer from a linear buildup of round-off error. 
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The direct ML methods mentioned earlier do not use 
an EVD in computing the likelihood function and calcu- 
lating the DOA estimates, but they do require an estim- 
ate of the number of signals impinging on the array. 
Unfortunately, the techniques proposed for solving the 
detection problem are all based on statistical tests involv- 
ing either the eigenvalues of the array covariance [8,20- 
241, or the asymptotic distribution of a cost function 
requiring an EVD [ll]. Two exceptions to this rule are 
the recently proposed Lanczos-based algorithms of Xu 
and Kailath [25,26], and the generalised likelihood ratio 
test proposed in Reference 14. 

In this paper, a new optimal algorithm is presented for 
the simultaneous detection and parameter estimation of 
narrowband signals. Like WSF, it yields a strongly con- 
sistent estimate of the number of signals as well as 
asymptotically minimum variance DOA estimates. 
However, it does so without requiring computation of the 
EVD. While the computational load of the new algo- 
rithm is roughly of the same order as WSF and ML, its 
implementation is considerably less complex, especially in 
situations where the estimates must be updated in 
response to additional data from the array. 

2 Maximum likelihood DOA estimation 

Under the assumption of narrowband signals, the output 
of an rn-element array x(t) E C" due to d sources can be 
described by 

(1) 
where ~ ( t )  E Cd represents the signal amplitude and phase 
at time t, n(t) E C" is additive noise, and A@,) E CmXd is 
the matrix of array response vectors for each source 
parameterised by the DOAs 0,  = [e,, . . . , 8,,lT: 

(2) 
In this analysis, it is assumed that the array param- 
eterisation a(8) is completely known (i.e. the array is fully 
calibrated), and is unambiguous (i.e. every matrix of the 
form (2) is full rank d < rn for distinct Oi).  It will also be 
assumed without loss of generality that the noise is spa- 
tially white, or in other words that ~{n(t)n*(t)} = 21, 
where ( * )* denotes Hermitian transpose and E {  } an 
expectation. If the noise is further assumed to be uncor- 
related with the signals, then the covariance of the array 
data is given by 

x(t) = wow) + n(t) 

A@,) = Ca(4) . . . a(e,)l 

l N  
R2'  lim - x(t,)x(tJ* = A(Bo)!3A*(fJo) + u21 (3) 

N - m  i = l  

where 

l N  se' lim - s(ti)s*(ti) 
N-m i = l  

is the covariance of the emitter signals. Simply stated, the 
goal of the narrowband DOA estimation problem is to 
collect data from the array and exploit model 1 to esti- 
mate 8. 

Since in practice only a finite amount of data from the 
array is available, the DOAs must be determined using 
the following sample estimate of R: 

l N  R = - 1 x(t,)x(t,)* 
k = l  

where N is the number of 'snapshots' taken from the 
array. Subspace-based methods require that the EVD of 
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R also be computed in order to estimate 0:  

where = diag (1, 2 1, k . . .  2 A,} and E = [B,, ..., 
B,J are, respectively, the eigenvalues and eigenvectors of 
R. If d' = rank {A(O0)S} denotes the rank of the 'signal' 
subspace, then 

t, = [a, . ' .  Bd'] 
e, = [ B d f 1  " '  B,J 
A, = diag {Al, ..., Ad'} 
An = diag {Id' + . . . ,A , }  

If no two signals are unity correlated, then 
rank (S) = d = d; otherwise, rank (S) = d' < d. 
2.1 Maximum likelihood algorithms 
To implement an ML solution to the DOA problem, the 
likelihood function of the data must first be determined 
and then maximised over all relevant model parameters. 
If the signal and noise waveforms s(t)  and n(t) are 
assumed to be stationary, temporally white, zero-mean 
complex Gaussian random processes, then maximising 
the log-likelihood over 8 can be shown to be equivalent 
to C4,61 

e,,, = arg min v,,,(e) 

9 

(4) 
where the projection operator PA = I - Pi is defined as 

The minimisation of eqn. 4 is sometimes referred to as 
the unconditional ML (UML) approach. Estimates 
obtained from the UML algorithm are guaranteed to be 
asymptotically unbiased and have minimum variance (i.e. 
they achieve the appropriate CRB). 

As mentioned earlier, WSF and MODE are two 
recently introduced subspace-based methods that yield 
asymptotic (large N) performance equivalent to that of 
UMLt. In the WSF approach, the DOA estimates are 
obtained from the following minimisation problem [lo] : 

QwsF = arg min vw,de) = arg min TK (P:E,W,E:) (5) 

w, = (A, - dzI)2A; 

PA = A(e)[A*(O)A(e)] - 'A*@) 

9 9 

where the weighting matrix W, is given by 

(6) 
and d2 is a consistent estimate of the noise power. The 
asymptotic equivalence of WSF and UML means that 
!he noqalised estimation errors BwSF = bWsF - Bo and 
€IuML = e,,, - eo have identical asymptotic distribu- 
tions. In particular, both are asymptotically zero-mean 
Gaussian with covariance given by the CRB: 

= CRB 
where 

D E f [ F I  . . .  
e=el 

and 0 denotes the Hadamard (element-wise) product. 

(7) 

t While this statement is always true for WSF, strictly speaking it is 
only true for MODE when d' = d [14]. 
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If, unlike UML, the signal waveforms are assumed to 
be deterministic processes whose samples are parameters 
to be estimated, then a different form of the likelihood 
function results. Maximising the likelihood function in 
this case can be shown 13, 71 to be equivalent to 

min V,,,(e) = min Tr (PiR) (8) 

and its implementation is referred to as conditional ML 
(CML). Note that eqns. 4, 5, and 8 are expressed in con- 
centrated form, where all separable parameters have been 
replaced by their corresponding ML estimates. Two dis- 
advantages to the CML approach have recently come to 
light. First, it has been shown to be statistically ineffi- 
cient; i.e. the algorithm does not achieve the CRB corres- 
ponding to the deterministic signal assumption [7]. This 
is primarily due to the fact that the CML estimates of the 
signal waveforms are inconsistent [ 141. Secondly, CML 
has been shown to be statistically less efficient than both 
WSF and the UML method, independent of whether the 
signals are random or not [13, 271. Because of these 
drawbacks, this paper will focus on UML and algorithms 
with similar performance. 

2.2 Estimate updating 
The algorithms above have two basic modes of oper- 
ation. In the first, often referred to as sequential batch 
processing, a new set of DOA estimates is (independently) 
obtained for each block of N array samples. The bulk of 
the computational load in this mode of operation is algo- 
rithm independent since forming the sample covariance R 
takes Nm2 complex floating point operations (flops)? and 
usually N % m. The cost of implementing the UML or 
WSF minimisation once R is available in much smaller 
than Nm2 flops, and the relative computational load of 
the two algorithms is not particularly important. 

The issue of algorithm complexity does, however, 
become significant when operating in the estimate 
updating/tracking mode. In this method, the DOA estim- 
ates are rapidly recomputed whenever a few (perhaps 
only one) additional snapshots are collected from the 
array. For most algorithms, the estimate update pro- 
cedure can be broken up into two steps. In the first, the 
form of the data in the algorithm's criterion function 
must be updated. For example, in the UML approach 
the sample covariance (or perhaps its Cholesky factor) 
must be recomputed, while WSF requires that the d prin- 
cipal eigenvectors and eigenvalues of R be recalculated. 
Once the criterion function has been updated, the second 
step is then to find a new minimising argument for it. 

Letting fiN represent the covariance matrix obtained 
after N snapshots, a single additional snapshot z = 
x(tN+ I )  from the array leads to the following rank-one 
modification$ : 

R a 

If many such updates are to be performed, round-off 
error accumulation can be minimised by updating the 
Cholesky factor instead to avoid squaring the data [28]. 
In either case, the data update takes m2 flops. Computing 
the principal eigenvectors of the updated covariance 

t In determining the number of flops required for a particular computa- 
tion, the convention of ignoring additions and only counting multiplica- 
tions will be followed throughout the paper. 

ate involving a general Yorgetting factor' such as h,,, = 
:lFmg+ mzz* could also be employed, but ifa # 1/N, such a matrix 
would no longer represent the true covariance of the data and claims of 
ML optimality would be lost. 
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requires O(rn2d) flops in general, so updating the WSF 
criterion is somewhat more expensive than for UML. 
However, the WSF criterion may be minimised more 
efficiently than UML. For example, each iteration of 
the scoring method presented in [14] takes 
m2d + 5md2 + O(md) + O(d3) operations for UML, but 
only 5md2 + O(md) + O(d3) operations for WSF. This 
saving resul? because the WSF criterion uses the fa$- 
tored form E, W, @' rather than the full covariance R. 
Thus, when one considers both the criterion update and 
its minimisation, both WSF and UML require O(m*d) 
operations. Which algorithm is preferred (from a compu- 
tational standpoint) in a given scenario will depend on 
the relative number of iterations required to update the 
eigendecomposition versus that required to update the 
DOA estimates. 

3 

In this paper, the performance of the following criterion 
function will be investigated: 

6 = arg min V(0)  = arg min Tr [P:(R + B4R-  - 2d21)] 
(9) 

(IO) 

An alternative formulation of UML 

a a 

= arg min ~ l ~ j i ( C  - ~2C-*)ll; 
a 

where e is a Cholesky factor of R :  
R = CL* 

One of the principal objectives of this paper is to demon- 
strate that DOA estimates obtained from eqns. 9 and 10 
have asymptotic properties identical to those obtained 
from WSF and the UML algorithm, and hence are 
asymptotically unbiased and statistically efficient. If 

cl+',, = & { e W S F  - e O ) @ W S F  - 
c = &{(e - e,,)@ - eo)T} 

are the estimation error covariances for eqns. 5 and 9, 
then this amounts to showing that 

(1 1 )  c = CWSF + o ( N - ' )  

which in turn amounts to showing that [lo] 

These facts are established in the course of proving the 
following theorem: 

Theorem 3.1: If B2 is a consistent estimator of the noise 
power u2, then the DOA estimates obtained from eqn. 9 
are consistent and have the same asymptotic variance as 
those obtained from the WSF minimisation of eqn. 5. 

Proof: Since 
f i - 1  = EA-lE* = E$JS-1Q + E,A,'Q 

V(0)  = Tr [Pik(A - $ z I ) 2 k i e * ]  

= vWsde) + Tr [P: E, Wn E:] 

V(e) can be rewritten as 

(14) 

(15)  
where Wn = (A, - &21)2A;1, and thus_the cost function is 
still guaranteed to be positive. Since W, = O(N-') when 
8' is consistent [7], then 

lim v(e) = VWs#) 
N - m  
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The consistency of eqn. 9 is established by the fact that 
WSF is consistent, and by the continuity of both V(9) 
and VW&) [lo]. Along with eqn. 15, the fact that fin = 
O(N-' )  also guarantees that the error terms in eqns. 12 
and 13 are at least o(N-'"), Eqn. 11 thus holds, and the 
variance of the estimates obtained from eqn. 9 is thus 
asymptotically equivalent to that of WSF. 

The most important feature of the problem of eqns. 9 
and 10 is that it requires no eigendecomposition. This 
may at first appear to be a moot point since evaluating 
V(9) does require that fl-' or its Cholesky factor be com- 
puted. However, updating fl-' or E-' in response to 
additional data is considerably less complicated than 
updating the corresponding dominant eigenspace, which 
is o(m2d) and iterative. In particular, updating fl and 
&' (or f, and E-') requires only a simple, non-iterative 
2m2 flop calculation that can be easily parallelised. On 
the other hand, each iteration of a scoring method for 
minimising expr. 10 requires O(rn2d) flops compared to 
O(md2) for WSF. Thus, strictly speaking, both algorithms 
require roughly the same level of total computational 
effort. The advantage of expr. 10 lies in the simplicity of 
its implementation; all of its O(m2d) and q m 2 )  computa- 
tions are simple matrix/vector products, and are easily 
parallelised. 

Another advantage of the formulation 9 and 10 is that 
it admits the use of the iterative quadratic maximum 
likelihood (IQML) method of Reference 29 when a 
uniform linear array is used. The IQML approach can 
offer significant computational savings in such cases, but 
it cannot be applied to the UML cost function in eqn. 4. 

In the proof of theorem 3.1 it was shown that V(9) is 
equivalent to 

Comparison of this expression with expr. 5 and 6 shows 
that expr. 9 can be thought of as implementing a WSF 
minimisation using all of the eigenvectors and not just 
the first d'. The asymptotic equivalence of expr. 16 and 
V,&) is not surprising since the weights multiplying 
e,,,+', ..., ern in expr. 16 are near zero for large N. Note 
also that the minimisation of expr. 9 requires only that d 
and not d' be known. Although it is more difficult to 
determine d than d' when d' < d, not having to contin- 
ually estimate d' at each update is advantageous in situ- 
ations where emitters may be fading in and out of 
coherence. 

If in expr. 9 Z2 is treated as a parameter to be estim- 
ated rather than as a consistent estimate of U', then a 
somewhat different consistent estimator of a2 is obtained: 

Tr ( P i & &  - &)2A-1@.*) (16) 

The consistency of eqn. 17 is easily established by noting 
that Tr (Pi) = m - d, and that as N + to, we have 
P i f l - ' + ~ - ~ P i .  Eqn. 17 can be compared with the 
more well-known estimate 

m - d  
If eqn. 17 is substituted back into expr. 9, the following 
concentrated version of the cost function results: 

(18) 
V(9) Tr (Pi%) m-d 

m - d -  m-d T r ( P i a - ' )  
Minimising expr. 18 can thus be thought of as finding the 
8 that minimises the difference between the two different 
estimators of d. It is also interesting to note the simi- 
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larity of the cost functions in exprs. 9, 10, and 18 with 
that of the CML algorithm: 

(19) 

As mentioned earlier, the CML approach differs from 
unconditional ML in that it treats samples of the signal 
waveforms as deterministic parameters instead of random 
variables. Ottersten and Viberg have shown that WSF 
asymptotically outperforms CML independent of 
whether the signals are deterministic or stochastic [30]. 
The analysis above demonstrates that the estimates 
obtained from expr. 9 will also have asymptotically lower 
variance than CML. 

3.1 A simulation example 
The purpose of this example is to demonstrate that the 
algorithms described in expr. 5 and 9 have essentially the 
same performance, and that in some situations they both 
significantly outperform CML. A 12element uniform cir- 
cular array with unity gain sensors and a 1-A radius was 
assumed in this example, and two emitters were simu- 
lated at angles of 0" and 10" with respect to a line 
through one of the sensors. The emitter signals were gen- 
erated as constant amplitude planewaves with random 
phase, uniformly distributed on CO, 24. The 0" source 
had an SNR of OdB, while that of the 10" source was 
20 dB. 

In each trial, an estimate based on 500 snapshots was 
obtained for WSF, CML, and the minimisation of expr. 
10, which we refer to for brevity as the maximum likeli- 
hood update (MUD) algorithm. A total of loo0 trials 
were conducted for each of the correlation coefficient 
values 0.8,0.9, 0.95, and 0.99, and the standard deviation 
of the estimates was computed. The-results Fe-shown in 
Fig. 1, where the connected lines indicate theoretical pre- 

min VcML(9) = min Tr (PiR) = min IIPif.ll: 
B 0 e 

4 

8 0 ! s '  ' '  ' '  0.9 ' '  " '  1 .o 
correlation coefficient 

Fig. 1 Algorithm pe&omnce against correlntion co@ient for 
onittm at 0" 
12 element circular array 
l i  radius 

SNR - CO, 201 dB 
0" comlation pharc 
500 snapshots 
ID00 trials 
_ _ _ _  CML - 0 WSF - x MUD 

e,,, E [OS, 107 

dictions of the estimate stan--rd deviation [lo], and the 
symbols indicate sample estimates computed from the 
simulations. 

As predicted, both WSF and MUD yield essentially 
identical performance near the CRB. The CML estima- 
tion error is considerably greater at high correlation 
levels. 
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4 Signal detection 

As mentioned earlier, most techniques developed for the 
signal detection problem rely on statistical tests involving 
the eigenvalues of a. These techniques are based on the 
observation that, in the limit as N + 00, the m - d smal- 
lest eigenvalues of @ are all equal to U’. In his thesis, 
Schmidt [SI proposed exploiting this fact by using a 
standard sequential hypothesis test based on the log- 
likelihood ratio [31-331: 

When d = d’ and the data is real-valued, the LLR can 
be shown to asymptotically have a x’ distribution with 
+(m - d + 2Xm - d - 1) degrees of freedom [33]. Since 
in most antenna array applications both in-phase and 
quadrature data are collected, a complex signal model is 
assumed. The asymptotic distribution of LLR(d’) in the 
complex case is given by the following theorem. This 
result will be used in the next section. 

Theorem 4.1: For zero-mean complex data x(t) E C” 
with covariance R = Y + u’I where rank (Y) = d ,  
the distribution of LLR(d‘) is asymptotically 
x’[(m - d’ + 1Xm - d - I)]. 

Proof: A full proof will not be given here. The theorem 
can be established by making a slight modification to the 
proof in Reference 33 for the case of real data. As hinted 
at in Reference 34, the modification amounts to showing 
that J(NX2, - U’), k = d + 1, ..., m, have the same 
asymptotic distribution as the eigenvalues of a Hermitian 
matrix U whose functionally independent elements are all 
zero-mean, statistically independent complex normal 
random variables of variance u4 (except the diagonal ele- 
ments which are real). In the real-valued case, the only 
difference is that U is real and symmetric, and its diag- 
onal elements have variance 2u4. 

A sequential hypothesis test for determining d based 
on the asymptotic distribution of expr. 20 can be imple- 
mented by choosing a certain level of significance a, and 
then stepping through the various possibilities for d until 
LLR(d)  drops below the a threshold for a 
x2[(m - d’ + 1Xm - d - l)] variate. Similar tests based 
on Akaike’s information criterion (AIC) [20] and Rissa- 
nen’s minimum description length (MDL) principle [35, 
361 have also been proposed [21]. These methods add to 
LLR(a) a term monotonically increasing in d as a 
‘penalty’ for introducing additional free parameters to the 
model. 

4.1 Combined detection and estimation 
The major drawback to the above detection procedures is 
that, strictly speaking, they estimate the dimension of the 
signal subspace d’ and not the number of signals d. If no 
two signals are perfectly coherent, then d = d ;  however, 
the presence of fully coherent signals implies 
rank (S) = d < d. Even in situations where the signals 
are highly correlated but d = d ,  the above methods (AIC, 
MDL) will often underestimate d. To determine d in cases 
where S is rank deficient (or nearly so), one must resort 
to simultaneous detection and estimation of the DOAs, 
and several techniques have been proposed [ l l ,  14, 23, 
241. The addition of the estimation step essentially allows 
one to compare the distance between E, and a postulated 
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signal subspace based on a d-dimensional estimate 6. If, 
for a given d, this distance is ‘too large’, one might con- 
sider increasing the estimate of the number of signals to 
d + 1 and trying again. 

To be more precise, consider the approach of Refer- 
ence 1 1  based on the WSF algorithm. Viberg and Otter- 
sten showed that if the d-dimensional estimate b-attains 
the global minimum of expr. 5, then 2NVw,,(B)/t2 is 
asymptotically x2[2d(rn - d) - 4. Based on this result, 
they developed a sequential hypothesis test similar to 
that for expr. 20. An estimate of d’ is first obtained using 
one of the above methods, and thenA DOA estimates are 
computed for d 2 d until 2NVwsA@)/t2 drops below a 
preset threshold based on its hypothesised distribution 
and a desired level of significance. The success of this 
method as reported in Reference 11  motivated the main 
result of this section, which is presented below. 

4.2 Detection without EVD 
As with the other methods mentioned above, the WSF 
detection approach requires an EVD for its implementa- 
tion. The purpose of this section is to demonstrate that a 
detection algorithm similar to that for WSF can be devel- 
oped for the cost function in expr. 9. The advantage of 
such an approach is that d can be estimated without 
computing an EVD. The following theorem forms the 
basis for the new detection procedure. 

Theorem 4.2: If d = d and 6’ is a consistent estimator of 
U’, then 

2N 2N v.,,(e) = Tr {Pfi(e)[R + d4R- - 2d21]} (21) 

evaluated at its minimising d-dimensional argument 6 is 
asymptotically ,y’[r,] + 2x2[r2], where 

rl = 2d(m - d) - d 
r2 = (m - d + 1Xm - d - 1) 

Proof: It was shown in theorem 3.1 that expr. 21 can be 
written as 

VM,,(6) = Tr (Pi E, W, E:) + Tr (Pi 6, W, 6:) 
= Vw&) + Tr (Pi 6, W, E:) 

where W, = (A, - f21)2A;1. A Taylor series expansion 
of v,(e) = Tr (Pi(O)E, w,E:) and v;(e) = avjae around 
the true DOA parameter vector 8, yields 

v,(e) = v,(e,) - 4 v,‘(e,){ P:(e,)} - qe , )  + O(N - I )  

where 

@ the limiting Hessian. It is shown in Reference 33 that 
A, = 0’1 + O(N-”’), which implies that W, = O(N-’) 
and hence that 

Since PA(eO)$ = O(N - ’/’) when d = d [7], we have 
v,(e,) = Tr (pi(e,)E, w,E:) = Tr (w,) + o ( ~ - ’ )  

Thus, the cost function in expr. 21 evaluated at 6 is 
asymptotically equivalent to 

(22) 
where terms smaller than O(N ’) have been neglected. 

With appropriate substitution of consistent estimates 
in W, and W,, the two terms in the sum of expr. 22 can 
be shown to be independent of one another [33] (see also 

v,@) %(eo) 

vM”,(e) = b S A 6 )  + Tr (W”) 
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Reference 37). As mentioned earlier, Ottersten and Viberg 
have shown that 2NVwsd6)/d2 is asymptotically 
z2[2d(m - d) - 4, so it remains now to derive the dis- 
tribution of 2N Tr (W,)/d2. This can be done by noting 
that 

+ o ( N - ’ )  N Tr (W,) N Tr [(A, - d21)2] ~- - 
d2 D4 

where H ‘%J(N)(& - d I ) .  Using the ‘proof‘ of theorem 
4.1 given above and following a procedure identical to 
that given in section 3 of Reference 33 (with 22: replaced 
by I: for the complex case), it is easily verified that 

This fact together with the distribution of 2NVWs&)/d2 
completes the proof of the theorem. 

There are several interesting observations that can be 
made in light of theorem 4.2 and its proof. The first is the 
observation that V,,,(9) can be decomposed into two 
terms, one equivalent to the WSF criterion function, and 
the other asymptotically proportional to the log- 
likelihood ratio of expr. 20. Since in most applications 
m - d > d, it is clear from the number of degrees of 
freedom of the two terms that the dominant component 
of VMU&) will be due to Tr (WJ. Even though VMu& is 
always strictly greater than Vws& (they are not equiva- 
lent to -order o(N-’)), the asymptotic equivalence of 
YMu,, Vhup and V’,,,, VksF (to orders o(N-’”)  and 
o(l), respectively) guarantees that in the vicinity of the 
global minimum, the shape of the two cost functions is 
essentially identical. Consequently, both algorithms will 
yield asymptotically equivalent estimation performance. 

Another interesting property of V,,d9) to note is that 
it bears a striking resemblance to an asymptotic hypothe- 
sis test used in determining whether or not a given vector 
corresponds to an eigenvector of R with eigenvalue of 
multiplicity one (see Appendix B of Reference 33). With 
the factorisation Pi = QQ*, V,,d9) may be thought of 
as testing in a similar way whether or not the columns of 
Q ‘equal’ the eigenvectors corresponding to a root of R of 
multiplicity m - d. The term ‘equal’ here would mean 
that Q = E, 8 for some unitary 8. 

Based on theorem 4.2, a simultaneous detection and 
estimation scheme similar to that in Reference 1 1  can be 
formulated. The steps of the procedure are outlined 
below : 

1. Set d = 0. 
2. Let the null hypothesis be H, : d = d. 
3. Choose a threshold y for the hypothesis test based 

on the distribution of expr. 21, and some desired con- 
fidence region. 

4. Estimate 6 under H o  , and evaluate VMuD(6). 
5. If 2NVMud6)/d2 < y, accept H o  and stop. 
6. If ?NVMuo(6)/d2 > y. reject H ,  and set d + d + 1. 
7. If d = rn, stop; otherwise, return to step 2. 

If the above procedure terminates with d = m, then it 
is concluded that the covariance matrix does not have 
the structure imposed by the data model in expr. 3. Note 
that when d = d’, the above method can be made to be 
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strongly consistent? if the threshold y is made to depend 
on N [38]. 

The restriction to d = d in theorem 4.2 is a result of 
the assumption that 

used in the proof to eliminate Tr (P,(9&, W, Et) from 
VMudOo). This assumption is not valid when d > 6, and 
the consistency of the above estimation scheme is lost in 
such cases. However, it can still effectively estimate d in 
sjtuations where d > d ;  though the probability that 
d = d may not asymptotically approach 1, it should still 
be reasonably high. 

4.3 A simulation example 
To examine the performance of the above detection algo- 
rithm, a scenario involving a sixelement uniform linear 
array (ULA) and two 99% correlated emitters was simu- 
lated. A 6 dB source was located at 0”, while the location 
of a second 3dB source was varied from 2” to 10”. A 
total of 500 trials of the algorithm were conducted, with 
N = 100 in each trial. The probability of detection for the 
algorithm versus the DOA of the second source is plotted 
in Fig. 2, along with detection probabilities obtained 

P”(9,)E” = O(N - 

, ._ .- . - . -. - . 
---_-. ..._. - ...,. ,---- --_ -- . .... --- - ...... 

l ’ O F  , .  , /f i 

i 
1 J’ , I I 1 

4 6 0 10 
source separation, degrees 

Fig. 2 
6 element ULA 

B ,  = variable 
SNR = 16, 31 dB 
99% correlation 
N=100 
500 trials 

~ MUD,95% 
WSF, 95% 

. . . . . . . GLRT, 95% 
MDLC 

Detection probability against source separation 

e, = o m  

_ _ _ -  

from Reference 14 for WSF, the GLRT, and the MDL 
method for coherent sources (MDLC) [23]. A signifi- 
cance level of 95% was chosen for this example, but an 
N-variable threshold was not used. For simplicity, an 
approximation to the distribution derived in theorem 4.2 
was used to calculate the detection threshold for MUD. 

The MUD detection scheme performs slightly better 
in this example than the GLRT, significantly better than 
MDLC, but has about a 1 dB higher threshold than 
WSF. As expected, all of the methods approach a detec- 
tion probability of about 95% as the source separation 
increases (except MDLC, which is not based on a 
subjective threshold). Note that the original MDL algo- 
rithm proposed in Reference 21 incorrectly estimated 
d’ = 1 in every trial. 

t A strongly consistent estimate is one that converges to the true value 
with probability 1 as the number of data samples approaches infinity. 
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5 Conclusions 

In this paper, a new alternative algorithm for maximum 
likelihood DOA estimation and detection has been pre- 
sented. The algorithm is able to obtain (strongly 
consistent) estimates of the number of signals and their 
DOAs without resorting to an eigenvalue decomposition. 
When new data is obtained by the array and the DOA 
estimates must be recomputed, the computation required 
to perform the update are simple and easily parallelised. 

The algorithm was shown to be asymptotically equiv- 
alent to weighted subspace fitting and the stochastic 
maximum likelihood method, and thus is guaranteed to 
provide asymptotically unbiased and efficient DOA 
estimates. In addition, the asymptotic distribution of the 
criterion function was derived and shown to be equal to 
the linear combination of two chi-squared random vari- 
ables. This result was then used to develop a sequential 
hypothesis test to determine the number of signals 
present. 
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