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Fig. 12. Estimated versus calibrated Teflon@ film thicknesses (two inde- 
pendent measurements for each thickness) 
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Fig. 13. (a) Ultrasonic echoes from a healthy volunteer’s radial artery and 
(b) processing of the proximal part of the signal. The main peak occurs at 
a time delay t = 0.56 ps, corresponding to a 0.42 mm thickness. 

C. Preliminary In Vivo Results 

Ultrasonic echoes from a healthy volunteer’s radial artery are 
given in Fig. 13(a). Processing of the echoes from the proximal 
wall and the distal wall of the signal leads, respectively, to time 
delays of 0.56 ps corresponding to a thickness of 0.42 mm (Fig. 
13(b)) and 0.82 ps corresponding to 0.62 mm. Interpretation of 
these results remain to be done. 

V .  CONCLUSION 

A novel signal processing method is presented for the measure- 
ment of thin layer thicknesses from backscattered pulsed ultra- 
sound. It is based on the assumption that the layer is composed of 
two parallel interfaces. The double-interface signal can be modeled 
by a pair of Dirac distributions. The ES of the double-interface 
signal is a sinusoidal function in the frequency domain. Its period 

is inversely proportional to the expected thickness. The logarithmic 
derivative of the measured signal ES allows the separation of the 
contributions of the double-interface and the system response. The 
system contribution is either calculated (straight line in the case of 
a Gaussian envelope signal) o r  measured by calibration and then 
removed. After bandpass filtering to eliminate noise, the envelope 
of the inverse Fourier transform is calculated for recovering the 
periodicity due to the double interface. The main peak of this en- 
velope provides the expected thickness. 

This technique has proven its efficiency on simulated signals. An 
experimental validation at 10 MHz has shown that our method al- 
lowed to measure thicknesses down to 75 pm with high SNR or 
down to 150 pm with SNR = 0 dB. The comparison of the method 
with other techniques has demonstrated advantages of our method. 
Preliminary in vivo measurements provided some estimates of the 
radial arterial wall thickness. 

The proposed method is a very promising technique for double 
echo detection. 
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DOA Identifiability for Rotationally Invariant Arrays 

A. Swindlehurst 

Abstract-This correspondence considers the problem of direction- 
of-arrival estimation using sensor arrays composed of two identical, 
uncalibrated, and rotated subarrays. It is shown that such arrays do 

Manuscript received May 7, 1991; revised January 16, 1992. 
The author is with the Department of Electrical and Computer Engi- 

IEEE Log Number 9200245. - neering, Brigham Young University, Provo, UT 84602. 

Authorized licensed use limited to: IEEE Editors in Chief. Downloaded on August 17, 2009 at 19:17 from IEEE Xplore.  Restrictions apply. 



1826 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 40, NO. 7, JULY 1992 

not provide an identifiable parameterization of the problem; i.e., un- 
like ESPRIT, unique estimates are not possible when more than one 
signal is present. 

I. INTRODUCTION 

Under the assumption of narrow-band signals, the output of an 
M-element array ~ ( t )  E qM due to d signal sources is described by 

(1) 

where s ( t )  E qd represents the signal amplitude and phase at time 
t ,  n(t)  E qM is additive noise (assumed for simplicity to be spatially 
white: & {n ( t )n*( t ) }  = u2Z) ,  and A(0)  E q M x d  is the array response 
matrix parameterized by the direction-of-arrival (DOA) vector 0 = 

(2) 

It is assumed here for simplicity that the array response for each 
signal in (2) is a function of only a single angle parameter 8, (e.g., 
azimuth only). There are a number of important applications for 
which the model of (1) is appropriate. The goal of these applica- 
tions is to use several observations from the array to estimate the 

The majority of algorithms developed for this problem require 
that the array response matrix A(0) be completely known for a given 
parameter vector 0. This is usually accomplished by either direct 
calibration in the field, or by analytical means using information 
about the position and response of each individual sensor (such as 
is done with a uniform linear array (ULA), for example). A notable 
exception is the ESPRIT algorithm [ l ] ,  [2], which assumes instead 
that the M-element array is composed of two identical, translated, 
m-element subarrays, where m < M 5 2m in general. For subar- 
rays that do not overlap (i.e., share elements), M = 2m, though in 
general M I 2m since overlapping subarrays are allowed. 

The ESPRIT assumption of translationally invariant subarrays 
leads to a very special form for A(0) .  To see this, let Jo and J ,  
represent m x M selection matrices that assign the elements of ~ ( t )  
to the two subarrays. Then 

~ ( t )  = A(O)s(t) + n(t) 

[e , ,  ' . ' 2 BdlT: 

A(O) = [@,) ' ' . a(ed)]. 

DOA's 191, . . * , Bd.  

(3) 

where @ is a unitary diagonal matrix with diagonal elements 4, 
given by 

(4) 

and where X is the wavelength of the narrow-band signal, A is the 
distance between the subarrays, and A, (0) represents the response 
of subarray 0 (assumed to be full rank m > d for all e). 

The ESPRIT algorithm exploits the structure of (3) in the fol- 
lowing way. If E, E q M X d  represents the eigenvectors correspond- 
ing to the d largest eigenvalues of the covariance R = & { x ( r ) x * ( t ) } ,  
and if no two signals are fully correlated, then it is easily shown 
that 

4, = exp { - j2s  A sin B,/X}, i = I ,  . . * , d 

(5 )  

for some full rank d X d matrix T .  Solving for A,(0)  and substi- 
tuting into the lower block of this equation leads to 

E ,  = EoT-I@T = EOY (6) 

where the matrix Y = T - ' @ T  has been defined. Thus, if m 2 d 
and A < X/2, the DOA's may be uniquely determined from the 

eigenvalues of the operator '4' that maps E, onto E l .  Note that this 
result is independent of the value of A , ( @  (as long as it is full 
rank), so the array need not be calibrated in order to estimate the 
DOA's. 

11. ROTATIONALLY INVARIANT ARRAYS 

Several authors have proposed extensions of ESPRIT to more 
general translationally invariant arrays. In [3], arrays composed of 
more than two identical, translated subarrays in parallel are con- 
sidered. Azimuth and elevation DOA estimation using arrays with 
identical, translated subarrays in more than one direction have also 
been studied in [4]-[9]. In this correspondence, the possibility of 
developing an ESPRIT-like algorithm for 180" rotationally in- 
variant arrays is considered. 

To illustrate the type of array geometry to be studied, consider 
the sensor configurations of Figs. 1 and 2. The arrow superimposed 
on each sensor indicates its absolute orientation in some fixed ref- 
erence frame, and the two subarrays consist of the upper six and 
lower six elements, respectively. If array 1 is rotated 180", and 
each of the sensors is forced to maintain its absolute orientation 
relative to the fixed reference frame, then another array identical 
to array 1 is obtained. The same is also true for array 2,  except that 
in this case the orientation of the individual sensors changes as the 
array is rotated. Strictly speaking, the analysis of this paper will 
only apply to a rotational invariance of the type exhibited by array 
1. However, in many cases the individual antenna elements have 
response patterns that are themselves 180" rotationally invariant 
(i.e.,  they are symmetric about some axis of rotation), in which 
case arrays 1 and 2 are equivalent. Thus, the ideas presented below 
will often apply to arrays which possess the kind of rotational in- 
variance exhibited by array 2 as well. 

Both circular and linear arrays belong to this class. As in the 
case of linear arrays and translationally invariant subarrays, a cir- 
cular array possesses a number of possible subarray structures 
which satisfy the required rotational invariance, some of which lead 
to overlapping subarrays. An example of a maximally overlapping 
subarray structure for a circular array is depicted in Fig. 3 .  

As in the case of ESPRIT, rotationally invariant arrays like those 
depicted in Figs. 1 and 3 lead to a very special shift structure for 
the array response. Instead of (3). vectors from the array manifold 
of these arrays are decribed by the equation 

(7) 

where &(e) denotes the complex conjugate of the subarray mani- 
fold A,@),  and @ is defined exactly as in (4) except that A is the 
distance between a given arbitrary sensor (the reference) and its 
identical twin in the companion subarray, and 0 is measured with 
respect to the normal of the line joining these two sensors. The 
conjugation of A,  accounts for the fact that the propagation of a 
wavefront across one of the subarrays can be considered to be 
equivalent to the same wavefront propagating backwards across the 
rotated companion subarray. The diagonal matrix @ takes care of 
the bulk phase shift due to the delay in propagation between the 
arrays. 

This particular definition forces the row of A,(0)  corresponding 
to the reference sensor to be purely real, but this is not a problem 
since any non-zero phase response for the reference sensor in di- 
rection 0, can be lumped together with the phase of the ith signal 
waveform. For simplicity, in this paper it will be assumed (without 
loss of generality) that the reference sensor corresponds to the first 
row of A , @ ) ,  and that this row is composed of all 1 ' s .  

For an array satisfying (7), the eigenvectors corresponding to 
the d largest eigenvalues of the covariance R will satisfy (compare 
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Fig. 1 .  Rotationally invariant array 1. 

by first normalizing JE, so that its first element is one, and then 
solving, for example, 

- 

4 = -  ETEO 
E,*En' 

If A < X/2, the DOA can be uniquely determined using (4). 
To demonstrate that the model of (8) is not identifiable for d > 

1 ,  it will be shown that there exists a full rank d X d matrix TI,  a 
full rank rn x d matrix A ,  with first row all l ' s ,  and a diagonal 
matrix Cl = diag {eJu ' ,  . . . , ejWd} such that 

] = ["I ] TI 
Ze@ x,n 

for arbitrary a,, . . . , wd satisfying 

and JwI /  < T, U,  # wk,  i # k ,  i , k  = I ,  . . .  , d .  (11)  

In other words, there are an infinite number of matrices of the form 
(7) that satisfy the subspace relationship of (8),  and hence there are 
an infinite number of possible DOA estimates given only JE,. 

For a given Q satisfying ( l l ) ,  let A ,  = A,T;' and TI = 
Q-"'"X%"' for some real-valued d X d matrix X .  It is easily 
verified that these choices satisfy (10). It now remains to choose X 
such that the first row of A ,  is all l ' s ,  i .e.,  

[ l  . . . 11 = [1  . . . l]Q-":z'X$Jl/',  

Fig. 2. Rotationally invariant array 2. 

subarray 0 
_ _ - - - - _ _  - -  _ -  A - - -  

This is equivalent to choosing X such that 

XT[w, w , l  = t 6  & I  
where 

w, = Re (diag { Q - " ' 2 ) } )  

w, = Im (diag { Q - " ' 2 ' } )  

= Re (diag {%-("'I}) 

4, = Im (diag {W("*)}) 

subarray 1 

Fig. 3 .  A possible subarray configuration for a circular array. 

with ( 5 ) )  

for some full rank d X d matrix T, and the corresponding relation- 
ship between EO and E ,  is 

E ,  = E o T - ' @ T  

= EnYc. (9) 

The factorization Yc = T - ' @ T  is referred to as a coneigendecom- 
position, and the DOA's are thus a function of the coneigenvalues 
of Yc (e.g., see [IO]). It is interesting to note that, while the ei- 
genvalues of the ESPRIT operator Y are uniquely defined, the 
coneigenvalues of a given matrix are not. This is fundamentally 
the reason why unique DOA estimates are not possible when d > 
1 , as demonstrated below. 

111. IDENTIFIABILITY 

If there is only one source present, d = 1 and E ,  i s  M x 1.  The 
lone element of @ (described by (4)) in this case can be obtained 

Re { . } and Im { . } denote real and imaginary parts respectively, 
and diag { . } here denotes the column vector formed from the di- 
agonal elements of the argument. Provided d 2 2 and the elements 
of Q satisfy (1  l ) ,  such an X is always possible since both [w, w , ]  

are equally as valid as d , ,  . . . , I # J ~  in satisfying the subspace model 
and [4, 41] are rank' 2 .  Consequently, the angles U , ,  . . . > *d 

of (8). 

IV. CONCLUSION 

Although the shift structure of the steering vectors for an array 
composed of identical rotated subarrays bears a striking resem- 
blance to that for ESPRIT, unique DOA estimates are not possible 
when more than one signal is present. This loss of identifiability 
could only be overcome by somehow incorporating information 
about the individual subarray responses. However, doing so would 
probably mean that a computationally efficient solution such as that 
for ESPRIT would not be possible. 
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Azimuth and Elevation Computation 
Resolution DOA Estimation 

Cambridge, En- 

in High 

A. J .  van der Veen, P. B. Ober, and E. F. Deprettere 

Abstract-In this correspondence, we discuss a number of high-res- 
olution direction finding methods for determining the two-dimensional 
directions of arrival of a number of plane waves, impinging on a sensor 
array. The array consists of triplets of sensors that are identical, as an 
extension of the ID ESPRIT scenario to two dimensions. New algo- 
rithms are devised that yield the correct parameter pairs while avoid- 
ing an extensive search over the two separate one-dimensional param- 
eter sets. 

I .  INTRODUCTION 
ESPRIT [ 11 and ESPRIT-like subspace based high resolution 

DOA algorithms (e.g., [2], [3], see [4]-[6] for an overview) are 
usually designed to determine the directions of arrival of narrow- 
band noncoherent signals in only one parameter dimension, i.e.,  
array and waves are confined to a single plane. The extension to 
the 2D case, where both azimuth and elevation angles have to be 
determined, is in general nontrivial. The decomposition of the 
problem into two independent 1D problems results in two decou- 
pled parameter sets, which have to be combined to correct param- 
eter pairs. The above-mentioned approaches to solve the 1D DOA 
problem exploit the translation-invariant structure present in the 
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array geometry and typically end up with a matrix pencil, formed 
on the data after noise reduction by SVD-based algorithms. The 
generalized eigenvalues of the pencil contain (implicitly) the di- 
rections of arrival of the impinging signals. In the 1D based 2D 
case, two pencils are constructed on three data matrices, and, after 
having solved these pencils independently, the problem of eigen- 
value matching occurs: an algorithm must be found to combine 
azimuths and elevations correctly. This parameter matching is es- 
sentially what makes the 2D problem more difficult to solve. Dif- 
ferent approaches have been alluded to in the literature. For ex- 
ample, Zoltowski and Stravrinides [7] describe a correlation 
technique resulting ultimately in a MUSIC search in parameter 
space, which is computationally not very attractive. A second ap- 
proach in [7] is obtained by constructing a third matrix pencil, hav- 
ing generalized eigenvalues equal to the quotient of the correct pa- 
rameter pairs. These quotients can be used to search for the correct 
pairs. Another method is described briefly in [8], in which the 
matching is determined by checking a certain optimization criterion 
for all possible pairs of angles. This is an O ( d ! )  process, where d 
is the number of sources, and without special programming tech- 
niques this is feasible only for small d .  

In this correspondence, we are interested in algebraic methods 
that avoid such a combinatorial search. Two new approaches are 
considered, both based on the observation that the data matrices 
share the same common set of eigenvectors in case no noise is 
present. Two matrices sharing the same eigenvectors can be dia- 
gonalized by the same similarity transform, and hence the two un- 
derlying pencils can be solved for by diagonalizing the first pencil, 
and applying the similarity transform that was needed to the sec- 
ond. The correct pairings are found directly and without extra ef- 
fort. When noise is present, this property is lost. We will describe 
how this method can be adapted such that the correct eigenvalues 
of each pencil are determined, along with an estimate of the pair- 
ing. The first new approach is based on this idea and yields good 
results, yet is “in style” with the VLSI parallel array architecture 
described in [5] and is extremely cheap in the number of extra op- 
erations. See Section 111-A. 

The second new approach is based on the idea to approximate 
the data matrices by adding small perturbation matrices such that 
the resulting matrices will have equal eigenvectors, or, equiva- 
lently, that the two resulting matrices will commute. This approach 
was briefly reported in [9]. It was brought to our attention that a 
similar, although not identical, approach was presented indepen- 
dently by Swindlehurst and Kailath [lo], [ l l ] ,  who perturb only 
one of the two matrices such that its eigenvectors will coincide with 
the eigenvectors of the other (unperturbed) matrix. 

11. PRELIMINARIES 

A .  The Data Model 

Consider m sensor triplets, each composed of three identical sen- 
sors with unknown gain and phase patterns, which may vary from 
triplet to triplet. For every triplet, the displacement vectors dxy and 
d,, between its components are required to be the same. This way 
three identical, although displaced arrays are obtained, for refer- 
ence denoted by X ,  Y ,  and Z .  This is a direct extension of the 1D 
ESPRIT scenario to two dimensions. Impinging on every array are 
d narrow-band noncoherent signals sk (I), having an unknown com- 
plex amplitude and a known center frequency wo. Assuming addi- 
tive, stationary, and zero-mean noise, the output signal of the ith 
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