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Decision-Directed Multivariate Empirical Bayes

Classification with Nonstationary Priors

WYNN C. STIRLING AND A. LEE SWINDLEHURST

Abstract-A decision-directed learning strategy is presented to re-
cursively estimate (i.e., track) the time-varying a priori distribution for
a multivariate empirical Bayes adaptive classification rule. The prob-
lem is formulated by modeling the prior distribution as a finite-state
vector Markov chain and using past decisions to estimate the time
evolution of the state of this chain. The solution is obtained by imple-
menting an exact recursive nonlinear estimator for the rate vector of
a multivariate discrete-time point process representing the decisions.
This estimator obtains the Doob decomposition of the decision process
with respect to the a-field generated by all past decisions and corre-
sponds to the nonlinear least squares estimate of the prior distribution.
Monte Carlo simulation results are provided to assess the performance
of the estimator.

Index Terms-Adaptive classification, decision-directed learning,
discrete-time point process, empirical Bayes, Markov chains, martin-
gale difference processes, multivariate detection.

I. INTRODUCTION
T HIS paper addresses the problem of learning the prior
l probability of occurrence (i.e., relative frequency) of

a signal or class of signals with respect to the parameters
of the classification system. This statistical representation
of the signal occurrences leads to the development of de-
cision techniques which may be tuned to the local char-
acteristics of the signal and permit on-line tracking or
learning of these characteristics. We pursue an empirical
Bayes approach, wherein the prior distribution is esti-
mated from the data. Empirical Bayes procedures are well
known, [1]-[4], but deal almost exclusively with the sta-
tionary case where the prior distribution is constant. For
the stationary case, there exist asymptotically submini-
max decision rules that approach the Bayes envelope. Our
problem is somewhat more complex, however, since we
permit the decision environment to be nonstationary and
assume that the prior distribution may evolve with time.
One may not be able to wait until all the data are received
to make decisions. In fact, a real-time classification ca-
pability is often necessary, and critically, it must be able
to adjust the structure of the decision rule adaptively to
ensure that the classification is being made as accurately
as possible. These constraints on the empirical Bayes pro-
cedure are severe and render classical decision rules in-
adequate to deal with the tracking capability. As an alter-
native, the decision-directed approach represents a
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significant departure from classical empirical Bayes pro-
cedures, but fits well into the general class of adaptive
detection procedures such as generalized likelihood ratio
tests.
The philosophy of decision-directed procedures is il-

lustrated in Fig. 1. In this figure, we consider a received
signal that is then subjected to processing, which involves
decision-making procedures to detect and extract the sig-
nal. The outputs of the signal processor may be used to
generate an estitnate of the signal model and feed it back
into the classification block to modify the decision rule.
The problem of simultaneous detection and estimation

is developed in a decision-theoretic setting in [5], [6], al-
though these researchers do not discuss the decision-the-
oretic extensions to the problem. Decision-directed pro-
cedures have been used in [7]-[10] for adaptive (untaught)
pattern recognition, wherein signal parameters are esti-
mated using only observations classified as containing the
signal. Other decision-directed adaptive classification
schemes have been proposed for synchronous detection
[11] and for adaptive equalization in the digital commu-
nications context [12]. Decision-directed procedures have
been used for various unsupervised learning problems
[13]-[20] and for analysis of Gaussian mixtures [21]. Per-
haps the first rigorous analysis of the decision-directed
empirical Bayes approach was conducted in [22], which
investigates the binary detection problem with unknown
priors. These results have been further studied in [23]-
[25]. Extension to the nonstationary case is provided in
[26]-[28].
The espousal of the Bayesian approach implies that the

unknown state of nature is described by a prior probability
distribution. The empirical Bayes decision problem is for-
mulated in exactly the same way as a standard Bayes
problem, except that the prior is unknown and must be
estimated from the available data. Suppose that a partic-
ular decision problem occurs repeatedly and indepen-
dently, with the same unknown prior distribution through-
out the experiment. Under this supposition, it is logical
to perform analysis on the observation in an attempt to
discover the prior distribution. We may define an empir-
ical decision procedure as a sequence of decision rules
which learn or adapt from previous experiments and
"converge" in some sense to the true prior. Robbins and
related researchers [1] describe the theory of asymptoti-
cally optimal decision procedures and demonstrate that
such procedures converge to the Bayes envelope function
as the number of experiments increases. These results are
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Fig. 1. Feedback, or decision-directed, rules.

based upon the assumption that the prior distribution is
constant throughout the experiment.
A key aspect of this study is that the prior distribution

is not only unknown, but is subject to change as well.
This change in the assumptions about the prior constitutes
a significant difficulty since the classical convergence re-
sults may no longer be valid. In the extreme case where
the changes are completely unpredictable, it is likely that
the empirical Bayes approach is doomed to failure, and
some other decision criteria should be evoked. If the
changes can be modeled, however, then there is hope that
the prior distribution may be "tracked" in a manner en-
tirely analogous to the way a moving target is tracked
using, say, a Kalman filter. The key assumption, there-
fore, is the model that is used to describe the evolution of
the distribution. In this study, we develop such a model
for the multivariate probability distribution function of a
multiple hypothesis detection problem. This estimator is
cast in a state-space environment (analogous to a differ-
ential system), and a recursive state estimator (analogous
to a Kalman filter) for time-varying prior distribution is
presented.

II. MULTIVARIATE DISTRIBUTION ESTIMATION
Let Y E (Rlm denote the signal space, and let y(t) E Y

denote the observed signal at time t for t = 0, 1,
Let S denote a classification set for the signal y, and de-
fined a decision function

D:Y {O1, 1)1
as a binary-valued function mapping the observed signal
into an abstract classification space. That is,

D[y(t)
I S occurs

D[Y(t)] = lo S does not occur.

For m classes Si, i = 1, - , m, we may define

DJ 0
I Si occurs

=0 Si.does not occur

and consider the m-vector decision function

D(0= [DI( D*-D(-)]T
We note that the classification sets Si need not be disjoint
(i.e., y(t) may belong to any or all of the classes). We
will assume that y (t) must be classified into at least one
of the Si.
We are confronted with an M-ary decision problem (M

= 2 m) involving the M hypotheses

where
Sal am = Sall ns2 n nsf m

with
S for a

= 1Ste = _
S for a = 0

where S means that S does not occur. The Bayesian ap-

proach to this problem is to choose the hypothesis Hi for
which the likelihood function

7ral am(t)f(y(t)ISSa am) (2)

is maximized where f( y ( t) 8 '1am) is the distribution
of y (t) under classification S "1 am and

ol.am(t) = P{II. am} (3)

is the a priori probability distribution for each of the
events S

"° °am. The decision-directed empirical Bayes
approach is to estimate -x 1m(t) by means of the past
decisions {D(s), s < t}.
We wish to consider the problem of estimating the joint

probability distribution of the vector decision process

D( * ). In other words, if we define the discrete-time vec-

tor point process N(t) = [N1(t) Nm(t)]T where

Ni(t) = Di[y(t)],
i=~ ~~1, ** 0m,t= , * (4)

then the problem is to estimate the probability mass func-
tion PN(t)(ra ) = P{ N1(t) = a1, , Nm (t) = am } for

each t where a = [a1 am ]T. In point of fact, PN(t)(C)
is the marginal distribution of the joint vector N(O),
N( 1), * , but we will, for purposes of this analysis,
be concerned only with these marginals and will investi-
gate dynamical equations for them, rather than estimate
the entire joint vector distribution. We will see that dy-
namical equations for PN(t)(a) will be suitable for pur-
pose of tracking real-time behavior of the process N(t)
whereas the joint distribution of the entire process will not
be available in real time.

A. Probability Models
Let G3t- 1 denote a a-field generated by all of the factors

that may affect the distribution of the process N(t) at time
t, and define the joint conditional probability mass func-
tion

PN(t)(C (3t ) =

P{N1(t) = a1, ,Nm(t) = amt63t l}.

This joint probability mass function may be represented
in terms of 2 m = M conditional probabilities, or rates,

xal* cam (t) = pi{Sa am
(t-

= P{11 [Ni (t)(I - Ni(t)) j] = I I(3t-}

| Nt 1(t) N a,c(t)y

where N and -a denote 1 -N and 1 - a, respectively,
the superscript a on N means that N is raised to the power
a (i.e., N1 = N and No = 1), and the notation Ef3 {I }

Hail . * am l am
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(or alternatively, E { 6(3) denotes the conditional ex-
pectation of the argument with respect to the a-field 63.

Let us define the vector A(t) as

A(t) =

x1 * *(t)
x1 ...

x0...* Oll t

.0... 010(t)

.0..* * t)

2m - 1 vector terms.

Since the events are mutually exclusive, we have

EZ a1 ...m(t) c 1
Ul. .am

someai 1

where the sum is taken over all 2 m - 1 values of a1 *
a,m such that at least one of the oi is nonzero. Since the
sum of all values of the probability mass function must
equal unity (the simplex constraint), this constraint may

-p1 1l()*°t 1..lo1
p2. 111(t) p... 110(t) P2 10 .

I II 1 .. . 0 ...

Rp t(t

L2T(t)

TPt(t__

be guaranteed by defining

X 0(t) 1 - I.Z .. (m(t)
aiI .am
someaui= 1

We wish to estimate A (t) as a function of time. To do
this, we require a probabilistic model to characterize this
vector and a model to describe its evolution in time. A
physically meaningful, and at the same time mathemati-
cally tractable, model for A (t) is to represent it as a fi-
nite-state Markov chain. Such a model may be contrasted
with a continuous model for A (t) as follows.

1) The Markov structure permits the evolution of A (t)
to be treated probabilistically via the state transition ma-
trix. This representation may be contrasted with a sto-
chastic differential or difference equation for A (t), which
may be difficult to treat analytically.

2) The finite-state model permits limits on the range of
A (t) to be imposed, and the rate may be restricted to the
expected domain of the parameter space. Such a limita-
tion may, for example, be chosen to reduce or eliminate
the probability of runaway (i.e., divergence of the esti-
mator), which is a possibility in the decision-directed es-
timation context.

Under the Markov structure, we may represent A (t) as
a finite-state vector Markov chain with states pl(t),
* * *, pr(t) where

pi(t) =

Pi 1l(t)

*Pi ° (t)

pi 1 (t)

o.. 010(t
po 001(t)

i=1, , r.

Define the state vector x (t) = [x1(t), , xr(t) ]T as

Xi(t) = 1 if A(t) = pi(t)
&O otherwise,

i 1, , r. (5)

Thus,
A(t) = RT(t) x(t)

where the r x (M - 1) matrix R is
0... 01 t

.0
t P

1
P.1 011 (t) P.. 011(t) po 010(t) p 001

P2 11(t) p2° 211(t) pU 010(t) p0 (t)

Pr (t) Pr° 011(t) pr 010(t) pr). (t)j

The state, therefore, characterizes the probability distri-
bution of the vector process N( t). In other words, knowl-
edge of x (t) specifies the joint probability mass function
PN(t)(a) sitce we have

PN(t)(Ul * elm) = xaI am(t) _ pal * (t)

where the index i corresponds to the single nonzero ele-
ment of x(t).
The evolution of the state may be characterized by

means of a state probability transition matrix

q,j(t) = P{xj(t + 1) = 1 xi(t) =
i,j = 1, r.1, J = , * , r. (6)

Let Q(t) = [qij(t)] denote the state transition matrix.
Then the state evolves as

x(t + 1) = QT(t) x(t) + u(t) (7)

where u(t) = x(t + 1 ) - QT(t) x(t). Define the family
of a-fields

63t = o{N(s), s c t, x(s), s c t + 1};
we observe that u (t) E (t and E(u (t) |63t- 1 ) = 0. Con-
sequently, { u } is a martingale difference (MD) [29, ch.
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VII] process with respect to the family of a-fields { (i }.
Notationally, we say { u } is a { 63 }-MD.
We may define the individual rates Xi(t) of the com-

ponents of N(t) in terms of the elements of A (t). Since
the 2m events 8r1 am = n im 1Si are mutually exclu-
sive, the law of total probability requires that

Xi(t) P{Ni(t) = 1 63, -1} = Z cXl .a m(t)
CYi= 1

r

=E E [pl. ~~Ima(t)]I Xi(t)
-i ...m i= (8)

cxi=1

where the summation is taken over all cj, except for the
ith term ai, which is set to unity. We may render this
expression in matrix notation by defining the vector

is an r x m matrix. As examples, it is instructive to take
cases where m = 2 and m = 3. For m = 2, we obtain,
for constant R,

s, = rl + rl°

11 01
S2 = r + r

thus,

lt 1 i1 + plO1 l ]Clt

Lx t)LX2( t) Lp 1 1 + p Ol . .. p 11 + p O0L

For m = 3, we obtain

S1 = rill + riio + rlol + r °°

S2 = rill + rllo + roil + ro1o
S3= rll + rl° + roll + r°°l;

thus,

l(t) pll + pl + p1 1O + p100 . . . ll + p 101+ plOl + p XI(t)

111 110 011, 010 111 110 011 010X\2(t) =p 11+ p 10+ pOl + pO1 . . . p 11+ p 10+ pOl + pO1
X3(t)j_ p1 +p1 +pl +ip p +P I1r +pr +LX3() p i111 101 011Ol 001 111pil 101 011Ol 001 x(

Pi
-am(t)-

p a2 am ( t)

Ci~~ ~ ~~~~gI ..*i2 g

a(X1 . .

m 0 1 }

Notice that the r(t) vectors compose the matrix R(t) by
columns, whereas the vectors p T(t) compose the matrix
R(t) by rows, i.e.,

Ppf(t)1
R(t) =

L T(t) j

Thus, we may write

Xi (t) =

= [rl .11(t) ... r °.01(t)].

T

rl ... am(t)
ai= ma1-1~~~~~~

where
Si(t) = Ei racl ... am(t)

il* *aa>i am1

x(t) = sT(t) x(t).

i = 1, , m.

Since X E [0, 1 ] we must have the elements of each si
vector bounded by unity, i.e.,

O C sii C 1, i = 1, * . .9 m j = 1, - - - r.

Consequently, we may express the vector of rates k(t) =

[ X1(t), , Am(t)]T as

;(t) = ST(t) x(t)
where

S(t = [SI(t), SAOt, * * * S m(O)]

B. Estimation Procedure
A useful characterization of the point process { N } is

to obtain its Doob decomposition with respect to { (B3 }.
The Doob decomposition [30, ch. 2] of a process { N }
with respect to a family of a-fields { 63 } is the represen-
tation

N(t) = X(t) + w(t)

where k(t) is a {63 }-predictable process (i.e., X(t) E
(B, -1 for all t) and w(t) is a {6(3}-MD sequence (i.e.,
w(t) e 63t and E(w(t)l63tI) = 0). From the above
development,

k(t) = E(N(t)1 63 1)

and if we define

w(t) = N(t) - E(N(t)L|t 1) B

then

N(t) = X(t) + w(t) = ST(t) x(t) + w(t) (10)

is the (unique) Doob decomposition of { N } with respect
to { (3 }I

Equations (7) and (10) represent a type of state-space
model for the system under study. The dynamics equation
(7) describes the evolution of the process x(t) over time
and is analogous to a linear difference equation driven by
a noise process. The observation equation (10) provides
the relationship of the observed process N(t) to the state
and is analogous to the signal-in-additive-noise process
familiar to linear estimation problems.
Although (7) and (10) are linear in all terms, they can-

not be treated with standard results from linear estimation
theory since the processes { u } and { w } are not additive
white noise (i.e., uncorrelated) processes (in [31] it is
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pointed out that the MD property is an intermediate prop-
erty between independence and uncorrelation in that in-
dependent processes possess the MD property and MD
processes possess the uncorrelation property). A key
property of the MD processes { u } and { w } is that u (t)
and w (t) are completely unpredictable given (, - 1 This
is the basic property to be exploited in developing the es-
timator for essentially the same reason that uncorrelation
is basic in developing standard linear estimators. Linear
estimation techniques, therefore, are not appropriate for
this problem since the MD property is more restrictive
than the uncorrelation property.

If x ( t) were known, the problem of predicting N( t) at
any time t would be solved, regardless of the past history
of N(- ). Unfortunately, x(t) is not directly observable;
only N(t) is observed. We are thus faced with the prob-
lem of estimating x (t) in order to render an acceptable
prediction of N(t). To formulate this estimation problem
more clearly, let us define the family of u-fields 3 t as

9¾= o{N(s), s c t} (11)

is the conditional covariance of p(t) and v(t), and the
matrix

(v, V)t = E31- v(t) vT(t) (17)

is the conditional variance of v ( t).
The conditional covariance (i, v), (see [32]) is the r

X m matrix

Pt- [ (t) vT(t)]
= QT(t) diag {x(t|t - 1)} S(t)
- QT(t) x(t| t - 1) x T(t It - 1) S(t)

= QT(t) [diag {x(tlt - 1)}
X(t|t 1) XT(t|t 1)] S(t) (18)

where diag { *} denotes a diagonal matrix whose diagonal
elements are composed of the elements of the vector ar-
gument.
The conditional variance (v, v)t [32] is the m x m ma-

trix

and compute the conditional expectation of x (t) given
it- 1. To do this, we draw upon two fundamental results
of martingale theory, namely, the innovations theorem and
the representation theorem [31]. Application of these
theorems results in a nonlinear estimation procedure to
obtain the Doob decomposition of {N} with respect to
{ 3 }, yielding

N(t) = k(tIt - 1) + v(t)
= ST(t) x(t|t - 1) + v(t) (12)

where { v } is an {I }-MD process and I (t t - 1) is the
conditional expectation of x ( t) given it - 1
The process x (t) modulates the rate of the discrete-time

vector process N(t) according to (7) and (10). We wish
to obtain equations of evolution of the process

x(t + 1 t) = E{x(t +41) I} - E= x(t + 1),

the conditional expectation of x ( t + 1 ) given the a-field
5t. We follow the results of [32] and obtain an estimator
of the form

x(t + I t) = -E£1x(t + 1)
+ (jI, V)t(V, V)t Iv(t) (13)

where

-(t)= E3lx(t + 1) - E3t-lx(t + 1)

£1t- [V(t) VT(t)]

(
1 )2 )\ 12_X12 - )\l2 )2 - (X2)

A
_ AXAA__ lm 212 X2 2 - XX2

l XlXm X2m - X2Xm

where the time arguments ( t t - 1 )
pressed for brevity, with

... Xlm - x1Xm

)X 2m - X2Xm

. . . )_()

m M

(19)

on X have been sup-

Ai(tlt - 1) = s A(t)x(t|t - 1)
and

Xij(tlt - 1) =

(20)

E 5. ...cem(t|t - 1)

a1 a 1=

=EZ (pal .Cm)T(t) X-(tIt - 1),
(xl .cem
ai = oe = I

i.e., the sum is taken over all a, . . . c°lm such that cxi =
ogj = 1. Define

sij (t) E pal am(t)
aI.. am
ai= a 1

to obtain

Xjj(tI t 1) = s '(t) X(tj t - 1). (21)
and

v(t) = N(t) - E't IN(t)
= N(t) - ST(t)E3 -'x(t),

the matrix

(Fi, V), = E£31 11(t) vT(t)

(15)

Thus, the estimator becomes, using (18) and (19),

x(t + 1 It) = QT(t) x(t It - 1) + E£3t'[ (t) vT(t)]
(22)

This estimator is recursive, which provides the capability
(16) of real-time implementation. It is necessary, however, to
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initialize this estimator with

xe(l1) = x0

where xo is given. Typically, this quantity would reflect
the uniform distribution or other a priori information
available at time t = 0. The resulting rate estimate for the
rate vector is, therefore,

A(t + lit) = RT(t + l)x(t + lIt). (23)

1) Examples of Covariances As examples of (v, v),
consider the cases m = 2 and m = 3. For m = 2, we have
only one term in the summation for ( t - 1) =
)ol(t t - 1), and the convariance matrix is

EPt-'[V(t) VT(t)] = [ - ( )2]

(the time argument has been dropped for brevity) where,
following (20),

~X= xO11+10

X= x11 + x01

and, following (21),

F =12==X3w
For m = 3 , we have

Eg:t-I[v (t) v T(t)]
X12- XIX2
-2 ( X)2

- Ax3

X23 - \2)X3

.XI X3
-X2X3

( \3) _J

where

l=11 + x110 + x101 + x100

X2 = x111 + x110 + x011 + x010

X xIl + x101 + 011 + XP10

and

X12 = X1 + x21

) = P11 + P10
= 111 + P01=2 X ± i

C. Covariance of Estimation Error
The recursive estimator given by (22) and the corre-

sponding rate estimate given by (23) represent the mini-
mum mean-square error prediction of x(t + 1) and
A (t + 1) given it, the past and present data. We may
obtain the conditional uncertainty on these estimates by
computing the conditional covariance matrix of the esti-
mation error

xc(t + l It) = x(t + 1 ) - x(t + l It)
A(t + lit) = A(t + 1) -AA(t + lIt). (24)

The estimation error covariance of x ( t + 1 t) may be
computed as

P(t + 1 t) = EJtg(t + 1 t) x?T(t + lIt)
= EPtx (t + 1) xT(t + 1)

-_x(t + lIt) T(t + lIt)
-=EP'diag {x(t + 1)}

A(t + lit) x T(t + lit)
= diag {x(t + lit)}

- A(t + lIt) *T(t + lIt),
and by (23), we have the covariance of the rate estimation
error given by

ll(t + lIt) =PEA(t + lIt) AT(t + lIt)
= ST(t + 1) [diag {Ix(t

- x(t + 1 t) T(t +

+ lIt)}

1 It)] s(t + 1).
At this point, some comments with regard to the recursive
estimator provided in (22) may be appropriate. Note that
although this estimate is recursive and possesses structure
much like a Kalman filter, it is not a linear estimator since
the gain matrix is dependent upon the state and, hence,
upon the data. Furthermore, the covariance associated
with this estimate is a conditional covariance, rather than
an unconditional covariance as with the linear case. Note
also that this covariance does not obey a Riccati equation,
but it is true that the (state-dependent) gain of the esti-
mator is proportional to this covariance, as is the case
with the Kalman filter. Although the estimation error co-
variance provided above is conditional, it may properly
be used in practice to assess the quality of the estimate
forx(t+ l)orA(t+ 1).

III. DECISION-DIRECTED DETECTION

The estimator defined in (22) provides an estimate of
the vector x(t), thus yielding a probability vector
x ( t t -1 ) with components xi (t It -1 ) representing the
conditional probability that A(t) = pi(t). The condi-
tional expectation of A (t) given the a-field it - 1 is

A(tJt - 1) = R'(t)xA(tlt - 1),
which yields rate estimates xi ... am (t I t - 1 ), with
x °(tIt - ) = I - Ecya...mml(tlt - 1). The
joint distribution of N(t) is, therefore, given by

PN(t)(°l °lm Ilt-1 ) = X am(tit - 1). (25)

A. Detector Structure
Let f( y (t) Sa1... am) denote the joint distribution of

y (t) under the hypothesis that 8 "i... am occurs for a * . .

am E { 0, 1 }m. Under the decision-directed strategy, the
estimator given by (25) may be used to characterize the
prior distribution ir a a,,m(t) given by (3) to be used to
calculate the likelihood function given in (2). Since the
events Di [y (t) ] defined by (1) are not mutually exclu-
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sive, the decision-directed empirical Bayes rule for the M
2 n' events 8 aj a, assumes the form

a(Sa1 SY)

1 if i O1..mf(y Sol .m)
ai,... ,|)
c(X, Oem

K 0 otherwise.

(26)

Fig. 2 represents a geometrical interpretation of this de-
cision rule. Let 3 denote a partitioning of Y into M = 2 m
disjoint subsets { T am }, . . . m E { 0, 1 }m, ac-
cording to the rule

amty(t)) = 1 X y(t) E Tal' am
Thus, the decision rule may be implemented by testing
the received signal y (t) to determine in which of the sets
T" apm it resides. The elements of 3 are determined by
the distribution function f( y aI... am) and the estimate
for the prior, a1 am.
The simplest forn of the estimator for 7rai am (t) is to

set

.ac .a(t) = ai (t|(t - 1), (27)

which incorporates the assumption that X is an unbiased
estimator of vr. Using this rule, the decision function takes
a simple form. Based on the previous outputs N(s), s <

t - 1, the rate estimator yields estimates \ai... am
( t t - 1), which may be incorporated into a generalized
likelihood ratio test of the form

6 ( s, * 13m |Y )

1

0

if X f(Y| )

= max { ac fam (y scea ...* em)
al, ,a]!nt

otherwise.

Equation (28) means that the hypothesis Ho,... ,,, is ac-
cepted at time t. Thus, the vector N(t) is

N(t)= Ku

This vector is then used to update the estimate for A (t),
yielding A (t t - 1), which will be used to adjust the
prior probabilities in the generalized likelihood ratio test
for t + 1 in a recursive manner, as illustrated in Fig. 3.

B. Bias Correction
Unfortunately, it is not generally true that X is an un-

biased estimate of 7r, and we must investigate the effects

(28)

Fig. 2. Geometrical interpretation of decision rule (for m = 2).

Fig. 3. Decision-directed detector.

of this bias on the performance of the detector and, if nec-
essary, explore methods of eliminating or reducing this
bias.

For any partitioning 3, we may express i. am (t) in
terms of 7r ' 'm(t) as

xcil ... m(t) = 7r .am (t)

J [t(Y~~~oI...e aem - CI..ac°m) ] dy
Tal ..

f( s ) -f(

+ | f (y |8tx .. *tm ) dyT+x ... clm

and solving for 7r t1 am (t) yields

7r 1iI °m (t)

ciI.. ).a.()m f (Y ) y

Xaam[f ()y - ...a*m ) f(y S .*.**m) ] dy
Tclx °em

= a(Tol. am) Xela 'am(t) + b(Tal ..) (29)

where a(( ) and b (* ) are defined in an obvious way.
Thus, the true rate 7r is expressed as a linear function of
the detected rate X. In general, a ( *) *1 and b ( * ) * 0.
However, for any given decision region Ta1.. am the cor-
rection terms may be computed and applied. If we esti-
mate X"\ mt(t) using the above scheme, we may then
express the estimate of 7raa m(t) as

.a am (t) = a(Tc .a.um) )a a (t t - 1)
+ b(Tl...am).
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This structure holds for all values of T" am and, in par-
ticular, holds when the partition regions T". a are
specified by the previous best estimate of the prior,
namely, 'i( t - 1 ).

There are a number of issues to be considered concern-
ing the removal of the bias. First, it is evident from the
structure of (29) that a () 2 1, and therefore, the vari-
ance on the estimation error for 1r (>m will be greater
than the variance on the estimation error for Xal am; thus,
bias may be removed only at the expense of increased
uncertainty in the estimate. Second, the integrations in-
dicated in (29) are extremely complex since the integra-
tions are taken over mr-dimensional space. For the Gauss-
ian case, these integrals cannot be evaluated in closed
form, and the computational burden to evaluate them nu-
merically is considerable. For purposes of this analysis,
therefore, the bias is not removed, and the estimator de-
fined by (27) is used. In Section IV, Monte Carlo results
are presented to provide partial justification for this sim-
plifying procedure.

IV. MONTE CARLO PERFORMANCE ANALYSIS
A. Signal Model
A key analysis issue is to assess the performance of the

proposed algorithm. The interaction between detection
and estimation, however, makes performance analysis of
this decision-directed procedure extremely complex. The
difficulty is due primarily to the dependences present in
the adaptive detector that are introduced by the two-way
coupling between detection and estimation, which are vir-
tually impossible to treat since the multivariate distribu-
tions are not available in analytic form. Consequently,
theoretical performance analysis is not possible. An alter-
native to a classical performance analysis is to conduct
Monte Carlo analyses and to evaluate the performance of
this algorithm on the basis of first and second sample mo-

ments of the trial results. To this end, we present simu-
lation results to demonstrate the operation of the algo-
rithms presented in Sections II and III and to provide a

simplified collection scenario to illustrate the perfor-
mance of the multivariate decision-directed detection pro-

cedure.
We assume the signal is a function (t) embedded in

Gaussian noise, i.e.,

y(t) = ii(t) + v(t)

is a multivariate normal random vector, y (t) (Yt(11(t),
F ). For ease of simulation, we will assume that L = a2I
and hence that the elements yi (t) are uncorrelated with
variance o2

The data are simulated as follows. If the signal is in

class Si, the ith element of rq (t) is bi (t), the mean value
of the signal. Otherwise, the ith element of iq (t) is set to
zero. We may then express the mean vector as

(t) = B(t) n (t)
where B ( t) = diag I b, ( t), * * * , b,, ( t) I and n (t)=

[n (t), * - *, nmm(t)] T where

if signal is in class Si
otherwise.

The vector discrete-time point process { n } represents the
occurrences of the various classifications at each time t =
0, 1, * . . The distribution of this process is given by

P{n(t) = a} = (ricam(t).

This distribution may be either time varying or constant,
but is assumed to be unknown. For purposes of this sim-
ulation, 7r will be taken as a constant, and the process
{ n } will be taken as a Bernoulli process. Note that this
structure is not required for the successful application of
the algorithms, but it represents perhaps the simplest con-
dition to simulate. In general, { n } may be a multivariate
marked point process.
We consider here the performance of the algorithm for

m = 4. The decision-directed estimator will yield esti-
mates of

Xa1U2'34 _p{8I1la2U3a43( lt_}

where

-1 = o{N(s), s < t}

and where Sa occurs for cxi = 1 and cxi = 0 denotes clas-
sifying yi (t) as arising from the signal-plus-noise or
noise-only situations, respectively.

B. Markov Chain Model
As the dimension m is increased, the number of possi-

ble states in the vector Markov chain tends to grow ex-
ponentially. The dimensionality of the problem may be
greatly reduced if the joint probability possesses a special
structure that may be exploited. In this study, we make
the assumption that the density function for y (t) factors
into the product of k marginal densities for each t as fol-
lows (dropping the time argument for brevity):

f(Yi, , Ym) =f(YlK Y2)f(Y21 Y3)
f (Ym- II Ym) f (Ym |Yl )

This factorization is motivated by the reasonable condi-
tion that the distribution of each component of the signal
depends only upon its immediate neighbors and has ap-
plication in a surveillance scenario wherein signals are to
be detected in azimuthal sectors [33]. With this assump-
tion, it is possible to deal with four 2-dimensional prob-
lems rather than one 16-dimensional problem, as follows.
We may express the joint distribution of N(t) (for m =
4) as

p(N1, N2, N3, N4)

p(N1, N2) p(N2, N3) p(N3, N4) p(N4, N1)
p(N2) p(N3) p(N4) p(N1)

(30)
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Using this factorization, we need estimate only the four
quantities p (Ni, Ni + 1) where the indexes are taken mod-
ulo 4. The results must then be combined as in (30) to
yield the joint distribution.

For the resulting two-dimensional estimation problem,
the values of R and Q are as follows:

T 0.05
R [=

0.05

QT=

0.05 0.475 0.475 0.05 0.901

0.475 0.05 0.475 0.90 0.05_

0.90 0.04

0.04 0.90

0.04 0.00 0.02 0.02

0.01 0.15 0.04 0.00

0.04 0.01 0.90 0.15 0.00 0.04

0.00 0.01 0.01 0.40 0.04 0.04

0.01 0.04 0.00 0.15 0.90 0.00

_0.01 0.00 0.04 0.15 0.00 0.90_

The columns of RT are the states of the vector Markov
chain and represent the states to which the rate vector A
may transit as time evolves. The values assumed by this
matrix and the dimension r = 6 are not nearly as restric-
tive as they may appear, since the estimate xI will in gen-
eral be a convex linear combination of all these states and
the rate estimate A will range continuously over the con-
vex closure of the vectors Pl*, Pr Since the esti-
mated rate must lie in this convex closure, runaway may
be eliminated by bounding the closure away from degen-
erate values (i.e., where all of the priors are zero except
one). Runaway occurs when the decision-directed detec-
tor diverges to a degenerate probability distribution. In
[22], it is shown that the probability of runaway is expo-
nentially small for the binary case with stationary priors.
For the multivariate nonstationary case, no analytical re-
sults have been obtained, but simulation results indicate
that runaway is not a problem with the finite-state Markov
chain model.
An element qi1 of QT represents the probability of trans-

iting to state j of the vector Markov chain at time t + 1
given that the state is i at time t. Note that the strong
diagonal structure of QT indicates that, given the Markov
chain is in state i at time t, it will likely remain there at
time t + 1. The fact that q44 iS smaller than the other
diagonal elements indicates that the state PT = [0.475,
0.475] is a transitory one, which is a reasonable assumrp-
tion.

C. Estimation of Signal Strength
We may not assume that the signal strength bi is known

a priori, and procedures must be developed to make an
estimate bi. Probably the most straightforward method,
and one that has previously been used with success in [10],
[26], is to compute bi as the empirical average of those
samples yi (t) for which a detection in sector i occurred
(i.e., when Si occurs). This estimator assumes the general
form

Ni(tbi (t) = bi (t - 1)+ it)
EZ ' Ns
s1

Yi (t) 'I (t 1)] (31)
where the -y is a constant such that 0 < -y c 1. This
quantity represents a "forgetting factor," which permits
earlier estimates to be discounted in favor of more recent
data. Using such a model, smooth changes in bi (t) may
be tracked.
The effect of this estimate on the detection procedure is

to substitute an estimate B ( t) for B ( t) in the distribution
used in (28) to obtain

1

0

if Xfl1 ..rnf(y|313m, B)

= max {X famf(y|Y1am,B)}
1, ,(m

otherwise.

(32)
where

Ul ...|am B^ ) 127rL 1/2 exp{ _ 1(y_il am)T
f~~~ ~(Y Y21

is the multivariate normal distribution evaluated at the es-
timate

f1 (t) = B(t) n (t)
A A ~~~~~~~~~~~~A

whereB(t) =diag{(bl(t-1),t ,bm(t- 1)}and
n(t) = [a, . X. ]t. Note that both the recursion (31)
and the decision rule (32) must be initialized with some a
priori estimate B(0). Furthermore, the ratio

Ni (t)
t

E yt- sN
s=I

must be initialized to zero at t = 0 to ensure that the es-
timate for bi is well defined and is equal to the a priori
value until observations are obtained.

D. Simulation Results
We present selected simulation results to illustrate the

performance of the proposed algorithm. If we let L be the
number of simulations performed, the sample mean, sam-
ple variance, and mean-square estimation error may be
computed, respectively, as follows:

uf(t) = iL(1 iL

L
6XtLL2(, )()
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Fig. 4. Estimate of marginal probability ir3(t). (a) Result of individual
simulation. (b) Sample mean over Monte Carlo trials. (c) Mean-square
estimation error. (d) Sample variance of estimate.
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Fig. 5. Estimate of marginal probability 7r1 (t). (a) Result of individual
simulation. (b) Sample mean over Monte Carlo trials. (c) Mean-square
estimation error. (d) Sample variance of estimate.

where X(t) is the true rate [either a marginal probability abilities for these cases are of the form
7r ( t) or an element of A( t) ] and X( t, i ) is its estimate F1
for the ith simulation. Ill I

We consider the performance of the algorithm in esti- I2 _ 0.2

mating both constant and time-varying marginal proba- 0.1

bilities 7r(t). Figs. 4-8 illustrate the effectiveness of the
algorithm for a variety of test cases. The marginal prob- Lor4_0.I
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Fig. 6. Estimate of marginal probability 7r (t). (a) Result of individual
simulation. (b) Sample mean over Monte Carlo trials. (c) Mean-square
estimation error. (d) Sample variance of estimate.

(b)

(d)

Fig. 7. Estimate of marginal probability 7r, (t). (a) Result of individual
simulation. (b) Sample mean over Monte Carlo trials. (c) Mean-square
estimation error. (d) Sample variance of estimate.

The function -rl (t) assumes several values, as indicated

in the figures. In each of these figures, the upper left-hand
plot is a random sample of the rate estimate taken from
one of the Monte Carlo simulations; the upper right-hand
plot is the corresponding sample mean of all the Monte
Carlo trials; the lower left-hand plot shows the mean-

square estimation error through time for the particular test

case considered; and the lower right-hand plot is the sam-

ple variance of the estimate through time. In the upper
plots, the thin lines represent the true rate xr, and the bold-
faced lines represent the estimate X; the signal-to-noise
ratio (SNR) is 9.5 dB. The two curves shown in each of
the lower plots represent the estimation error and sample
variance for SNR's of 6 and 9.5 dB. In all cases, the cor-
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Fig. 8. Estimate of marginal probability 7r, (t). (a) Result of individual
simulation. (b) Sample mean over Monte Carlo trials. (c) Mean-square
estimation error. (d) Sample variance of estimate.

responding estimation error and sample variance are

greater at the lower SNR.
It is evident from Figs. 4(a) and 4(b), which display

results for ir3, that, as expected, the estimates are slightly
biased. The mean-square estimation error and sample
variance decrease to small steady-state values. Hence, the
estimates converge despite the bias. An obvious charac-
teristic of the constant bias estimation example illustrated
in Fig. 4(a) is that although the average is fairly smooth,
the individual trials exhibit considerable fluctuation. This
phenomenon is due largely to the dynamical modeling as-

sumption as represented by the transition matrix Q. This
model characterizes the rate as being time varying, which
is not appropriate for the constant rate case. A more ap-

propriate transition matrix would be to set Q to the iden-
tity matrix. This is not done in the simulation, however,
since it is not a priori possible to know that the rate is
constant. Thus, for this particular case, the problem is
overmodeled. It should be mentioned in this context that
no attempt was made to "tune" the dynamics model to
effect an improved fit; the results that are displayed are

typical. The reassuring aspect of this simulation is that,
even though the estimator appears to get "pulled off " the
truth in the overmodeled case, it does not diverge.
The results of the time-varying cases, Figs. 5-8, are

particularly promising. Even under severe conditions,
such as in Figs. 6 and 7 where the rate varies rapidly with
time, the estimates track with minimal delay and bias.
The behavior of the mean-square estimation error in Fig.
7 is particularly interesting. The error, as expected, peaks
at points where jumps in the rate occur and then decreases
back to its steady-state value. This exhibits the stability

of the algorithm in that sudden changes in parameter val-
ues only temporarily increase the estimation uncertainty.
Note that the estimation error does not approach zero, as

might be expected for the estimation of stationary priors.
For the nonstationary case, the error will not, in general,
be bounded away from zero. This behavior is essential
since the filter gain is proportional to the covariance. An
analogy is the Kalman filter, except that for this case the
filter gain is a function of the estimated state. If the esti-
mation error covariance is used as a measure of perfor-
mance, this interpretation may result in pessimistic as-
sessments. The reader is cautioned, however, against
comparing these results to adaptive classification proce-
dures associated with stationary parameters.

In Fig. 9, we show five selected examples of Monte
Carlo sample means for estimates of individual elements
of A(t), the prior probability distribution. The SNR in
each of these simulations was 6 dB. Again, the ability of
the algorithm to track time-varying rates is clearly evi-
dent.

Figs. 10 and 11 demonstrate how the estimated bias is
reduced and how the responsiveness of the estimator to
rapidly changing rates is enhanced as signal power is in-
creased. The three SNR's considered are 6, 9.5, and 12
dB, and the plots shown are sample means of marginal
probability estimates. These figures also demonstrate
time-lag effects. As with any recursive filter (e.g., the
Kalman filter), time lags are present when there are abrupt
changes in the state that must be tracked. This phenom-
enon is due to the predictive nature of the estimator, and
it can be seen from these figures that the size of the time
lag decreases as the SNR increases.
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Fig. 9. Elements of A(t) at 6 dB.

D. Probability of Error
As an indicator of the algorithm's performance, Figs.

12 and 13 show the probability of error versus SNR for
the decision-directed empirical Bayes decision rule when
testing against four hypotheses (a two-dimensional clas-
sifier). The curves on each plot correspond to the follow-
ing three cases.

1) Prior probabilities and signal strengths are known
exactly, i.e., the ideal classical Bayes case (plot indicated
by thin line).

2) The signal strength is known exactly and priors are

estimated by the recursive estimator (points on thick-
lined curve denoted by the symbol o).

3) Both priors and signal strength are estimated (points
on thick-lined curve denoted by the symbol x ).
Note that in Fig. 13, only one curve is drawn for cases

2 and 3 since there is virtually no difference between them.
It is seen that the Bayes risk of the decision-directed al-

gorithm approaches the theoretical lower bound on prob-
ability of error as the SNR increases.
Our results demonstrate the ability of the decision-di-

rected estimator to track accurately the prior probability
distribution used in the empirical Bayes decision rule. The

algorithm is especially effective in estimating time-vary-
ing rates, even under worst case scenarios (e.g., discon-
tinuous jumps in the true prior, etc.). Since the presence
of a bias in the estimates does not greatly affect algorithm
performance, the large amount of computation that would

be required to eliminate it is probably unjustified. Note

also that the added complication of estimating bi (t) does

not seriously degrade algorithm performance, at least for

the constant-mean case considered.

V. CONCLUSIONS
The decision-directed empirical Bayes decision rule has

been shown to perform effectively in a multivariate en-

(a)

(c)

(b)

(d)

(e)
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Fig. 12. Probability of error versus SNR for 7r = [0. 72 0.18 0.08 0.02]T
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Fig. 13. Probability of error versus SNR for 7r = [0.25 0.25 0.25 0.25] T.

vironment. Using simulated data, a number of test scen-

arios have been conducted, and the performance of the
decision rule has been evaluated. These controlled exper-
iments have demonstrated that the detector effectively es-

timates the prior multivariate distribution of the signal en-

vironment. The problem of runaway is negligible in these
simulations, but there is a bias on the estimates. This bias
is expected and can be removed with further processing.
There are a number of possible ways to eliminate or re-

duce the bias. The most direct way is to directly calculate

the bias, but this involves a significant increase in the
computational burden. An alternative would be to effect
bias correction via a table lookup procedure and interpo-
late for the bias. This second procedure would not elim-
inate the bias completely, but would reduce it signifi-
cantly. An additional alternative is to simply ignore the
bias, which is indeed a viable approach. It is evident that
as the true rates approach one or unity, the bias problem
increases, whereas for rates near one-half, the bias prob-
lem is negligible.
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The decision-directed rule effectively tracks the time-
varying prior distributions. A number of time-varying
prior distributions have been simulated, and it has been
shown that these rates may be effectively tracked with a
decision-directed approach. The most obvious feature of
these estimated rates is a time lag, which is a feature typ-
ical of real-time processing. The estimator cannot look
ahead to the the future, and consequently, a few samples
are required to lock on to the new rate. This lagging phe-
nomenon cannot be eliminated with real-time processing;
only non-real-time processing involving a smoothing al-
gorithm is capable of removing such phenomena.
The performance of the decision-directed empirical

Bayes detector is compared to the standard Bayes case
where the prior is exactly known. It is shown that as the
SNR increases, the performance as measured by the total
probability of error for the empirical Bayes approach ap-
proaches that of the standard case. A striking aspect of
the simulations studied is that the additional complication
of estimating the signal parameters (the mean in the cases
studied) does not significantly change the performance of
the detector.

NOMENCLATURE

a, b Scale and bias error
B Matrix of signal means
63t a-field generated by all factors that affect the

distribution N(t) at time t
D, D Decision function
f (.* *) Class-conditional density function
i:t a-field generated by decisions up to time t
H Hypothesis
m Dimension of signal space
M Dimension of decision problem
MD Martingale difference process
N, N Discrete-time decision point process
PN(t) Joint distribution of N( t)
Q, qij Markov chain state transition probabilities
r Columns of R
R Matrix of Markov chain vectors
s Columns of S
S Classification set
S Rate distribution matrix
t Time
u State transition martingale difference process

with respect to 63
v Gaussian noise vector
w Decision martingale difference process with

respect to 6f3
x, x Indicator function for vector Markov chain

state
Y Signal space
y Signal vector
a, a Binary number, vector
,B Element of decision process
6 M-ary decision function
X, x Conditional probabilities (rates), rate vectors
A Vector of rates

11 Decision martingale difference with respect to

9 State transition martingale difference with re-
spect to 3

v Signal vector
7r, i A priori distribution
II Rate estimation error covariance
p, p Elements of Markov chain vector
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