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Abstract 

Several algorithms have been proposed for  the standard 
radar signal detection problem. Two of these algorithms, the 
Generalized Likelihood Ratio Test (GLRT) and the adaptive 
matched jilter (AMF), are studied in this papel: Approxi- 
mate distributions for  these tests are derived under the sig- 
nal present hypothesis. The signal model is then generalized 
to include random array perturbations. The approximate 
distributions are used to analyze the detection pelformanee 
of these tests when arraj perturbations are present. The ar- 
ray perturbations are shown to cause a sign$cant degra- 
dation in probabilit) of detection for  appreciable signal-to- 
noise ratio (SNR). An ad hoc procedure f o r  mitigating these 
array perturbations is presented, and simulations show that 
some performance improvement is achieved. 

1 Introduction 

The Generalized Likelihood Ratio Test (GLRT) [2] and 
the Adaptive Matched Filter (AMF) [5] are two standard 
techniques for detection in radar signal processing. Both 
tests rely on knowledge of the spatial and temporal response 
of the array to a signal arriving from a particular angle with 
a particular Doppler shift. Typical coherent radars possess 
a very reliable time base, so the temporal response is well 
calibrated. The spatial response of the array is not so re- 
liable, however, since it either depends on a mathematical 
model that cannot account for physical tolerances, or on a 
field calibration which provides the response for only a set 
of discrete angles, and only for the conditions under which 
the measurements are taken. 

In this paper, the performance degradation of the GLRT 
and the AMF due to (spatial) calibration errors is analyzed. 
Our analysis should be distinguished from earlier work (e.g., 
[5]) comparing the performance of these tests when pointing 
errors are present. A pointing error refers to the difference 
in the true and assumed array response due to an imprecisely 
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known target direction of arrival (DOA). For a given DOA 
error, it is possible to derive exact distributions for the test 
statistics, and precisely analyze the resulting performance 
loss. For instance, in [5] it was shown that the AMF is less 
sensitive to pointing errors than the GLRT. Thus, while the 
GLRT does a better job of rejecting the signal-present hy- 
pothesis when there is a DOA mismatch, it may miss a de- 
tection that the AMF test does not if the DOA grid is not 
sampled finely enough. 

Calibration errors, on the other hand, cannot be easily 
characterized by a deterministic or structured model; if they 
could, compensation techniques could presumably be devel- 
oped to account for them. Instead, it is often more appro- 
priate to use a probabilistic model where the actual array 
response differs from its mean (nominal, calibrated) value 
according to some distribution function [ 1, 61. This type of 
model is consistent with the manufacture of electronic com- 
ponents to within certain specified tolerances. The drawback 
to this approach, however, is that it is extremely difficult to 
derive exact distributions for the GLRT and AMF test statis- 
tics in the presence of random calibration errors, even for 
very simple statistical models. Due to the imprecise nature 
of the model, the resulting expressions could not be con- 
sidered exact anyway. Consequently, in this paper we derive 
approximate distributions for the GLRT and AMF, and show 
how these distributions may be generalized to incorporate 
the effect of Gaussian array perturbations. Numerical exam- 
ples are included to demonstrate that the approximations are 
very accurate, especially for scenarios typically encountered 
in airborne radar. 

2 Mathematical Preliminaries 

The GLRT and AMF tests are applied over a grid of DOA 
and Doppler pairs in a particular range bin. When no cali- 
bration errors are present, the response to a target located 
at DOA @ and Doppler frequency w is assumed to have the 
following form [7]: 

(1) 

where b is the (complex) amplitude of the target signal, a ( @ )  
is the response of the array to a unit-amplitude signal arriv- 

s = b d(w)  @ a ( @ )  
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ing from DOA 8, @ denotes the Kronecker product, and 

d(w) = 1 ejd e j 2 w  . . . &i(N, - 1'3 I 
We assume that returns from Np pulses are received, and 
that there are Ne antennas in the array, so s has iV E NpNe 
elements. If present, the target signal is observed in the pres- 
ence of additive noise, clutter, and interference represented 
by the vector 7 :  

(2) 
The vector 7 is assumed to be zero-mean circular Gaussian, 
and an estimate, R,, of its covariance is assumed to have 
been calculated using data from K secondary (target-free) 
data vectors. In the standard radar deteclion problem, z, R,, 
and the model for s and l;p are used to decide between the 
following hypotheses: 

z .= bs + 77 

(3) 
Ho : Ibl = 0 
Hi : Jbl > 0 

The GLRT of [2] has the following form: 

3 Approximate Test Distributions 

Lemma 1 is now applied to derive approximate distribu- 
tions for the GLRT and AMF tests. For the AMF, 

The only random quantity in this expression is z ,  which is 
assumed to have a Gaussian distribution with mean bs and 
covariance R,. Assuming that R, is known, Lemma 1 can 
be directly applied to the numerator by letting x = z and 
Q' = R;'SS*R;'. Since the denominator is constant, it 
will simply scale the mean and variance of the numerator. 
The result is 

where 

while the AMF of [5] is implemented as follows: 

where (.)* denotes the complex conjugate transpose. The 
thresholds Kyo and cy are chosen to achieve a desired Prob- 
ability of False Alarm (PFA). Both tests involve the compu- 
tation of quadratic forms of large dimemion; typical values 
for Ai range from 100-500. In deriving approximate distri- 
butions for the GLRT and AMF, we will make use of the 
following result for large quadratic fonris of Gaussian ran- 
dom vectors: 

Lemma 1 i f x  E C N  - AT(pz, R x )  is (circular; and Q' = 
&'* > 0, P' = PI* > 0, thcn 

E (x*Q'xx*P'z) - (Ez"'Q'x) (Ex*P'x) 

= tr Re R$Q'R?)Re{RiP'Ri))  

i- 1-1: (Q'RZP' + P'RXQ') p x  
( {  

and for  large N 

x*Q'x N (p, v2)  

is approximately true, where 

p = tr(Q'Rz) + p;CZ'px 
2 

g 2  = tr [ (Re  { RiQ'R?}) ] + 2p~Q'RxQ'px 

Proof See [4]. 

tr [(Re {R,;ss*R;;})'] 
= + 2)b1's*R,ls 

(s* R,' s )  

The GLRT is the ratio of two such random variables: 

The term z*R;lz is non-central x' distributed, with 2N 
degrees of freedom, and the distribution of 1 + &z*R;'z is 
1 + x'. Because the x2 distribution approaches a Gaussian 
distribution as the number of degrees of freedom grows, the 
Gaussian approximation is again invoked. From Lemma 1, 
the distribution of the denominator is approximately 

where 

To determine the approximate distribution for tGLRT,  we 
must find the distribution of the ratio of two correlated Gaus- 
sian random variables. The procedure followed is that out- 
lined in [3]. First, the joint density of the two quantities 
entering into the ratio is found, which is denoted here as 
f (XI, 5 2 ) .  The following substitution is then made: 
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The Jacobian of this transformation is J = w [ 3 ] .  The distri- 
bution of the ratio is then found by 

00 

f(u) = s_, f(uw, v)wdw (10) 

To apply this procedure to the GLRT, the joint distribu- 
tion for 

Is* R;b  l 2  
S* Ry's 

5 1  t,,, = 

1 
K 

x2 E 1 + --z*R,'z (12) 

is first derived. It has been shown that both 5 1  and 2 2  are 
marginally Gaussian, so theirjoint density will also be Gaus- 
sian. The means and variances of these terms have already 
been established, so all that remains to be specified for this 
distribution is the off-diagonal term in the covariance matrix. 
This covariance term is obtained via Lemma 1. 

If z1 and 5 2  are real and jointly Gaussian, their joint den- 
sity is given by 

where 

For this case, the integral of (10) becomes 

(-g1,2& + It& - ua1,2p2 + upla,) 
(a;.; - a;,2) (+2 + 0; - 201,zu) 

- ' ')} (13) 

To apply this result to the GLRT, simply let 

t~ [ (Re{ R, }) '1 
21 = tGLRT(T? = + 21b12s*R;1s 

(14) 
( 8 .  R; s) 

4 Array Errors 

The GLRT and AMF assume that the array response for 
a given DOA is perfectly known. To model the uncertainty 
inherent in any real, empirically calibrated array, we will 
denote the true array response as 

a' = a (e )  + 6 (19) 

where 6 is assumed to be Gaussian with zero mean and co- 
variance Rc. We will assume in this paper that the Doppler 
response d ( w )  is perfectly known, but if it was desired to 
determine the performance degradation due to non-uniform 
target motion, a similar procedure as outlined here could be 
followed. The signal vector with calibration errors is 

S' = d ( w )  @ (a(6') + 6 )  = s + d ( w )  @ 6 ,  (20) 

and the data vector is 

z = bs + bd @ 6 + q (21) 

where the dependencies on 6 and w have been dropped for 
brevity. For further simplification, y is defined to be the 
contribution to z due to array errors: 

y=bd@ii  (22) 

The covariance of the data vector is now 

E{(z - bs) ( 2  - W }  = E { ( c p  +v) (9 + T I * }  
=R,+R,  
= lbI2 (dd*)  @ Rz + R, (23)  

where RE = E {66*}, R, = E {qq*}, R, = E {yy*}, and 
the array errors are assumed to be independent of q. The ef- 
fect of the additional Gaussian term 'p on the distributions of 
the AMF and GLRT is easily accounted using the approach 
described earlier. 

4.1 Adaptive Matched Filter 

It was shown in Section 2 that the distribution of the adap- 
tive matched filter (AMF) test statistic can be approximated 
as Gaussian. The approximation still holds under the new 
signal model (20), since all that has changed is the covari- 
ance of the interference. The test statistic is 

IS* R ; I ~  l2  z* ~ ; l s s *  R ; I ~  
(24) - t.4M.F = - 

s*Rq's s* Rq's 

where now 

z - N (bs, R, + R,) 

Applying the results of Section 2, the distribution of this 
statistic can be written as 

~ A M F  - J'V ( P ~ A M F ,  (25)  
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where 

(s* R;'s) 
+ 2 / q 2  (s*i?;ls + s * ~ ; l ~ , ~ ; l s )  (27) 

The array errors produce additional terms in both the mean 
and variance expressions, but the dominant effect is the in- 
crease in  variance. 

4.2 Generalized Likelihood Ratio Test 

Under the perturbed signal model, the GLRT will have 
the approximate distribution described in (1 3). Applying the 
results of Section 2, the following values are obtained: 

ar) z 

tr [(Re { (R ,  + R,); R;'ss*R-' 0 (It, + R,) }) '1 
(s* RGls) 

+ 2/b12 (s*I+ + s*R;~R,R;~s)  (28) 

s* R;'R, R;l s 

s*R,'s 
p 1 = l +  + Ibl's*R;'s (29) 

€'P ( t r  [(Re { ( R ,  + RVl4  R;' (R,  .+ R , , " ) ; } ) ~ ]  

+ 21b12s* (R;' + R;'IL&;') s) (30) 

(31) 
1 
K p2 = 1 + - [N + tr (12;'Rq) + Ib12s*R;'s] 

1 
c 1 , 2  = [tr (Re { (R,  + R,,)t R;'s 

K S * R ; ~  

xs*R;'(R, + R,,")fl. 1 

xRe { (R, + R,) R;' (R,  + R,,");}) 

+21b12s*R;1s (s*R;;ls + s*R;'R,R;'s)] (32) 

4.3 Error Compensation 

Obviously, if the array error covariance R, is known, 
the AMF and GLRT can be implemented! with the quantity 

R,+ R, substituted for the covariance. This should improve 
performance, since the array errors are accounted for in the 
detection test. However, the array error covariance will usu- 
ally not be precisely known, and there is no obvious way of 
measuring it. It may prove useful, however, to use the ad 
hoc procedure of letting 

R,  = 2 1  (33) 

where I is the identity matrix. This will tend to regular- 
ize the test and make it less sensitive to array perturbations. 
Approximate distributions for regularized versions of the 
GLRT and AMF are easily computed by replacing R, with 
R, + R,. 

5 Numerical Results 

The object of the simulations presented in this chapter is 
to quantify the effects of the array perturbations described 
in Chapter 4, and the improvement offered by regularizing 
the tests using an approximate RE. For all of the simula- 
tions presented in this section, the target was located at 0" 
in azimuth and had a Doppler shift of 150 Hz. A jammer 
was located at 45" in azimuth and filled the Doppler space. 
Based on the assumed platform speed and carrier frequency 
of the signal, clutter patches directly ahead of the aircraft had 
a Doppler shift of 300 Hz, and the clutter directly behind the 
aircraft had a Doppler shift of -300 Hz. The simulated data 
was generated with Matlab code modified from the Moun- 
taintop Matlab toolbox2. The definition of SNR used here is 
that defined in [5]:  

SNR = lbI2 s*R,'s 

The effect of array perturbations is considered first. For 
Figure 1 and Figure 2, the parameters are Ne = 10, N p  = 
20, K = 300, and PFA = Note the good agreement 
between the predicted and measured detection probabilities 
for both the GLRT and AMF. It appears from these plots that 
when the probability of detection is low, the array with cal- 
ibration errors will outperform a perfect array. This seems 
counter-intuitive, but the explanation is simple. An exam- 
ination of the expressions in (28) through (32) reveals that 
the dominant effect of the array errors is to increase the vari- 
ance of the test statistic. If the probability of detection is 
less than one half, the threshold is to the right of the mean 
of the test statistic. An increase in variance will then cause 
more area to be "pushed" to the right of the threshold. This 
simply means that for a weak signal, a specific array may 
occasionally be miscalibrated in such a way that it favors 
the particular signal being received. This same behavior oc- 
curs for the AMF. The apparent performance improvement 
is small, and only occurs in the region where the detection 
performance of the system is already poor. 

Next, the improvement offered by regularizing the GLRT 
and AMF tests is examined. The parameters for these simu- 
lations are the same as those already presented, except where 

'This toolbox is available at 
f tp : / / f tp .ee .ga tech .edu/pub/users /yaron/ .  
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Figure 1. Predicted and Simulated Perfor- 
mance Curves for GLRT 

noted. The covariance of the array error RE was chosen to 
be a symmetric Toeplitz matrix with first row equal to 

[ 1 cy cy2 . . .  aNe-1 ] 

where in this example cy = 0.9, and IT; is the variance of 
the array errors. A value of IT; = 0.005 was used in the 
simulations. The approximate regularization of (33) with 
IT’ = IT; was used in both the GLRT and AMF. In Figures 
3 and 4, it is seen that the approximate regularization used 
here does improve the performance of the detection tests. 
However, as the variance of the array errors increases, the 
performance of the compensated detectors degrades. 
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Figure 3. Error Compensation for GLRT 

Figure 4. Error Compensation for AMF 
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