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,463fracf- Higher order  moments  nnd spec t re  have re- 
cently gained t h e  at.tent.ion of a n e m b e r  of resenrclicre. 
Tlinir npplientiosa hnve primarily I,cen for probleiiin 
whose solution cannot  b e  obtnined by conventional means 
(e.g., power rrpectrnl analysis), particiilnrly problems in- 
volving phnw nst.iinnt.ion o r  dcvint.ions from assumptions 
of linearity o r  Gni~ssinnnesr.  As nn exninple, bo th  pnrn- 
metric nnrl noti-pnrametric tecliniqiies have been pro- 
posed for usiitg tlie bispectrrirri in t h e  detection and es- 
timation of phase  coupled sinusoids. In this pnper,  we iii- 
trocliice t h e  concept of t h e  third moirient nietrix IL3 and 
show how ith striictiire mny b e  iieecl to  solve t h e  phase 
coupling problem. In pnrticular, we show (i) t h a t  t h e  
(asymptotic) rank of R3 is e q d  t o  t h e  number  of phase 
conpled signals, (ii) how t h e  (column) signal siibrpnce 01 
n3 may be iised to form n pseudo-bispectriim, and (iii) 
Itow t h e  (row) signal siibspnce mny h e  u ~ e d  t o  directly 
estiiiinte tlie coupled frequencies. 

1. Introduction 
Use of the power spectrum for solving detection and 

estimation problems is widespread. A drawback to its 
use in some applications is that it is “phase-blind”; i.e., 
it providcs no information about the phase of the under- 
lying signal. As a result, for problems in which phase is 
important, research has turned towards use of polyspec- 
Ira [I], or Fourier transforms of higher-order cumulant 
sequences. These higher-order spectra are also useful for 
applications involving non-Gaussian signals or nonlinear 
systems. 

The bispectrum has by far received the most attention 
in this area, and has been applied to problems ranging 
from seismology to fluid mechanics to system identifica- 
tion. An overview of the bispectrum and its applications 
can be found in [2]. Of particular relevance to  the topic 
of this paper is the recent work of Raghuveer and Nikias 
[a, 41 who have proposed estimating the bispectrum us- 
ing autoregressive (AR) models for the signal of inter- 
est. They have shown that the AR approach achieves 
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superior resolution when compared with computing the 
bispectrum using a twedimcnsional Fourier transform, 
and tliey also have demonstrated the applicat,ion of these 
modeling ideas to the phase coupling problc~r~.  

In this paper, tlie third moment matrix R3 is proposed 
as a tool for use i n  the detection and estimntion of phme 
coupled sinewaves. The advantages of such an approarh 
are that tlie structure of R.3 may be exploited via the sill- 

gular value decomposition (SVD) to direcl/yestimat.e the 
number of coupled sinewaves and their frequencies. Af- 
ter a brief introduction to the bispectrum and the phase 
coupling problem i u  the next section, the following key 
results are presented in Section 3: 

1. The rank of R.3 is (asymptotically) equal to the nurn- 
ber of coupled sinewaves. 

2. A pseudo-bispectrum can be generated using a 
MUSIC-like algorithm [5] with vectors orthogonal 
to the (column) signal subspace. 

3. The coupled frequencies can be directly estimated 
from the (row) signal subspace using techniques such 
as Root-MUSIC or ESPRIT [GI. 

A few examples of simulations using this approach are 
also given. 

2. The Phase-Coupling Problem 
A phase coupled sinewave is one whose frequency and 

phase a t  any time instant are equal to  the sum of the fre- 
quency and phase of two other sinewaves. These types of 
signals typically arise due to non-linear interactions be- 
tween the harmonic components of a process. For exam- 
ple, the mixing of two sinewaves results in phase coupled 
harmonic components a t  sum and dillerence frequencies: 

sin(w1t + 4l)sin(wzt + 4 2 )  = 
4 cos[(wi - wa) l+  (41 - SalJ 

- 4 cos[(wi + wa)t + (91 + 6a)I . 
Phase coupled signals such EIS this are important, for ex- 
ample, in the study of nonlinear wave interactions in flu- 
ids [7, 81 where it is required to dinerentiate between 
coupled waves and spontaneously excited independent 
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waves, and in the study of the acoustical signatures of 
gear noise [9] where the phase relationships among har- 
monic components provide information about gear fa- 
tigue. It was noted earlier that, while the power spec- 
trum is inadequate for such analyses, the bispectrum can 
provide such phase information. 

The bispectrum of a discrete (third-order stationary) 
random process z( t )  is defined as the two-dimensional 
Fourier transform 

c o r n  

B ( W ~ , W ~ )  E C ~ ( k , l ) e - j ( ~ u ~ + ~ J )  , (1) 
k=-m I=-00 

where R ( k , l )  E &{z(t)z(i + k)z(t + l ) }  is the third mo- 
ment sequence of the process. Because of the various 
symmetry properties of B(wy,w,) ,  knowledge of the bis- 
pectruin in the following triangular region is suficient to  
characterize it over the entire two-dimensional frequency 
plane: 

wr z wy 2 0 
w , + w y < *  ' 

('4 
To illustrate the application of the hispectrum to the 

phase coupling problem, consider the signal 

3 

z(t )  = C c o s ( w r t  + Qk) +?IQ)  , 
k=1  

where w3 = w1 +w2,  w1 > w2, 43 = QI + 4 2 ,  n(t) is zero- 
mean Gaussian noise, and where 41 and 42 are indepen- 
dent, uniformly distributed random variables i n  [0,2*]. 
For such a signal, B ( w Y , w Z )  ideally consists of an impulse 
a t  ( w l , w 2 )  i n  the region defined by (Z), and is identi- 
cally zero elsewhere. If there were no phase relationships 
among the sinewaves, then D(w,, w v )  = 0 everywhere. In 
both cases, the noise ideally contributcs nothing to the 
bispectrum since Gaussian random variables have zero 
third moment. 

Since in practice only a finite amount ol data is avail- 
able for determining the bispectrum, detection and res- 
olution issues arise when computing O(w,,w,) via the 
Fourier transform. This was the motivation in [3, 41 for 
considering autoregressive models for the underlying sig- 
nal. In the next section a new approach based on analysis 
of the structure of the third moment matrix is presented. 
While maintaining the increased resolution of the AR 
modeling technique, this method provides additional in- 
formation about the number of coupled signals present 
and their frequencies. Furthermore, this technique gives 
valuable insight into the geometrical aspects of the phase 
coupling problem. 

3. The Structure of R3 

The idea of a matrix of third momenta is a straightfor- 
ward generalization of the covariance matrix, or matrix 
of second momenta. For a real-valued random vector x, 
the covariance matrix R is defined by 

R = &{xx*) = &{x@x*} , 

where * denotes Hermitian transpose and 8 the Kro- 
necker product. The third-moment matrix R 3  of x is 
defined in a similar fashion: 

R3 = & ( x @ x @ x ' ) .  (3) 
When x is complex, the structure of R3 changes depend- 
ing on which element of (3) receives the Conjugation op- 
eration; for our purposes, it  makes the most sense to  
conjugate the last term. Note that if x lias r n  clcnicnts, 
R3 is an rn2 x rn matrix. 

To examine the structure of R3 under the assumption 
of phase coupling, consider the following sum of d sinu- 
soids: 

d 

z( t )  = C q,ej(wpl++*) + n(t) , (4) 
p=l  

where n ( t )  is takeii lo be zero-mean Gaiissian white 
noise, and where for simplicity we have used an ana- 
lytical model. As in [3, 41, the data  is ansumed to  be 
observed by N experiments in blocks of rn namplcs each. 
For a particular experiment, the rn samples may he ar- 
ranged in vector form: 

x(t) = As(t) + n(t) , 
where 

x =  

A =  

.(Wi) = 
s =  

X I  = 

Under such circumstances, the matrix R3 becomes 

Ra = 
= &{As@As@s'A') 

&{(As + 11) 8 (As +XI) 8 (AS + II) . )  

A A A  

( 5 )  

The variables Qi, i = 1,. . . , d ,  are uniform random 
variables in [ O , Z r ] ,  independent from experiment to  ex- 
periment, and independent of one another unless one or 
more of the sinusoids is phase coupled. For notational 
convenience, d' and d" will denote respectively the num- 
ber of coupled sinewaves and the number of groups of 
indica {i, k, I} for which W I  = wi + w~ and 41 = Qi + 4 b .  
Note that d 2 d' > d", and that in general d' # 3d" 
since a particular sinewave may be coupled with more 
than one group. For purposes of illustration, suppose 
that 93 = 91 + 01. Then 

R3 = U I Q Z Q ~ ( ~ ( W I )  @ 4 4  8 a*(w3) 

+ a ( 4  @ @ a*(w3)} (6) 

= almzas{alza*(~s)) , 
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where we have defined 

a12 = + I )  @ a(w) + a(wz) EI a(w1) . (7) 
If R3 is formed using only the real part of z ( t ) ,  then a 
somewhat different structure results: 

R.3 = W W Q ~ { ~ I Z ~ * ( W ~ )  + a n f i * ( w ~ )  

+a31a'(wz) + a1$(wa) (8) 
+ a 3 p ' ( w )  + ~ ? J & * ( W I ) )  , 

where 6 indicates the conjugate of a, and a bar over one 
(or both) of the subscripts indicates we have taken the 
conjugate of one (or both) of the vectors in Equation (7). 
3.1 Rank of R3 

If we let ~ ( R J )  denote the rank of R3, we see that for 
t.he case of Equation (6), p(R3)  = 1. In the more general 
case where multiple phase coupled signals are present, 
p(R.3) = d". For Equation (8) we have p(R.3) = 6, and 
for tlic gcncral case p(R.3) = 2d'. These facts suggest 
that, i n  the same way that tlie rank of the covariance is 
used to determine d ,  the rank of R.3 can be used to de- 
termine d' and d". Clearly, this is a pnrely henristic ob- 
servation; tests identical to those used for the covariance 
clearly do not apply here. However, the same principle 
is at work. 

An interesting complication which arises when at- 
tempting to determine d' or d" from the ra.nk of R.3 is 
that, eveii in  the absence of noise, the above argnments 
hold only nsynrploficnlly as N -+ 00. Since sample aver- 
ages are risetl i n  practice to  estimate R.3, thr finite obser- 
vation interval means that unconpled products of Equa- 
tion (5) have not. had h e  to decorrelare. For t,lie ana- 
lytic signal model this means that for finite N ,  R.3 will 
be rank  d instead of rank d". For the real signal model, 
p ( R . 3 )  = 2d rather than p ( R 3 )  = 2d'. Thong11 the singu- 
lar values due to these uncoupled products are typically 
small, they nonetheless can cause some distortion of the 
signal subspace. IJowever, for mN siifliciently large, sim- 
ulations have shown that this distortion is negligible and 
that d' and d" can still be reliably determined by simple 
clustering procedures. A s  an illustration, consider phase 
coupled signals a t  w1 = 2r(0.109375), w2 = 2r(0.1875), 
and w3 = w1 + w2. In the noiseless case the rank of R.3 
for the analytic signal model would ideally be 1, but the 
finite sample effect will result in p(R.3) = 3. In Figure (1) 
the behavior of the non-zero singular values 6 1  2 6 2  2 43 
of R3 is plotted versus the number of experiments N 
(m = 8 in this case). The spurious singular values are 
an order of magnitude smaller than 6 1  after 800 experi- 
ments, and are a factor of 50 smaller after N = 5000. 
3.2 Flange Space of R3 

Define the SVD of R.3 a8 R3 = UXV', and par- 
tition U into signal and noise subspaces aa U = 
[u1 u2 . . . U,+] = [U, I U,,], where for analytic signals 

U, = [U1 ... Ud"] , 
and for real-valued signals 

U, = [U1 ... UZd,]. 

Itlrally, spari(R.3) = span(U,) I span(U,,). 'Jhcsr facts 
snggcst use of an algoritlim siniilar to MUSIC 1.51 to forlll 
an estimate of the bispectrum*: 

(9) 

where ayr is defined as i n  Equation (7). Since a(w) is 
Vandermonde, an unambiguous manifold is obtained by 
sweeping a,, through all frequency pairs. 

As  an example of this type of approach, consider the 
phase conpled signals of Section 3.1. Figure (2) shows 
the bispectrum of Equation (9) obtained whcn m = 8, 
N = 1024, and white Ganssian noise is present at an 
SNR of -30 d B  relative to the tone*. A strong peak is 
observed at the correct location i n  the bifreqnency plane 
(the funct,ion is plotted only for freqnencies ii i  the hian- 
gular region of (2)). 

0 d0 

Fipre 2: Pseud-Biapectmm 01 Eq. (9) 

~~ ~~ 

aThis lunction is, of c o r n ,  not a bmpectrum in the sense 01 
Equation (1); rather, it is a leant-aquara mensum of how r e U  the 
observed data fits the phase coupling model. 
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3.3 Range Space of R; 
Let the coupled frequencies be indexed as w3,i = w 1 , i S  

w2,i for i = 1,. . . , d". Partition V into signal and noise 
subspaces V, and V, exactly as before. For the analytic 
signal model, we have 

span(Rj) = span(V,) = span[a(ws,~ . . . a(wg,d~)] . 
Thus, the row space of R.3 is spanned only by the dff sum- 
frequency Vandermonde vectors. A more useful result is 
obtained for the rea.1 signal model: 

span(V,) = span[A1 AI  . . . Ad" Ad,,] , 

where Ai = [ R ( w ~ , ( )  4 ~ 2 , ~ )  a(w3,i)l. In this case, tlie row 
space of I73 is spanned by allof the vectors in A involved 
in phase coupling. Their frequencies can be estimated 
using MUSIC as before; i.e. , by searching for peaks in 
the speclrutn 

1 
a*(w)V,V;a(w) ' 

S(w) = 

To see the usefulness of lliis type of plot, consider the 
case where five sinewaves are present a t  the liarrnonically 
related freqitcncies 0.5, 1.0, 1.5, 2.0, and 2.5, but wltcre 
only the signals at frequencies {0.5,0.15,0.20) are phase 
coupled. For tliis particular example, rn = 12, N = 
1500, and white Gaussian noise is added at -40 dI) SNR. 
Figure (3) shows the results of using both MUSIC and 
the spectrum of Equation (IO) to process the data. All 
five tones are clearly visible in tlie conventional MUSIC 
spectrum, but the spectrum of Equation (10) reveals only 
the three coupled sinewaves. 

rn-l2.N-tMO,Ulom@40dlSNR 

0.0s 01 0,;s 0.2 0.k 0 3  0 . k  0:4 0.k j 5  

\ 

Nomnlud Fnguenq 

Figure S: Comparison of MUSIC and Spectrum of &. (10) 

Since the vectors a(w) are Vandermonde, the cou- 
pled frequencies can be directly estimated using, for ex- 
ample, Root-MUSIC or ESPRIT [SI. Table (1) shows 
statistice for 200 triala of the ESPRIT algorithm for 
a case considered in [3, 41. Two groups of coupled 
sinewaves are present a t  {0.109375,0.1875,0.296875} and 
{0.115375,0.1935,0.308875) in Gaussian white noise of 
power -40 dB SNR. For these trials, m = 16 and N = 

512. The separation in frequency between the twogroups 
is less than the resolution obtainable by a Fourier trans- 
form using the same amount of data, so the signals could 
not be resolved if Equation (1) is used to compute the 
bispectrum. 

0.109375 
0.187500 
0.296875 0.2956 f 3.4 x 
0.115375 0.1157 f 4.2 x 

0.1095 f 4.2 x 10- 

0.193500 0.1931 f 6.4 x 
0.308875 0.3076 f 3.6 x lo-' 

Toble I: Sample Statistics for 200 ESPRIT Estimates 

4. Conclusions 

Tlre third tnornent matrix lias been showil to be a use- 
ful tool for the detection and estimation of phase coupled 
sinewaves. Its structmal properlies may be exploited via 
tlie SVD t,o directly estimate the number of coupled sig- 
nals and their frequencies. Additional work is needed to 
compare the perforinace of tliis approacli with the metli- 
ods of [3, 41 and to develop systematic procedures for 
estimating d' and d" from the singular values of n.3. 
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