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Abstract 

A number of recent papers have treated the problem of 
channel estimation when known training data are present. 
The unknown part of the signal is typically estimated in an 
independent step, where the channel inverse or the Viterbi 
algorithm is applied to the received data. In this papel; a 
technique is presented for directly estimating the unknown 
symbols in a block of data that also contains training infor- 
mation. An unstructured estimate of the channel can also 
be obtained that exploits the finite alphabet property of the 
transmitted signal. The proposed method is implemented in 
the frequency domain, and works best in situations where 
the transmitted symbols act to convert the linear convo- 
lution of the channel into circular convolution (as with a 
cyclic prejix in multicarrier systems). However; reasonable 
results are still obtained asymptotically even without this 
constraint. 

1 Introduction 

Typical wireless communications systems periodically 
transmit known signals for use as training data for chan- 
nel estimation and synchronization, or simply as guard in- 
tervals for separating bursts of TDMA data. For the case 
of channel estimation, the length of an embedded training 
sequence cannot be too long, as this would significantly 
reduce information throughput. As a result, training data 
by itself has a limited ability to “average out” the effects 
of noise and co-channel interference. While blind meth- 
ods can be applied to longer blocks of data, they ignore the 
presence of the training data and thus also have limited per- 
formance. For these reasons, semi-blind techniques that at- 
tempt to achieve the advantages of both approaches have 
recently been investigated [6, 3,  2, 8, 11. Theoretical [4] 
and empirical studies indicate that a semi-blind approach 
can yield a significant performance improvement over blind 
and training-based methods alone. 
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Most of the semi-blind algorithms proposed thus far are 
directed towards channel rather than symbol estimation; 
equalization usually occurs independently. A typical proce- 
dure is the following: First, the channel is estimated by ex- 
ploiting both the known (training) and unknown (blind) por- 
tions of the data, and then second, the unknown symbols are 
determined using the Viterbi algorithm or by inverting the 
channel and applying it to the received data. An exception is 
the algorithm of [ 13, where the received data are stacked in 
a long vector and a maximum likelihood approach (assum- 
ing spatially and temporally white noise) is used to simul- 
taneously estimate both the channel and unknown symbols. 
However, this vectorization process results in a criterion that 
requires the (pseudo-)inverse of a very large matrix, which 
may be computationally prohibitive. Another drawback of 
the semi-blind methods proposed thus far is that they can 
only exploit the training data over intervals free from the 
influence of the unknown symbols. The number of samples 
in such an interval is only equal to the length of the training 
sequence in excess of the channel memory. Consequently, 
these algorithms do not fully exploit the training data, and if 
the duration of the known signal is on the order of the chan- 
nel length, the training data are essentially not used at all. 

A new algorithm is presented in this paper that to some 
degree addresses the issues raised above. The proposed ap- 
proach is similar in spirit to the methods in [9, 111, where 
the row space of the data is used to directly estimate the 
symbols (as opposed to using the column space for channel 
estimation). A new and simpler method is developed for 
performing this operation blindly, and then the approach is 
extended to the semi-blind case. The method is based on 
the property that a delay in the time domain produces a 
linear phase shift in the frequency domain. This fact has 
recently been exploited for both blind and training-signal- 
based channel estimation [7, 12, lo]. For finite-length data 
sets, this property holds only approximately due to DFT 
truncation effects. However, if the transmitted data are 
such that the linear convolution of the channel can be trans- 
formed into a circular convolution, the truncation effects 
are eliminated. For the application considered here, this re- 
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quires a few symbols (at least as many as one less than the 
channel length) to be repeated at the end of the data frame. 
The repeated symbols are referred to as a cyclic prefix, and 
have been exploited for blind equalization in multicarrier 
(OFDM) systems [5] .  Without a cyclic prefix, the trunca- 
tion effects will still be negligible provided that the channel 
length is significantly shorter than the length of the observed 
data block. As will be seen, a key advantage of the proposed 
frequency domain method is that all of the available training 
data is exploited. 

In the next section, the data model in the time and fre- 
quency domains is presented. A blind algorithm for direct 
symbol estimation based on the frequency domain model 
is developed in Section 3.1, and it is then extended to the 
semi-blind case in Section 3.2. Some simulation examples 
conclude the paper. 

- s (L)  s ( L +  1) 4 N )  - 
s ( L -  1) s (L)  s ( N  - 1) 

S =  . . .  
4 2 )  4 3 )  s(K + 1) 

- 4 1 )  4 2 )  s ( K )  - 

2 DataModel 

. (2) 

Assume for the moment that, out of the N total transmit- 
ted symbols affecting X, the last L - 1 are repeated values 
of the first L - 1. In other words, the symbol sequence is 
given by 

repeated symbols - 
s(l) ,  s(2), . . . , s ( K ) ,  s ( l ) 7 . .  . , s ( L  - 1) . (3) 

In multicarrier (e .g . ,  OFDM) communications systems, this 
short interval of repeated symbols is referred to as a cyclic 
prefix (although in OFDM systems, the cyclic prefix is ap- 
pended in the frequency rather than the time domain). With 
a cyclic prefix present, the matrix S in (2) is circulant, and 
the linear convolution implicitly defined by (1) becomes cir- 
cular. As a result, if we define the K x K DFT matrix F 
as 

1 ... 1 

(4) 
.F= [ ; f ... 4:-1 ] 

1 4K-1 . . .  4 ( W 2  

where 4 = e--j2n/K, then the (row-wise) DFT of X is given 

( 5 )  

where FL contains the first L rows of F, Nf = N F  is the 
DFT of the noise, A, is the diagonal matrix defined by 

by 
def Xf = XF = ' ? t 3 ~ A ,  + N f  

As = diag{s/} (6) 
Sf = F s ,  (7) 

and s = [s(l) . . . s(K)IT. The vector s f  is simply the 
DFT of the signal s .  It is worth mentioning that, if a cyclic 
prefix is not used, equation (5) is still approximately true 
provided that K >> L.  

For blind symbol estimation, A, is completely unknown. 
In the semi-blind case, s may be decomposed as s = S k  + 
s,, where s k  and s, denote the known and unknown sym- 
bols in s,  respectively. Thus, we may write sf = S f k + sfu 
as well, where 

are the DFTs of the known and unknown symbols. Using 
the constraint that s k  and s ,  are non-zero at disjoint time 
samples, a semi-blind algorithm is developed in the next 
section that exploits the model of (5) to obtain an estimate 
of s ,  and an unstructured estimate of Z. The approach uses 
a least-squares (row) subspace fitting criterion, and leads to 
closed form estimates of the desired quantities. Before de- 
riving the semi-blind solution, however, a blind algorithm is 
presented based on (5) for the case where there is no train- 
ing data. 
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3 Basic Approach 

If 7-i is full rank, then the row space of X and Xf (the 
noise-free data matrices) will coincide with the row spans 
of S and  LA,, respectively. To state this mathematically, 
define the SVD X = UEG', where * denotes the complex 
conjugate transpose, and note that the SVD of Xf is X f  = 
UXG;, where 

1 

G f  = I F G .  dR 
Partition G into signal and noise subspaces as G = 
[G, j G,], where G ,  and G ,  denote the first L and re- 
maining N - L columns of G ,  respectively. Then 

row span{ G:} = row span{ S} (8) 
SG, = 0 .  (9) 

When noise is present, these relationships do not hold ex- 
actly. In [ i l l ,  a fairly complicated procedure is used to min- 
imize llSG,\l over the set of (block) Toeplitz matrices S ,  
where Gn is ap estimate of the row noise subspace vectors 
derived from X. In Section 3.1 below, we derive a simpler 
solution based on minimizing the frequency domain version 
of (9), 

(10) 

with respect to s f .  In Section 3.2, we extend this approach 
to the semi-blind case. In both cases, once the estimate ef 
and hence S is obtained, the channel matrix may be esti- 
mated using 

1 1 SG - - S 3 F G  - - 3 ~ A s 3 * G n ,  n - K  n -  K 

= xS*(SS*)-' . (1 1) 

The simulation studies of [ 1 1 1  offer evidence that, when 
model mismatch is an issue, this approach to channel es- 
timation may be more accurate than methods which exploit 
the block Toeplitz structure of 3t and the column space of 
X. Note that if the finite alphabet structure of s is known, 
the solution ip (1 1) can be preceded by a step in which the 
elements of S are projected onto the nearest points in the 
signal constellation. This provides a simple yet effective 
way of exploiting the finite alphabet nature of the signal in 
estimating the channel. 

Before developing the proposed algorithms, we present 
the following two lemmas which will be useful to us later: 

Lemma 1 Given K x K matrices Y and Z, an K-element 
vector s, and the diagonal matrix A = diag{ s } ,  the follow- 
ing equality holds: 

Tr(A*YAZ) = s*(Y @ Z T ) s ,  

where @ denotes the element-wise (Schur-Hadamard)prod- 
uct. 

Lemma 2 Suppose Y = [y1 
z = [z1 

. . . 
. . . zd,] is K x d,. Then 

yd,] is K x d, and 

(YY") 0 (ZZ*)T = (Y 0 Z)(Y 0 Z)* , 

where Y o Z is the K x d,d, matrix formed by taking the 
Schur-Hadamard product of all possible pairs of columns 
from Y and Z, the conjugate of Z: 

Y 0 z = [y1 0 E1 y1 O 5% ' ' '  Yd, @ Ed, ]  . 

3.1 Blind Symbol Estimation 

Using the estimate G, in equation (lo), a simple least- 
squares subspace fitting estimate of sf can be obtained as 
follows: 

where the last equality follows from Lemma 1. Thus, a 
blind estimate of sf can be obtained by finding the left sin- 
gular vector of 

M, = ( F ~ F L )  O (FG,GAF)T (15) 

with smallest singular value. This solution inherently con- 
strains 95 to satisfy llsfll = 1, which reflects the fact that 
in the blind case, s is only identifiable to within an arbitrary 
complex scale factor. 

Since typically L << K ,  the procedure for calculating 
G f  can be considerably simplified by replacing GnG: with 
I-G,G:, and noting that F F  = KI and that the diagonal 
elements of 3i .T~ are all equal to L. Using these facts, we 
may write 

M, = KLI - [ ( F ~ F L )  (.F*GsG:.F)T] , (16) 

which implies that S f  may also be obtained as the left sin- 
gular vector of 

M, = ( F ~ F L )  O (3*GsG:3)T 

associated with the largest singular value. The use of M, 
instead of M, is advantageous if L2 < K ,  since Lemma 2 
may be used to show that 

M, = [Fi 0 (F'G,)] [F; o (S*G,)] * . (18) 

Thus, Bf is also equal to the left singular vector of the N x 
L2 matrix 

Qs = 3; o (PG,) , (19) 
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with largest singular value. Since the matrix product F*Gs 
can be efficiently implemented using a bank of L FFTs, the 
primary computational load is the calculation of Gs, which 
requires on the order of N L 4  flops. This is the same level 
of computation required by the approximate “row-span’’ 
method of [ 1 I] ,  but the solution presented here is somewhat 
simpler to implement. 

3.2 Semi-Blind Symbol Estimation 

For the semi-blind case, we begin with the minimization 
problem of (14), we replace s f  with Sfk + sfu, and then 
minimize with respect to sfu. However, sfu must be con- 
strained so that its inverse DFT, . F s f u ,  is equal to zero at 
samples where S k  is non-zero. Define 1 to be the set of time 
indices where the training symbols are non-zero: 

Z = {t : 1 5 t 5 K ,  s ( t )  # 0, and s ( t )  known} , (20) 

and let Zc be its complement on the set of integers from 
1 to K .  Also define Fz and F;= to be matrices formed 
by selecting the rows of F* whose indices are in the sets 
Z and IC, respectively. The constraint on sfu can then be 
succinctly written as 

F;sju = 0 .  (21) 

Since 7 is orthogonal, we have 

sfu 1 (F;)* 3 sfU E col span {(F&)*} 

Thus, we may parameterize sfu as 

Sfu = e g  

for some ( K  - N,)  x 1 vector g, where N ,  is the number 
of training symbols, and for notational simplicity we have 
defined 

F$ = (F2.)* . 
Using (22), the constraint on sfu can be explicitly in- 

corporated into (14), and the minimization is then over the 
unstructured elements of the vector g: 

g = argmin, (sjk + .F$g)* 

(23) 
The estimate of the unknown portion of the signal is then 
just Gfu = Fkg. As with the blind algorithm developed 
above, the matrix in the brackets may be reformulated using 
the signal subspace vectors G,, as follows: 

g = argmin, 

where Qs is defined in (19). Defining R = KLI - Q,Q,*, 
the solution for the unknown symbols is easily found to be 

The matrix inverse in (25) can be considerably simplified 
using the structure of R and the matrix inversion lemma; in 
the end, only the inverse of an L2 x L2 matrix is required. 
As with the blind algorithm, matrix products involving all 
or part of F can be implemented via the FFT. Consequently, 
the computational load required to solve (25) is again dom- 
inated by the calculation of G,, and thus both the blind and 
semi-blind algorithms have roughly the same level of com- 
plexity. 

4 Simulation Examples 

A series of simulations was conducted with random 4 x 4 
channel matrices R, corresponding to data received over 
four channels (A4 = 4) of duration equal to four symbol pe- 
riods ( L  = 4) each. White, unit-amplitude QPSK symbols 
were generated for the signal vector s. The additive noise 
N was circular complex zero-mean Gaussian, independent 
from channel to channel and from sample to sample. The 
variance, ~ 2 ,  of each element of N was defined in terms of 
the desired SNR: 

A block of 47 samples were collected for each trial, and 
each experiment involved 1000 independent trials. A dif- 
ferent random R was generated for each trial. 

To study the robustness of the proposed algorithms, two 
different Toeplitz matrices S were generated for each trial. 
For one, the generated s was used to create a circulant S, 
corresponding to the use of a cyclic prefix. The other S was 
identical to the first, except that no cyclic prefix was used. 
Instead, its upper right corner was replaced with randomly 
generated QPSK symbols, and hence, while still Toeplitz, 
it was no longer circulant. In either case, the training sym- 
bols were always located near the middle of the vector s 
(i.e., in these examples, the training data did not appear in 
the cyclic prefix). With data generated in this fashion, the 
performance of both the blind and semi-blind algorithms 
developed earlier were tested. Figures 1-3 show the re- 
sults. Figures 1 and 2 show the root mean-squared error 
(RMSE) of the unknown symbol and channel estimates, re- 
spectively, for a case where 15 training symbols are present. 
The RMSE for this example was defined as follows: 

1127 

Authorized licensed use limited to: IEEE Editors in Chief. Downloaded on August 22, 2009 at 23:53 from IEEE Xplore.  Restrictions apply. 



0 8  1 

Semi-blind. no cyclic prefix 

I 
5 10 15 20 25 30 

SNR (dB1 

Figure 1. Symbol Estimation Error vs. SNR 
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Figure 2. Channel Estimation Error vs. SNR 

where N,  denotes the number of training symbols used. 
Without a cyclic prefix, the performance of the algorithms 
levels off at high SNR, since the modeling error associated 
with (5) dominates the error due to additive noise. In this 
example, the use of the training data produces a significant 
performance improvement. 

Figure 3 shows the RMSE channel error as a function of 
the number of training symbols with SNR=lOdB. For ex- 
tremely short training intervals, the blind algorithm outper- 
forms the semi-blind approach. However, with the cyclic 
prefix present, the semi-blind method is able to exploit only 
a handful of training symbols to improve on the perfor- 
mance of the blind algorithm. Note that in this case, there 
is little performance loss if no cyclic prefix is present. 
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