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Abstract 

The recently introduced weighted subspace fitting ( W S F )  
and M O D E  algorithms have been shown to provide direction 
of arrival ( D O A )  estimates whose variance is asymptotically 
equivalent to that achievable b y  the stochastic (unconditional) 
mazimum likelihood method. Updating the WSF and MODE 
DOA estimates when new data arrives requires recomputation 
of an eigendecomposition (EVD), a numerical operation that 
is quite complez and does not easily lend itself to paralleliza- 
tion. To overcome this problem, a D O A  update algorithm is 
presented in this paper which has asymptotic properties identi- 
cal to WSF and MODE,  but which requires no EVD.  The algo- 
rithm achieves computationally eficient estimate updates, and 
unlike the E V D  may be easily parallelized. In addition to de- 
scribing the algorithm and its asymptotic properties, the paper 
also includes a simulation ezample to validate the algorithm’s 
performance. 

1. Introduction 

AXIMUM LIKELIHOOD methods are a stan- M dard approach to solving parameter estimation 
problems such as those encountered in narrowband di- 
rection of arrival (DOA) estimation. In the maximum 
likelihood (ML) approach, the probability distribution 
of the observations is expressed as a function of the 
parameters to be estimated, and the so-called (log)- 
likelihood is maximized with respect to these param- 
eters. Under certain regularity conditions, estimates 
obtained from the ML approach are both asymptoti- 
cally unbiased and ef ic ient ,  meaning that they achieve 
the Cram&-Rao lower bound (CRB) on estimate vari- 
ance. 

Despite its advantages, ML-based methods have 
not enjoyed much practical application in DOA es- 
timation since they usually lead to non-linear, multi- 
dimensional optimization problems that are not eas- 
ily solved. Even under the “simplest” assumptions 
of Gaussian signals and noise, maximizing the log- 
likelihood is quite complicated and does not easily 

Inc. 
‘This work was supported by the IR&D Program at ESL, 

lend itself to numerical solution [I,  21. As a result, for 
many years research has focused on more easily im- 
plemented one-dimensional techniques such as beam- 
forming, MUSIC [3], and the min-norm algorithm [4]. 
While these methods achieve ML or near-ML perfor- 
mance in many cases, difficulties arise when the signals 
have nearly co-incident DOAs or are highly correlated. 
These difficulties are a direct result of using a one- 
dimensional optimization procedure to solve what is 
inherently a multidimensional problem. 

Recently, two new multidimensional algorithms 
have been proposed whose asymptotic second order 
performance is equivalent to that of ML; i . e . ,  they pro- 
duce DOA estimates that asymptotically achieve the 
CRB for Gaussian signals and noise. These algorithms 
are the weighted subspace fitting (WSF) method of 
Viberg and Ottersten [5, 61, and the method of direc- 
t ion of arrival es t imation (MODE) algorithm of Stoica 
and Sharman [7, 81. One of the principal advantages 
of these techniques over ML is that the form of their 
respective criterion functions is more amenable to nu- 
merical extremization than is the corresponding log- 
likelihood. 

Both WSF and MODE do, however, require that 
one compute the d principal eigenvectors and eigen- 
values of the data covariance matrix, where d is the 
number of signals present. Initially, this is not a sig- 
nificant issue since all of the eigenvalues of the covari- 
ance are needed in determining the value of d. Once 
the number of signals is known, however, and an ini- 
tial DOA estimate is obtained, updating the WSF and 
MODE estimates in response to additional data from 
the array requires that the principal eigenspace be 
completely recomputed. Algorithms have been pro- 
posed for performing the eigenspace update efficiently 
[9, 10, 11, 12, 131, but such techniques are still quite 
complex and often suffer from a linear buildup of 
round-off error. 

The goal of this paper is to demonstrate that 
asymptotically efficient DOA estimates can be ob- 
tained without resorting to an eigendecomposition. In 
particular, an algorithm similar in form to WSF and 
possessing identical asymptotic properties will be de- 
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veloped that requires computation of only the sample 
covariance and its inverse. While computing the in- 
verse of an m x m matrix takes O(m3) operations in 
general and hence would not seem to provide much of 
a computational advantage, updating the inverse of a 
matrix after a rank-one modification is a trivial O(m2)  
calculation. Hence, the new algorithm is well-suited to 
the problem of updating the DOA estimates when a 
new sample, or snapshot, is taken from the array. 

After introducing notation and describing the WSF 
approach in the next section, the new algorithm is 
presented in Section 3 and its asymptotic equivalence 
to WSF is established. Some important features of the 
algorithm are outlined in Section 4, and a simulation 
example is included in Section 5. 

2. Weighted Subspace Fitting 

Under the assumption of narrowband signals, the 
output of an m-element array x ( t )  E 6” due to d 
sources can be described by 

x ( t )  = A(&)s(t) + n(t) , (1) 

where s ( t )  E Cd represents the signal amplitude and 
phase a t  time t ,  n(t) E Cm is additive noise, and 
A(80) E Cmxd is the matrix of array response vec- 
tors for each source parameterized by the DOAs 8 0  = 
[e l , . . . , ed]?  

A(&) = [a(&) . . . a(ed)] . (2) 

In this analysis, it is assumed that the array parame- 
terization .(e) is completely known ( i e . ,  the array is 
fully calibrated), and is unambiguous ( i e . ,  every ma- 
trix of the form (2) is full rank d for distinct e;). It 
will also be assumed without loss of generality that 
the noise is spatially white, or in other words that 
C{n(t)n*(t)} = a21. If the noise is further assumed to 
be uncorrelated with the signals, then the covariance 
of the array data is given by 

R $f C { x ( t ) x * ( t ) }  = A(OO)SA*(80) + a21 , (3) 

where S ’sf &{s( t ) s ’ ( t ) }  is the covariance of the emit- 
ter signals. The goal of the narrowband DOA estima- 
tion problem is simply to use several observations from 
the array and exploit the model of (3) to estimate 8. 

To implement an ML solution to this problem, the 
likelihood function of the data must first be deter- 
mined and then maximized over all relevant model pa- 
rameters. If the signal and noise waveforms s ( t )  and 
n(t) are assumed to be stationary, temporally whitr, 
zero-mean complex Gaussian random processes, then 

maximizing the log-likelihood over 8 can be shown to 
be equivalent to2 [l, 21 

T r ( P i R )  I 
m - d  PA])  7 (4) 

where R is a sample estimate of (3), and the projection 
operator PA = I - P i  is defined as 

PA = A(8) [A*(8)A(8)]-1 A’(8) . 

This minimization in (4) is sometimes referred to as 
the stochastic or unconditional M L  approach. While 
the estimates obtained from (4) will have very desir- 
able properties, the determinant operation makes im- 
plementing this minimization quite complicated. 

In the WSF approach of Viberg and Ottersten [5], 
the DOA estimates are obtained from the following 
much simpler minimization problem: 

- 1  e,,, = argminV,,,(O) = JJE,W2 - A(8)Tll; 
e ,T 

(5) 

where Ow, ,  is the estimated angle vector, E, is a 
set of vectors obtained from the data which approx- 
imately span the “signal” subspace s p a n { A ( & ) S } ,  
and W = W’ is a positive definite weighting ma- 
trix. Ottersten and Viberg showed that for a partic- 
ular-choice of W, the variance of the estimation er- 
ror 8,,, - 8 0  of (5) is minimized and in fact asymp- 
totically (for large N )  achieves the CramCr-Rao lower 
bound under the assumption of Gaussian signals and 
noise. WSF is thus asymptotically equivalent to (4), 
but it is much simpler to work with since it involves 
a trace operation instead of a determinant. Note that 
both algorithms are multidimensional in the sense that 
the elements of the vector 8 are searched for “simulta- 
neously.” In addition, an estimate of reasonable qual- 
ity is also required in either case to initialize the search 
for the DOAs. 

The vectors Es used in (5) can be obtained from an 
eigendecomposition of the sample covariance R of the 
array data: 

2Note that equation (4) is expressed in concentzated form, 
where the separable parameters o2 and the non-redundant ele- 
ments of S have been solved for. 

303 

Authorized licensed use limited to: IEEE Editors in Chief. Downloaded on August 23, 2009 at 00:02 from IEEE Xplore.  Restrictions apply. 



= EAE* 

= E,A& +En&& , 

where N is the number of observations, or "snap- 
shots,: taken from the array, and where A = 
diag(A1 2 A2 2 2 Am} and E = [ & , . . + , e m ]  are 
respectively the eigenvalues and eigenvectors of R. If 
there are no perfectly correlated signals, then 

E, = [&I ... &d] 

E n  = [&+I " '  &] 

As = diag(i1, . . . , i d }  

An = diag(id+l, . . . , im} . 

With these definitions, the optimal choice for W in (5) 
was shown in [5] to be 

w = WO = (A, - U21)2A,' , (6) 

where U is a consistent estimate of the noise power. 
When perfectly coherent signals are present, i.e., when 
rank(S) = d' < d, then the low rank signal subspace is 
only of dimension d', and E, and A will contain only 
the first d'-eigenvectors and eigenvalues of R. The 
weighting WO is d' x d' in such cases, and provided 
d and d' are known and m > 2d - d' [14, 151, WSF 
is still able to obtain unique, minimum variance DOA 
estimates. 

When additional data is obtained from the array, 
and an updat:d DOA estimate is desired, a new set of 
eigenvectors E, and a new weighting matrix WO must 
be computed in order to implement the WSF mini- 
mization of (5). Since only the d'-dimensional prin- 
cipal eigenspace is needed, this computation requires 
O(n2d') operations in general. However, the compu- 
tation is iterative and relatively complex, and hence 
is not well-suited to a direct parallel implementmation. 
Thus, in situations where the emitters are rapidly 
moving and the DOA estimates must be frequently 
updated, or simply when it is desired to account for 
an additional observation from the array, recomputing 
the WSF solution may be prohibitively costly. 

3. An Efficient Update Algorithm 

The principal objective of this paper is to demon- 
strate that DOA estimates obtained from the mini- 
mization problem 

have asymptotic properties identical to those obtained 
from WSF and the stochastic ML algorithm, and 
hence are asymptotically unbiased and statistically ef- 
ficient. If 

C W S F  = f ( ( 8 W S F  - e O ) ( e W S F  - 

c = c((8 - eo)@ - eo)T} 
are the estimation error covariances for (5) and (7), 
then this amounts to showing that 

c = C W S F  + O ( N - ' )  , (8) 

which in turn amounts to showing that [5] 

These facts are established in the course of proving 
the following theorem: 

Theorem 3.1 If U' is a consistent estimator of the 
noise power a', then the DOA estimates obtained 
from (7) are consistent and have the same asymptotic 
variance as those obtained from the WSF minimiza- 
tion of (5). 

Proof: To begin with, note that the estimates 
obtained from (7) are unchanged if the constant 
-2Uz(m - d) is added to V ( 0 ) :  

minV(0) = minTr [pi(R + U4R-l)] - 2U2(m - d )  

= m i n n  [~i(ii + ~ 4 R - 1 -  ~ U Z I ) ]  . (11) 

R - 1  = E,A;IE; + E n A ; l ~ ,  , 

v ( e )  = ?'I [ P ~ E ( A  - u ~ I ) ~ A - ~ E * ]  

e 

Since 

V ( 6 )  can be further rewritten as 

(12) 

= v W s F ( 6 )  + Tr [PfiknwnE;] (13) 

where W, = (A, - U21) 'A; ' ,  and thus the cost 
function is still guaranteed to be positive. Since 
W, = O(N-l) when U' is consistent [16], then 

N-CU lim v ( e )  = vwsF(e) 

The consistency of (7) is established by the fact that 
WSF is consistent, and by the continuity of both 
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$'(e) and Vw,,(0) [5]. Along with (13), the fact that 
W, = O(N-') also guarantees that the error terms 
in equations (9) and (10) are at least o(N-lI2).  Equa- 
tion (8) thus holds, and the variance of the estimates 
obtained from (7) is thus asymptotically equivalent to 
that of WSF. 

4. Discussion 

The most salient feature of (7) is that it requires 
no eigendecomposition. This may Pt first appear to 
be a moot point since evaluating V(0)  does require 
that R-l be computed. However, updating R-l in 
response to additional data is considerably less com- 
plicated than updating the corresponding dominant 
eigenspace. For example, suppose RN represents the 
value of the array covariance after N snapshots, and 
suppose an additional observation z = x ( N  + 1) is 
received from the array. If the following consistent 
estimator of u2 is used3 

then the data-dependent quantities in (7) may be up- 
dated as follows: 

z * P i z  
U&+ 

( m  - d ) ( N  + 1) ' G + 1 =  N+1 
In situations where the emitters may be rapidly mov- 
ing and it is desirable to exponentially decrease the 
contribution of previous snapshots, a constant 0 < 
p < 1 may be defined and the data-dependent up- 
dates obtained as follows: 

(1 - p)z*Pfiz 
&&+l = pu& + m - d  ' 

In either case, updating the data-dependent term 
in the cost function involves a simple, non-iterative 
O ( m 2 )  calculation that can be easily parallelized. 

Since the implementation of multidimensional minimiza- 
tions like WSF and (7) requires reasonably good initial esti- 
mates, there is no loss of generality in assuming P i  is available 
in computing 6%. 

In the proof of Theorem 3.1 it was shown that V ( O )  
is essentially equivalent to 

T r ( P i E ( A  - 2 1 ) 2 k ' E * )  . (14) 

Comparison of this expression with (5) and (6) shows 
that (7) can be thought of as implementing a WSF 
minimization using all of the eigenvectors and not just 
the first d'. The asymptotic equivalence of (14) and 
Vw,,(0) is not surprising since the weights multiply- 
ing e d t + l ,  . . . , e, in (14) are near zero for large N. 
Note also that the minimization of (7) requires only 
that d and not d' be known. Although it is much 
more difficult to determine d than d' when d' < d ,  
not having to continually estimate d' at each update 
is advantageous in situations where emitters may be 
fading in and out of coherence. 

While adding the constant - 2 u 2 ( m  - d )  to V(9)  
in (11) does not change the resulting DOA estimates, 
it  makes the minimization more amenable to a Gauss- 
Newton (GN) search. This is because the constant 
forces V ( 0 )  2~ 0 in the vicinity of the true solution, 
which is an assumption that the GN technique relies 
on (e.g., see [6, 17)). For each GN iteration, computing 
the gradient and approximate Hessian of the cost func- 
tion in (11) requires O ( m 2 d )  operations, compared 
with O ( m d 2 )  operations for WSF. On the other hand, 
updating the corresponding data-dependent quantities 
takes O(m2)  for (11) and O ( m 2 d )  for WSF. Thus, 
strictly speaking, both algorithms require roughly the 
same level of computational effort in obtaining an up- 
dated DOA estimate via GN. The advantage of (11) 
lies in the simplicity of its implementation; all of 
its O ( m 2 d )  and O(m2)  computations are simple ma- 
trix/vector products, and are easily parallelized. 

If in (11) e2 is treated as a parameter to be esti- 
mated rather than as a consistent estimate of u2, then 
a somewhat different consistent estimator of o2 is ob- 
tained: 

m - d  
U2 = 

Tr(PfiR-1) . 
If this estimate is substituted back into ( l l ) ,  the fol- 
lowing concentrated version of the cost function re- 
sults: 

. (15) 
( m  - d ) 2  v ( e )  = n ( p i R )  - 
Tr ( P i  R- 1) 

Equation (15) thus provides another "eigendecom- 
position-free" alternative to WSF. It is interesting to 
note the similarity of the cost functions in (7) and (15) 
with that of the so-called determinis t ic  or conditional 
ML algorithm (CML), which implements 

8 = argminVc,,(0) = a rgminTr (P iR)  . (16) B 
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The CML approach differs from unconditional ML in 
that it treats samples of the signal waveforms as deter- 
ministic parameters instead of random variables. Ot- 
tersten and Viberg have shown that WSF asymptot- 
ically outperforms CML independent of whether the 
signals are deterministic or stochastic [MI. The anal- 
ysis above demonstrates that the estimates obtained 
from (7) will also have asymptotically lower variance 
than CML. 

5. A Simulation Example 

This purpose of this example is simply to demon- 
strate that the algorithms described in (5) and (11) 
have essentially the same performance, and that they 
both significantly outperform CML. A 12-element uni- 
form circular array with unity gain sensors and a 1-X 
radius was assumed in this example, and two emitters 
were simulated at angles of 0’ and 10’ with respect 
to a line through one of the sensors. The emitter sig- 
nals were generated as constant amplitude planewaves 
with random phase, uniformly distributed on [0,27r]. 
The 0’ source had an SNR of 0 dB, while that of the 
10’ source was 20 dB. 

In each trial, an estimate based on 500 snapshots 
was obtained for WSF, CML, and the minimization 
of (11). A total of 1000 trials were conducted for each 
of the correlation coefficient values 0.8, 0.9, 0.95, and 
0.99, and the standard deviation of the estimates was 
computed. The results are shown in Figure 1, where 
the connected lines indicate theoretical predictions of 
the estimate standard deviation (see [5]), and the sym- 
bols ’*’, ’x’, and ’0’ indicate sample estimates com- 
puted from the simulations. Note that the acronym 
MUD stands for Maximum likelihood UpDate, and 
refers to the minimization of (11). 
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