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Abstract-In this paper, we are concerned with the perfor-
mance of multiuser schedulers over an asymmetric network,
where different users in the network have different average
received signal-to-noise ratios (SNRs) and Doppler spreads.
The throughput, in terms of the ergodic capacity of the
channel, of a maximum-SNR scheduler (i.e., the scheduler
that schedules the user with the largest instantaneous SNR)
is investigated over Rayleigh fading channels with single-
antenna base station and user terminals. Closed-form expres-
sions are presented to quantify the degradation in maximum-
SNR scheduler performance due to lack of the knowledge of
the CSI. For an asymmetric network with a small number
of users, a new simple scheduler, which does not require
instantaneous CSI, is proposed, and its optimality is discussed.

Keywords: Multiuser diversity, proportional fair, Doppler spread,
fading decorrelation, channel-aware schedulers.

I. INTRODUCTION

In a single cell, with single-antenna base station (BS)
and user terminals (UTs), scheduling the strongest user
at every transmission time, for either the uplink (UL)
or the downlink (DL), is known to be optimal in the
Shannon capacity sense [1], [2]. By allowing only the
UT with the strongest instantaneous received signal-to-
noise ratio (SNR) to transmit (i.e., the so-called maximum-
SNR scheduler or, simply, max-SNR scheduler), the shared
channel resource is used most efficiently, and results in
maximum system throughput [3]. The resulting gain due
to riding the peaks of the multiuser fading channel is
termed multiuser diversity (MUD) gain [4], which, in a
symmetric Rayleigh faded network (with equal average
received SNRs for the UTs), grows doubly logarithmi-
cally with the number of UTs. However, when the net-
work contains UTs with different average SNRs, max-
SNR scheduler incurs unfairness, in the sense that the UT
with the largest average SNR gets scheduled more often.
The simplest scheduler that guarantees fairness among the
UTs is a round-robin (RR) scheduler, which schedules the
UTs in equal proportion, regardless of the instantaneous
UT channel quality. A proportional-fair (PF) scheduler
trades off the system throughput for fairness across UTs
by scheduling the UTs based on the instantaneous channel
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quality relative to the average channel quality over the
time window of interest [4].

In this paper, our first goal is to understand the impact
of dissimilar average SNRs and Doppler spreads on the
max-SNR scheduler performance. Assuming DL transmis-
sion, accurate knowledge of channel state information
(CSI) at the BS is crucial to exploit the benefits of MUD.
The UT also should have access to good quality CSI to
obtain sufficient decoder performance. Lack or inaccuracy
of the CSI leads to a significant performance degrada-
tion [5], [6], whereas the overhead in maintaining CSI
penalizes the system throughput. Typically, a max-SNR
scheduler selects the UT with the strongest SNR based
on the initial channel quality measurements (say, at time
t = 0), and allocates radio resources to the scheduled UT'
over a duration T that is less than the coherence time Tc of
that user. Depending on the ability of the system to track
the channel quality of the UTs, we study two scenarios in
the paper. These are: i) Perfect CSI, and ii) Outdated CSI.
For the first case, we assume the system has perfect CSI
only for the active UT during the whole allocated time
duration T (i.e., tracking the channel quality of UT that is
scheduled at t = 0). In this case, there is a performance
degradation due to the fact that the SNR of another user
may increase to a value that is better than the scheduled
user during the allocation window T. For the second case,
after making a scheduling decision based on the channel
quality at t = 0, the BS makes no attempt to monitor the
channel quality over the duration T. In this case, there is
an additional loss due to decorrelated CSI. The practical
significance of both cases i) and ii) is that they quantify
the performance loss due to the lack of periodic channel
quality feedback.
Our results for an asymmetric network with a small

number of UTs, with different mobile speeds, show that
the max-SNR scheduler may not necessarily perform bet-
ter than a scheduler that does not have access to instanta-
neous CSI. The latter one is termed Statistically Channel-
Aware (SCA) scheduler, as it requires only the knowledge
of the average received SNRs and the Doppler spreads of
the UTs. We formulate a simple constrained optimization
problem, which maximizes the average capacity of the
proposed SCA scheduler, to allocate the time durations for
the UTs. An algorithmic description of the SCA scheduler
is also presented.
The rest of this paper is organized as follows. In

Section II, we present the system model. A thorough

'The 'scheduled UT' is also termed 'active UT'.
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study of the performance of the max-SNR scheduler under
different CSI assumptions is carried out in Section III.
In Section IV, we expose the drawbacks of the max-SNR
scheduler for a small network with high mobility users,
and propose our SCA scheduler. We conclude our work
in Section V.

II. SYSTEM MODEL
We consider a single cell with a small group of K

independently faded asymmetric users. Assuming single-
antenna BS and UTs, we focus on DL (i.e., BS to UT)
transmission. At time t, for UT j, 1 < j < K, the
instantaneous received SNR is denoted by -yj(t), whereas
the corresponding statistical average is denoted by -yj(t).
We also assume that the users move at different speeds,
and the resulting Doppler spread for the jth UT is given
by fJ = (vj/c)fc, where fc is the carrier frequency, c is the
speed of light, and vj is the speed of UT j. The complex-
valued time-varying channel gain from BS to UT j, at time
t, is denoted by hj(t), which is assumed to be a zero-
mean complex-Gaussian (ZMCG) random variable (r.v)2
with second moment E[ hj(t) 21 = hj (t). With this, the
received signal at UT j is:

yj (t) = hj (t)x(t) + nj (t),(1

where x(t) is the transmitted signal with E( x(t) 12) =

ES(t) denoting the average transmit power, and nj(t)
CK(O,V). With this, we have yj(t) = Ihj(t) 2Es(t)/4J and

_Yj (t) = f)h (t)Es (t) 42
Due to the users' mobility, the channel for UT j changes

for values of t greater than the coherence time Tc. Since
hj(t) is ZMCG, hj(t) and ho(t) are related as [7]:

JOhIh (t)
hj (t) = pj (t) Oh(0 h(0 ) (1 pj (t) 2)Ohj(t)vj (t), (2)

where vj (t) CJ\I(O, 1). Assuming the Jakes fading corre-

lation model [8] for each user, we write p1(t) = Jo(2TfJt),
where Jo (.) is the zero-th order Bessel function of the
first kind [9]. We denote by T the time slot duration for
this group of users (a BS can serve different groups of
users), within which scheduler can make the decisions
about which user to schedule, how much time to schedule
it and so on. We further assume that T < min1<j<K (T).

III. MAx-SNR SCHEDULER
As mentioned before, the system performance is a

function of the quality of CSI at both the BS and UTs.
The UTs usually estimate the CSI by extracting the pilots
inserted in the transmitted data. The BS can obtain the CSI
either by estimating the channel through the reverse link
(assuming channel reciprocity), or via the feedback from
UTs through a control channel. Keeping track of the CSI
will incur a a penalty in system throughput. Depending
on the ability to track the CSI, this section addresses the
max-SNR scheduler performance under different scenar-
iOS.

2For simplicity, we denote X CJVF(m, o2) to indicate that X is a
Complex Gaussian r.v with mean m and variance 2.

A. Ideal Performance
Under this assumption that the BS has perfect CSI of

all the UTs during 0 < t < T, the pdf of the maximum of
the instantaneous SNR, at any t C [0, T], can be written
as:

y
K Iq

K 1 KL 1( 1I)1 'e q-1 q

j=l IIj=O p=l -p(t

The Shannon capacity of this scheduler is given by:

C(t) = log2 (1 + x)p7.x,t(x)dx

K 1 Ki (K () /K ij=l102(e)T (T _1)1 j1 ie ~ El iL J
j1 iiO 1 Ti(

(3)

(4)

where SE (x) fx7 1 / t * e-t * dt is the exponential integral
function [9]. When the transmission power and the aver-
age channel gains are time-invariant (i.e., no Doppler),
-y (t) will remain time-invariant. In this scenario, the
Shannon capacity in (4) remains constant over the period
[0, T].

B. Channel Tracking of Scheduled User
Due to high CSI requirements, the scheduler described

in Section IIIA is impractical. Here, we investigate the
case when the scheduler has the CSI for all the users
only at time t = 0, based on which the initial scheduling
decision is made for the duration [0, T]. In this period,
only the active UT's channel is tracked at the UT side
for the purpose of decoding the message, and is assumed
to be perfectly known. Compared to the ideal scheduler,
this system takes a performance hit due to not monitoring
the channel quality of other UTs beyond t = 0. In this
subsection, we quantify this loss.
From (2), conditioned on hj (0), it is easy to see that

-yj (t) = Ihj(t) 2E s(t)I/F is a non-central Chi-square r.v
with the parameters [10]:

s2(t) = |Pj(t) 2 h (0 ihj (t) E, (t)
lhi (0) I2

p (t) r- (t) h (0)2
lhi (0) (5)

(6)
and

Therefore, the cumulative distribution function (CDF) of
yj(t) conditioned on hj(O) is [10], [11]:

P(yj(t) < x hj(0)) = 1 Cl S(t ) l,

where Q1 (a, b) is the first-order Marcum-Q function [10].
It can be easily shown that the pdf of the maximum SNR,
with UT j being the strongest user at time t = 0 is:

x

yj(O) H xp -j X,, =0)
O

il -e--i

1)I
K

( 1)Lil e (

=l,itj 0i=o
(7)

(i
4j rT (°-)

-yi (°)

Upon defining
F(N,k) =-k! ,(-l)i Nk8Oj e-tt k-j-ldt

i-( ) k(k-1) ..(k -j) ' (8)
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where G(ca,k) = (k1)! f e-ttk-ldt is the incomplete
gamma function [9], the Shannon capacity of a max-SNR
scheduler that tracks the channel of the active UT for the
whole time slot T can be derived as:

K coo

C(t) = E j Cjlhj(0) (t)PVj(0),j(X, j, t = 0)dx

K K 1 co n Iog2(e) (bj(t))"(-'), =l'i,4j liF(0j(t),k)
=1-1,i-j4jli=On=0k=o Ti (°) (LjKj,j,4j I0 + 10 +bj(t))n+lii ii On 01' 0 ~~~~~yi(0)"-K0

where 1j(t) 1- IP() -2)}1t) and b1(t)
Details of (9) can be found in [12].

(9)

Ipj(t) l2
(1-lpj(t)l2) rj(O) -

The initially obtained CSI is used throughout its sched-
uled time to decode the message. Clearly, the required
CSI load in this case is significantly less in comparison
with the approaches in Sections IIIA and III-B. However,
not tracking the channel at all, after t = 0, leads to
further performance degradation over the one described
in Section II.

3 Users with speeds [40; 100; 50] (m/s), SNR [10 25 20] (dB), fc = 10 GHz
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Fig. 1. Shannon capacity of a max-SNR scheduler. Only the scheduled
user at t = 0 has access to perfect CSI over t c [0, T].

A Monte-Carlo simulation is carried out to simulate
the Shannon capacity of the max-SNR scheduler over a

network with 3 asymmetric users. At time t = 0, each
user's channel is generated randomly, and the strongest
user is selected according to the users' instantaneous SNR
at this time. After the user is selected, random samples
are generated to evolve the channel according to (2).
The Shannon capacity is measured by averaging over a

large number of channel realizations. For simplicity, the
second order statistics of each user's channel is assumed
to be constant (i.e., Qhj (t) = C, t E [0, T]), and each
user's transmit power and noise variance are also set to
be constant during the scheduled time slot. The carrier
frequency is set to f, = 10 GHz, the average SNRs of
the users is set to [15, 25, 20] dB, the Doppler speed is
set to [40, 100, 50] m/s, and the time slot duration T
is set to be 120 ys. The same set of parameters will be
used throughput the paper. As can be seen in Fig. 1, the
simulated results agree very well with the analysis in (9).
The performance loss can be quantified as the difference
between (4) and (9).

C. Impact of Channel Tracking Inability
When the channel feedback frequency is severely con-

strained, the UTs provide only the initial CSI to the BS
scheduler. Once a scheduling decision is made, during the
scheduling period the BS will make no further attempts
to track the channel of any of the UTs. More importantly,
at the UT side, the receiver doesn't track its own channel.

Fig. 2. Shannon capacity of the max-SNR scheduler. Channel knowledge
is known for the selected user only at the scheduling time.

Using (2) in (1), the instantaneous SNR of UT j given
hj(0) is:

pj (t) |2 hj (0) 2
h t E (t)

j -t`, (1 - Ipj(t) 2h1()(t)2h() E (t)+ (j2
|~pj (t) 2 hj (O) 2Es (t) j2 = Oj (t)q1j (°)

Ohj() [(1- lPj(t)l2)E,(t) + IzhI- (t

(10)

where

oj (t)
Ipj (t) |2E, (t)

Es (0) /j2Ohj (0) [(1 - pj (t) 12)E, (t) + f2t

pj (t) 2-y1j (t)

Tj7(O-) [(1 - Ipi(t) 12)-yj(t) + 1]
(11)

Averaging over ij(t) and the users, we obtain the Shan-
non capacity in the absence of channel tracking as [12]:

(12)C (t) = Ej(Eij (t) (10L2(1 + 0j(t) )

K 1092 e K 1 (_ 1)LiK 1,i,'jIi
j=1 yj(°) _=,ix,jli_o LiK J,i"j i()+ 1a(

j' i')~I~O

-e El
1- oi~~~~~(t)

We perform a Monte-Carlo simulation for this scheduler.
The result shown in Fig. 2 verifies the accuracy of the
analysis. We also observe from Fig. 2 that the loss in
capacity is significant when the scheduler does not keep
track of the user's channel (6 bits/s/Hz loss in Fig. 2 as

compared to 0.95 bits/s/Hz loss in Fig. 1 at the end of the
scheduling time T). The difference between (9) and (12)
characterizes additional loss due to UT's not tracking its
own channel.
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Fig. 3. Shannon capacity of multiuser schedulers. Channel knowledge
is known for the selected user only at the scheduling time.

IV. SCA SCHEDULER

As seen from Fig. 2, when the strongest user (in terms
of average SNR) in the network has a large Doppler
spread, the Shannon capacity of the max-SNR scheduler
drecays quickly with time. We conj.ecture that for a small
network, where the number of asymmetric users is not
large, scheduling the strongest user without tracking its
channel for a period of time may not provide better
throughput than simply selecting a user with a similar
average SNR, but with a smaller Doppler spread. This
is attributed to the observation that high mobility will
outdate the channel knowledge very quickly. Under these
conditions, Doppler spread as well as average SNR should
be key factors to be considered for making scheduling
decisions. Here, we consider a simple statistically channel-
aware scheduler that requires only the average SNRs and
the Doppler spreads as inputs. As motivation, consider a
scheduler that selects a user say],. and allocates time slot
T to it regardless of how good its channel is when com-
pared to the other of users. The selected user's Shannon
capacity is given by [12]:

Cj (t) =E (log2 (1 + 1i(t) q1(O))) (13)

=log2e xe Ipjt) 127PO (( i(t2 2yt) +1)

In Fig. 3, we plot the Shannon capacity of the max-
SNR scheduler and this simple scheduler according to
(1)and (13), respectively. From Fig. 3,we conclude that:

a) selecting the strongest at user t =0, and scheduling
it for T =l2Oys without tracking its channel, is not
as good as simply selecting user '3' for the whole time
duration, and b) the gain of MUD over selecting the user
with the largest average SNR (user '2') is marginal. The
authors attribute these observations to two reasons: 1) the
number of the users in the network is not large, hence the
possible MUD gain is not large to start with, and 2) due to
the asymmetric network setup, with high probability, the
max-SNR scheduler selects user '2' who has the strongest
average SNR. However, due to high Doppler spread,
user '2' channel de-correlates much quicker than the rest
of the users. Therefore, in a small network with some
high mobility users, MUD without the CSI for the whole
scheduling time may lead to suboptimal performance.

20 40 60 80
Time Slot Duration (vts)

100 120

Fig. 4. Average Shannon capacity of max-SNR scheduler, and the
capacity of a given user link.

To determine whether to use a max-SNR scheduler
or a SCA scheduler, one reasonable approach would be
to average (12) and (13) over [0, T], and use them as
the metrics for user selection. Fig. 4plots such metrics
mentioned above as a function of scheduled time slot
duration. It is clear from Fig. 4that there are crossover
points for different curves in the figure. Therefore, besides
the users' average SNRs and Doppler spreads, the slot
duration is also an important parameter to determine the
optimal scheduler type (max-SNR versus SCA), and user
selection. When T =l20ys, user 3 is the optimal user to
be scheduled. However, it neither corresponds to the user
with the largest average SNR nor corresponds to the user
with the smallest Doppler spread. When T < 40ys, the
max-SNR scheduler that extracts the MUD gain would be
the right choice. For the rest of this paper, we dedicate
our attention to the SCA scheduler when the MUD gain
is not of much concern. However, which user to schedule,
and for how much time, will be the focus of the rest of
this section.

A. A Sufficient Condition for Optimal User Selection
In this section, we study a sufficient condition for an

SCA scheduler under which scheduling a specific user
for the whole period of time duration T is optimal. We
assume the selected user only estimates its own channel at
time t =0 at the receiver side for the purpose of decoding
the message. At the scheduler side, no instantaneous
CSI is required to determine the prospective user. Only
average SNR and Doppler spread information is needed
to make the scheduling decision. As explained in the last
paragraph, the optimal scheduling strategy is a function of
T. To answer the question Which user is the optimal user to
be scheduled, integration over [0, T] is involved. When the
scheduled time duration T is smaller than the minimum
of all the intersecting points at which the capacity curve
(averaged over [0, TI, i.e. Fig.4) of the user with the largest
average SNR crosses the remaining curves, the user with
the largest average SNR is the optimal user to schedule.
And in this case, an SCA scheduler bases its decision only
on users' average SNR. For example, in Fig. 4, if T is less
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than the intersecting point of the blue curve and the black
curve, i.e. T < 15ys, scheduling user '2' for the whole T
is optimal.

To determine the intersecting points in Fig. 4 is hard,
because integration is involved. It is obvious that the in-
tersecting point in Fig. 3 always lower bounds the desired
one. Therefore, we propose to determine the intersecting
point in Fig. 3. When T < T/ and if 27T fJ T < 4,
from [13], we can use the polynomial approximation of
Bessel functions: Jo (x) E_ o C,nmx2m, with n = 2 and
Cnm =(2)2mr(n m)!(m!)2 .Since each term in (13) has the
form exES (x), we can prove that the latter is monotonically
decreasing in x [12]. It can be shown that the following
holds true when the capacity curves of users i and j
intersect:

~p(t) 2 _ Y, (t) (_yj (t) + 1) A6(4
Pi (t) 12 j(t t)+ 1)- i

Using polynomial approximation for pj(t) Jo(27TfjT):

we xm0 Cn)Xj f k (15)
yn 2m= i (5

_M_O Cnm Xi

where xi = 27fdT. Upon setting xj/xi = flfd' kji, an
approximation to (15), with n = 2, is given by

L C2m (kj2i - + C20 (1 - e) = 0. (16)
m=l

In (16), we determine the smaller positive root xi, which
can be divided by 27Tfd to obtain Ti,j, i #k j. If user
v is the one with the largest average SNR, we call
TB = min (Tv,,.. ,T,v- T,v+... TV,K). If T < TB, it
is guaranteed that scheduling user v for the whole period
of T will be optimal.

B. Time Resource Allocation for an SCA Scheduler
This section studies a different problem, i.e. when a

scheduler is constrained to have only access to all users'
long term statistics (average SNR and Doppler spread),
how to intelligently allocate time resource among various
users to maximize the system throughput. Mathemati-
cally, K asymmetric users are assumed in the network
with different Doppler spread. Total amount of time T
is assumed to be dedicated to serving these users. As
discussed in IV-A, if T < TB, scheduling the user with
the strongest average SNR is optimal. Otherwise, it may
be optimal in the Shannon capacity sense to allocate the
total time resource to various users. The optimal solution
for this scenario can be obtained by formulating following
optimization problem:

[T1, TK] = argmaxf([xi, XK])

K
s.t. Lxj = T, andxj > 0, for 1 <i < K, (17)

jwe
where

(1-1 i (t) 12 )7j tO +1
f([xi, ,XK) = L Jlog2e e j (

jl1

Any gradient based numerical optimization technique
can be used to find the optimal time allocation for each
user (i.e., [Ti,... , TK]). In our simulation, the total amount
of time T is set to be 120ys. The averaged Shannon
capacity of this optimal scheduler is found to be 3.6023
bits/s/Hz. User "1" is scheduled with 42.17 ys, user "2"
is scheduled with 26.31 ys, and user "3" is scheduled with
the rest 51.51 ys. The method of obtaining this solution
guarantees the optimality of the time resource allocation.

V. CONCLUSION
In this paper, we investigated the impact of user mo-

bility and asymmetry on the multiuser scheduler per-
formance. Closed-form expressions were derived for the
max-SNR scheduler performance under various assump-
tions on the level of CSI. Our simulations showed that
channel-aware multiuser scheduling is not always optimal
for a small network with a large Doppler spread when the
slot duration is inappropriate and the user is not tracking
its own channel for decoding. Over such networks, we
proposed a simple SCA scheduler that achieves improve-
ments to the system throughput.
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p1(t) 2)Yj (t) + 1 dt.
IPj (t) 12aIjd(t) t.

The gradient of the above cost function can be easily
evaluated by plugging xj's into (13):

(ge1 Ipj(xj)12)p(j((xj)x+(
af1 Ipj(xj)12 j(xj) £ ((1- p1(X ) 2)'yj(Xj) + 1 (18)
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