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Abstract— In this paper, we consider a multiuser communica-
tion network where all the nodes in the network are equipped
with multiple antennas and different users are identified through
their spatial signatures. We present some results on the capacity
of such networks. We consider two cases of interest: (i) when the
transmitter (the base) has full knowledge of the channel state
information (CSI) between itself and the receiving nodes (users);
and (ii) when the base does not have CSI, but it does know which
users currently have the best channel (e.g., measured in terms of
a condition number). In the first case, we establish coordinated
beamforming between the base and a number of users to whom
data is to be transmitted. In the second case, partial knowledge
of the quality of the users’ channels will be used to transmit data
to the users with better channel condition, without performing
any beamforming at the base. In both cases, the base transmits
independent data streams to multiple users. This will guarantee a
higher minimum quality of service for all the users compared to
the case where the user with best channel is selected and all the
available capacity is devoted to it. In addition, as we will show,
this approach may increase the overall capacity/throughput of
the network.

I. INTRODUCTION

A fundamental characteristic of wireless channels is fading.
Diversity techniques are often used to combat channel fading.
There are different means of establishing diversity: (i) over
time, by interleaving coded bits/symbols; (ii) over frequency,
by spreading the signal over a wide band; (iii) over space, by
using multiple antennas at the transmitter and/or receiver. In a
multiuser network, there is one additional diversity opportunity
that may be employed for further improvement to the system
capacity: multiuser diversity.

The idea here is that in a multiuser network with a large
number of users, at any instant of time some users have better
channels (less faded) than the others. In order to increase the
overall capacity/throughput of the network, one may adopt the
strategy of only allowing the users with better conditioned
channels to communicate. Other users will be assumed to
be able to communicate at a later time when their channel
condition improves. In the recent past, multi-user strategies
of this nature have been proposed and their effectiveness
in improving network capacity has been reported; see for
example [3], [4] and [6]. In [6], fast fading is intentionally
introduced to the channel to help ensure that all users receive
attention from the base. In other related work, it has been
noted that when the total transmit power is fixed in a MIMO

channel, transmission through a selected subset of transmit
antennas may result in a higher capacity compared to the case
where all transmit antennas are used. Extensive studies have
shown that such selection diversity techniques can significantly
increase the capacity of a multi-user network. However, the
cases considered are limited to situations where the base is
equipped with multiple antennas, but the mobiles (users) are
single antenna systems.

In this paper, we consider the case where all the nodes in
a network are equipped with multiple antennas, and present
some results on the capacity of such networks. We consider
two cases of interest: (i) when the transmitter (the base)
has full knowledge of the channel state information (CSI)
between itself and the receiving nodes (users); and (ii) when
the base does not have CSI, but it does know which users
currently have the best channel (e.g., measured in terms of a
condition number). In the first case, we establish coordinated
beamforming between the base and a number of users to whom
data is to be transmitted, i.e., the users with better channel
condition. In the second case, partial knowledge of the quality
of the users’ channels will be used to transmit data to the
users with better channel condition, without performing any
beamforming at the base. In both cases, the base transmits
independent data streams to multiple users. This will guarantee
a higher minimum quality of service for all the users compared
to the case where the user with best channel is selected
and all the available capacity is devoted to it. In addition,
as we will show, this approach may increase the overall
capacity/throughput of the network.

We consider a multiuser network with M + 1 nodes. We
assume that all nodes are equipped with N antennas. At any
instant of time one node is the transmitter (the base) and the
rest or a subset of the nodes are configured as receivers. In
most of our studies, particularly, the numerical results, we
assume that M ≥ N and at any given time, one of the nodes
acts as transmitter and transmits multiple packets of data to
N of the nodes/users, simultaneously.

Throughout this paper the following notation is adhered
to. Bold lower case letters are used to denote column vec-
tors. Bold upper case letters are used to denote matrices.
The superscripts T and ∗ are used to denote transpose and
complex conjugate transpose, respectively. The identity matrix
is denoted by I.
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II. COORDINATED BEAMFORMING AT THE TRANSMITTER

AND RECEIVERS

Our approach for coordinated beamforming consists of two
steps. Since the transmitter can communicate with only N
nodes simultaneously, the transmitter must determine first how
the users are to be grouped. Users with highly correlated
channels will obviously be less “spatially compatible,” so a
selection algorithm should avoid such situations and group
users together that are most compatible. After this is done,
each group must be processed to design the optimal transmit
beams.

The general idea of coordinated beamforming is based
on the assumption that the transmitter knows in advance
what beamforming algorithm is to be used at the receiver
and generates the transmit beams using this knowledge. An
example of this scheme is in [11], where an MMSE receiver
is assumed, and the transmitter uses this knowledge to do inter-
ference balancing among the users. We apply the same general
idea here, but use a Zero-Forcing (ZF) strategy instead. ZF
performs very well at high SNR, but its major weakness is its
sub-optimal performance at low SNR. The advantage of a ZF
approach as compared to interference-balancing algorithms is
that the result is a set of orthogonal sub-channels (interference
balancing will result in a set of intentionally non-orthogonal
channels). The power allocation among the channels can then
be solved independently. Two different optimization criterions
may be set: (1) maximize sum capacity subject to a sum power
constraint, or (2) minimize transmitted power subject to a per-
user QoS requirement. In this paper, we focus on capacity
maximization.

A. User Selection Strategy

As stated before, we assume that the number of users the
base station must support, M , is greater than the number of
antennas in the base station array, N . Assuming N is the
upper bound on the number of users that can share a single
channel using spatial multiplexing methods, space division
multiple access (SDMA) must be used in conjunction with
other traditional multiple access methods, such as FDMA,
TDMA, or CDMA. Thus, the M users must be divided into
G groups, where

G ≥
⌊

M

N

⌋
. (1)

In the simulation results that follow, we choose M so that
it is always a multiple of N , and choose the number of
groups to be exactly M/N . The G groups are represented as
G1,G2 . . .GG. Let CGj

represent the sum capacity of group j
under a constraint on the total transmitted power. Given these
assumptions, the problem is to choose which users should be
grouped together under some optimization criterion. Examples
of this include maximization of the system sum capacity∑

j CGj
, or for time multiplexing, capacity maximization for

the group that is currently using the channel. The challenge
of this problem is that the capacity of user i ∈ Gj is a
function of the channels of all users in Gj , and thus cannot

be computed for each user independently. As a result, the best
possible grouping can only be known by testing all possible
permutations, the cost of which quickly becomes unacceptable
even for modest numbers of users.

The simplest possible strategy for grouping the users is
choosing them randomly. If a given user’s channel has a high
spatial correlation with only a few of the M users, then group-
ing the users randomly will result in a relatively low chance
of highly correlated users being grouped together. However,
it is still possible under this strategy for bad combinations
to occasionally occur. This effect could be averaged out over
time by periodically reassigning the channels. For compari-
son with the scheme presented in Section III that assumes
time-multiplexing of users with time-varying channels, in the
simulation results that follow, random group assignment is
followed by selection of the group with maximum capacity,
i.e., arg maxj CGj

.
Obviously, it should be possible to develop more intelligent

algorithms that improve on the performance of the random
assignment scheme at a more modest computational cost than
computing all permutations. This problem is not discussed
here, but is an important problem for future research.

B. Generalized Zero-Forcing Algorithm

Let us consider the general case where one node acts as
transmitter and transmits data to K selected nodes. We model
the channel for such a multi-user system by the channel matrix

HS =
[
HT

1 HT
2 . . . HT

K

]T
, (2)

where each of the component channel matrices Hj has di-
mension nRj ×nT , with nT being the number of transmitters
and nRj the number of receivers for user j. If the transmitter
transmits mj parallel data streams to user j, then let the
nT × mj matrix Mj represent the transmit vectors used to
transmit to user j, the mj dimensional vector dj represent the
data, and the nRj ×mj matrix Wj represent the output of the
linear combiner at the receiver. Including a noise vector nj ,
the signal received by user j is thus:

xj =
K∑

i=1

HjMidi + nj (3)

= HjMjdj + HjM̃jd̃j + nj , (4)

and the output of the linear processing at the receiver is:

d̂j = WH
j HjMjdj + WH

j

(
HjM̃jd̃j + nj

)
, (5)

where M̃j and d̃j are respectively defined as the modulation
matrix and transmitted data vectors for all users other than
user j:

M̃j =
[
M1 . . . Mj−1 Mj+1 . . . MK

]
(6)

d̃T
j =

[
dT

1 . . . dT
j−1 dT

j+1 . . . dT
K

]
. (7)

The fundamental idea in ZF methods such as [9], [10] is
that interference is removed by forcing HjM̃j = 0. This
results in the constraint that nT > maxj rank(H̃j). However,
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in order to handle cases that do not fit this constraint, but where
K ≤ nT , the dimensionality of the problem can be reduced
by viewing user j’s “channel” as not just Hj , but WH

j Hj ,
the transfer function from the transmitters to the output of
the linear combiner at the receiver. The resulting structure is
similar to the coordinated transmitter-receiver processing in
[11].

Define Hj = WH
j Hj and

H̃j =
[
H

T

1 . . . H
T

j−1 H
T

j+1 . . . H
T

K

]T

. (8)

The transmitter matrix Mj for user j will not interfere with
the signal at the output of the receivers for other users if it lies

in the null space of H̃j . Define Ṽ
(0)

j as an orthogonal basis

for the null space of H̃j , and define the SVD of HjṼ
(0)

j as:

HjṼ
(0)

j =
[
U(1)

j U(0)
j

]
Σj

[
V(1)

j V(0)
j

]H

, (9)

where U(1)
j and V(1)

j represent the first mj left and right
singular vectors. For user j, capacity will be maximized (under
the zero-interference constraint) when the transmitter uses

Ṽ
(0)

j V(1)
j as its transmit vectors, the receiver uses U(1)

j as
its linear combiner weights, and the gains are allocated by
water-filling on the singular values [12].

Given a H̃j matrix, optimizing the transmitter and receiver
for user j is straightforward, but the difficulty is in knowing
the Wj matrices for all the other users to form H̃j . This
can be solved iteratively by assuming an initial set of Wj

matrices. A good candidate for this is to use the dominant left
singular vectors of each Hj matrix. Given this information,

H̃j can be computed, which can be used to compute Mj

and a new Wj matrix. Since this changes H̃j for all the
other users, an iterative solution results in which the optimal
transmitter and receiver matrices are successively recomputed
until convergence.

In order to determine convergence, it is necessary to have
some metric by which to quantify it. Since the end goal is
for H̃jMj to be diagonal, a reasonable convergence metric
is to examine the off-diagonal elements of this matrix. In
the simulations presented later, convergence was checked after
each step by finding the off-diagonal element with the largest
magnitude, and comparing it to a threshold. The above method
converged in almost all trial cases, but there have been rare
instances where it did not. In these cases the behavior was
generally that a certain equilibrium point was reached where
one of the off-diagonal elements of H̃jMj converged to a
value above the threshold, and did not decrease with further
iterations. In these cases, after a predetermined large number
of iterations had been evaluated without convergence, the
resulting decomposition was taken to be the best available
solution.

In cases where the constraint nT > maxj rank(H̃j) is
satisfied, this algorithm simplifies to the block-diagonalization
algorithm in [9], [10], which results in an orthogonal solution

after the first iteration. In the case where mj = 1 for all users,
which is considered in the results section of this paper, the
recevier structure is equivalent to a maximal ratio combiner
(MRC). For this special case, other receiver structures can be
assumed, such as MMSE [11]:

Wj =
(
HjMSMH

S HH
j + σ2

nI
)−1

HjMj , (10)

where MS contains all of the system transmit vectors:

MS =
[
M1 . . . MK

]
. (11)

Note that in this case the Mj matrices are column vectors. A
ZF solution for MS can be found by iteratively updating all
of the Wj vectors and then the MS matrix. One challenge
that increases complexity in this case is that MS must include
power distribution information, so the power distribution must
be computed at each step. An additional problem is that for
mj > 1 this approach does not converge.

It should be noted that the Wj matrices are not the actual
linear combiners used at the receiver, but calculations by
the transmitter of what the optimal Wj should be. Thus, it
is possible to design the transmit vectors in MS assuming
optimal linear processing and perfect channel knowledge, even
though the receiver may in fact be using an MMSE receiver.
One problem typical of ZF algorithms is noise enhancement.
In this case the noise that causes problems is not additive noise
in the communication channel, but noise in the channel infor-
mation available to the transmitter. Thus, if the assumption
of perfect channel information at the transmitter is true, this
effect can be ignored. In practice, it is likely that there will be
some estimation noise, but because of their low computational
complexity, the ZF algorithms can still be useful if errors in
the channel information have low power, or if the receiver is
using a structure, such as MMSE, that is less noise sensitive.

In the results of Section IV, K = nT = N , and nRj = N
and mj = 1 for all users. The transmitter assumes an MMSE
receiver for determining the Wj matrices (which are vectors
in this case).

III. BEAMFORMING AT THE RECEIVERS ONLY

The coordinated beamforming at the transmitter and re-
ceivers that was discussed in the previous section requires
perfect knowledge of all the users’ channels at the transmitter.
Moreover, the beamforming algorithm that was discussed in
the previous section, and also other similar algorithms that
may be developed, are generally computationally complex.
In this section, we assume that the transmitter has only
partial information about the quality of the different users’
channels and transmits multiple streams of data to a number
of users simultaneously. Although many variations of such
communication links can be designed, in this paper we only
discuss one of the variations and show through numerical
examples that the proposed strategy loses very little compared
to the coordinated beamforming at both the transmitter and
receivers.

We assume that each receiver is equipped with a channel
estimator and an MMSE equalizer. The equalizer is used
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to separate the multiple data streams that are currently be-
ing transmitted in the network. The MIMO channel plus
MMSE equalizer at each receiver may be viewed as a set
of parallel channels through which independent data streams
are transmitted. We refer to these channels as data stream
channels. Each receiver evaluates the quality of the data stream
channels that it sees and through a feedback channel sends
these information to the transmitter (say, the base). The base
evaluates these information and identifies the data stream
channels (of all the users) and selects those with the best
quality (say, highest signal to noise plus interference ratio).
It will then transmit multiple streams of data simultaneously
to the selected receivers and each receiver extract its associated
data stream through an MMSE equalizer.

Here, we consider a network in which all nodes are equipped
with N antennas. The transmitter sends N parallel streams of
data through its N antennas to N of the receive nodes; one
stream of data from each of the transmit antennas. As noted
earlier, we assume that there are M > N nodes in the network,
thus a subset of the nodes are selected to receive data and the
rest will be assumed to be able to communicate at a later time.
Note that, with this arrangement, at a given time instant, each
node has at most one active data stream channel. It extract the
data associated with its data stream channel and ignores the
rest of the data streams as they belong to other nodes/users.

As above, let Hj denote the N×N channel matrix between
the transmitter and the jth receive antenna. Accordingly, the
MMSE equalizer that separates the N transmitted data streams
is obtained as

Wj =
(
HjHH

j + σ2
nI

)−1
Hj . (12)

The MMSE values at the equalizer outputs are the elements
of the vector

ξj = diag
[
I − WH

j

(
HjHH

j + σ2
nI

)−1
Wj

]
(13)

where diag[·] denotes the column vector formed by the di-
agonal elements of the specified matrix. We note that the
elements of ξj specify the variance of the noise plus residual
interference from other users/streams after equalization. We
follow [1], [2] and approximate the noise plus interference
as additive white Gaussian noise and evaluate the capacity
of each user’s channel according to the capacity formula
C = log2(1 + SNR). Adding these capacities gives the sum
capacity of the network. We note that this method of evaluating
the network capacity has also been used in CDMA systems and
the assumptions made for the derivation have been validated
theoretically [1].

Each receiver sends its associated MMSE vector, ξj , or the
corresponding capacity numbers to the transmitter as a set
of condition numbers indicating the quality of its data stream
channels. The transmitter collects these condition numbers and
identifies which data channels are the best. For the numerical
results that are given in the next section the following algo-
rithm is used in choosing a set of channels with good condition
numbers, leading to a near maximum sum capacity. Because of

its simplicity, we use this near-optimal algorithm as opposed
to a more optimal search:

• Form the N × M matrix

A =
[

ξ1 ξ2 · · · ξM−1

]

• Find the kth position associated with the minimum el-
ement in the first row of A. Assign the first transmit
antenna to send data to the kth node and delete the first
row and kth column of A.

• Repeat the above step until all the rows of A are deleted.

IV. NUMERICAL RESULTS

To compare the two algorithms described in the previous
sections, a set of 1000 channels were generated, with the
channel matrices for each user being independent and with
independent complex Gaussian random entries of the same
variance. The capacity numbers presented reflect the mean
performance of the algorithms. Fig. 1 presents a set of capacity
curves for the cases N = 2, 4 and 8, and M = 24, i.e., one
transmitter and 24 choices of receivers. Also, for comparison,
we have shown the capacity curves that result when at any
instant of time the best user with the highest MIMO capacity
is selected for communications. As one would expect, coordi-
nated beamforming at the transmitter and receivers results in
the highest network capacity, although for N = 2, all of the
schemes have virtually the same performance.

The cost of the coordinated beamforming is kept down by
the choice of random groupings, so the cost of the iterative ZF
algorithm for isolating the channels is the main contributor to
the computational load. The number of iterations required for
convergence varies with the particular group of users. On the
other hand, beamforming only at the receiver has virtually no
cost at the base station, while the cost at the receiver is iden-
tical to that required for coordinated beamforming, because
they both use the relatively inexpensive MMSE structure.
The performance of the receiver-only beamforming scheme
is impressive considering the minimal cost at the base station.
The gains achieved by using coordinated beamforming grow
as a function of the array size. This is to be expected, since
the maximum gain of any beamformer is a function of array
size.

The receiver-only beamforming is thus a viable alternative
to coordinated beamforming since it has competitive perfor-
mance for smaller array sizes, and for larger arrays it offers
a significant cost savings. It is comparable with that of the
MIMO capacity of the current best user in the network.
The use of multi-user diversity together with simple receiver
architectures (e.g., MMSE) allows one to achieve bit rates on
the order of tens of bits/s/Hz without the need for complicated
space-time coding [7] or layering techniques [8].
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Fig. 1. Comparing the capacities of the best MIMO channel in a multiuser
network with those of coordinated beamforming between transmitter and
receiver, and the receiver beamforming.

V. CONCLUSION AND DISCUSSIONS

In this paper, we explored the deployment of space diversity
for multiuser networking. We noted that the spatial diversity
which is inherent to systems with multiple antennas at each
communicating node may be used to transmit multiple data
streams from separate transmit antennas, simultaneously. The
channel gains between each transmit antenna and the array of
antennas at each receiver node can be viewed as a spreading
code that may be used for extracting the desired data stream
while other data streams are being suppressed. Moreover, in
a multiuser network with more nodes than active users there
exists an additional diversity opportunity that we have referred
to as multiuser diversity. Multiuser diversity is achieved by
transmitting data to those receiver nodes that have better
channels than the others at each instant of time. Users with
weaker channels are assumed to be able to communicate at a
later time as their channels evolve and improve relative to the
others.

We assumed that at each instant of time only one of the
nodes in the network is selected as transmitter and a subset of
the rest of the nodes are chosen to receive data. We proposed
and studied two methods for separating the transmitted data
streams: (i) coordinated beamforming at the transmitter and
receivers; and (ii) beamforming at the receivers only. We noted
that the first method can grow in complexity very fast as
the array sizes and/or the number of nodes in the network
increases. Moreover, the design of coordinated beamformers
was also found to be a demanding task. Beamforming at the
receivers only, on the other hand, was found to be a relatively
straightforward task. In terms of capacity, as one would expect,
coordinated beamforming has better performance. However,
the difference between the two methods is not that signifi-
cant. Both methods result in capacities as large as tens of
bits/second/Hertz that one would expect in a MIMO system.

We also compared the capacity of the proposed multiuser
strategies with that of the best available MIMO channel at
each instant of time. The numerical examples showed that
the proposed beamforming techniques have similar or better
capacity than what could be achieved if the receiver node
with the best channel was selected and complicated space-
time coding [7] or layering techniques [8] were used. We
note that the beamforming techniques that were proposed
in this paper may also be viewed as layering techniques.
However, unlike the layering techniques proposed in [8] [13]
and elsewhere, the beamforming methods discussed in this
paper do not involve any iterative layer cancellation. They are
thus simpler to implement. This is particularly true in the case
of beamforming at the receiver only.
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