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ABSTRACT

In narrowband multiple-input multiple-output (MIMO) com-
munication systems with perfectly known channel state in-
formation (CSI), the singular value decomposition (SVD) is
commonly used to decompose the MIMO channel into in-
dependent single-input single-output subchannels. In theory,
optimal interference-free data multiplexing may then be car-
ried out using the subchannel power levels provided by the
well-known water lling solution. In practice, however, when
nite codebooks are used and perfect CSI is unavailable,
adaptations to power levels and bit-loading schemes are often
needed to maintain reasonable performance. In this paper,
we use expressions for the per-subchannel signal-to-inter-
ference-and-noise ratio for the imperfect CSI case to derive
approximately optimal subchannel power levels and thresh-
olds on the amount of CSI imperfections and noise tolerable
in SVD-based multiplexing systems usingM -ary quadrature
amplitude modulation. Numerical simulations demonstrate
the usefulness of the derived expressions.

Index Terms— MIMO systems, Singular value decom-
position, Resource management, Adaptive modulation

1. INTRODUCTION

In narrowband multiple-input multiple-output (MIMO) com-
munication systems with perfectly known channel state in-
formation (CSI), the singular value decomposition (SVD)
may be used to decompose the MIMO channel into multiple
independent single-input single-output channels, enabling
interference-free data multiplexing. MIMO SVD-based
methods include the well-known water lling solution which
maximizes information throughput over the MIMO channel
given a xed transmission power [1, 2]. Given subchannel
power levels, such as those provided by the water lling so-
lution, the signal-to-noise ratios of the SVD subchannels
may be used to devise bit-loading and coding schemes that
approach the available channel capacity.
Unfortunately, it is not possible in practice to obtain per-

fect CSI since realizable channel estimates are formed from
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noisy measurements and system mobility results in rapidly
changing channel conditions. When noisy or outdated CSI is
used in conjunctionwith an SVD-based multiplexingmethod,
the MIMO subchannels become coupled, resulting in poten-
tially severe subchannel power loss and interference. As a
consequence, subchannel bit-loading levels selected using the
signal and noise powers of the perfect CSI assumption may
no longer meet required probability-of-error levels. Some
of the effects of imperfect CSI (ICSI) on MIMO SVD-based
multiplexing methods that employ common signal constella-
tions (such asM -ary quadrature amplitude modulation, or M-
QAM) have been examined in [3–5], and ad-hoc subchannel
power and bit-loading methods have been proposed in [4, 5]
to compensate for the effects of ICSI and nite symbol con-
stellations.
In this paper, we present a more deterministic design

approach that uses the per-subchannel SINR expression de-
rived in [6] (also see [5]) to nd a subchannel power-loading
scheme and multiplexing thresholds for SVD-based MIMO
signaling with M-QAM constellations under ICSI conditions.
In particular, the SINR expression is used to derive approxi-
mately optimal subchannel power levels for M-QAM signal-
ing under a subchannel SER constraint. Using these power
levels, thresholds are found for the amount of channel uncer-
tainty and measurement noise tolerable when multiplexing
over the SVD-based subchannels. These results allow for the
design of bit-loading schemes with improved performance
and robustness relative to water lling when perfect CSI is
unavailable. Note that a more complete exposition of this
topic may be found in [6].
The remainder of this paper will proceed as follows. In

Section 2, the MIMO transmission model and the ICSI SINR
expression are presented. These results are then used in Sec-
tions 3 and 4 to nd the optimal subchannel power levels and
multiplexing thresholds, respectively. Finally, numerical sim-
ulations in Section 5 are used to demonstrate the accuracy of
the derived expressions and their usefulness when applied to
the MIMO SVD-based bit-loading problem.

2. SIGNAL MODEL

Consider a narrow-band at-fading MIMO scenario in which
CSI estimated at the receiver is fed back to the transmitter
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over an error-free channel. As such, both the transmitter and
receiver have identical estimates of the MIMO channel. We
assume the following SVD-based signaling scheme:

y = UH [(H + ΔH)VPx + n] , (1)

where n represents zero-mean Gaussian noise,H is theNr ×
Nt MIMO channel matrix as known at the transmitter and re-
ceiver, andH+ΔH is the actual MIMO channel encountered
during transmission. The matrix H has the following (com-
pact) singular value decomposition (SVD):

H = UΣVH , (2)

where U and V are respectively Nr × F and Nt × F , Σ =
diag{σ1, σ2, · · · , σF }, F = min{Nr, Nt} with the singular
values in order of decreasing size, and (·)H denotes the Her-
mitian tranpose. The matrix P is a real-valued F × F diag-
onal power-loading matrix whose entries determine the sig-
nal power assigned to the unit-variance elements of the signal
vector x. The diagonal entries of P are constrained so that
the average total transmit power is equal to some total trans-
mit power PT , i.e., tr(P2) = PT .
Assume now that the signal vector x, the channel pertur-

bationΔH, and the measurement noise n are mutually inde-
pendent1; that the elements of x are zero mean and uncorre-
lated with unity variance; and that the elements of ΔH are
zero-mean complex circular-symmetric Gaussian distributed
vec(ΔH) ∼ CN(0, σ2

HI), where the vectorization operator
vec(A) stacks the columns of the matrix A. Under these as-
sumptions, the average per-subchannel SINR for the i-th sub-
channel is given by [6]

SINRi =
(σ2

i + σ2
H)[P]2ii

σ2
H(PT − [P]2ii) + σ2

n

. (3)

3. SUBCHANNEL POWER ALLOCATION

Consider a communications system in which the transmission
over each subchannel is required to satisfy a symbol error rate
(SER) threshold, E . When only one subchannel is in use,
the scheme is referred to as beamforming; on the other hand,
transmission over multiple subchannels results in spatial mul-
tiplexing. Using the SINR expression given above, we wish
to determine the best way to allocate power to the MIMO sub-
channels in order to maximize the resulting transmission rate;
this includes determining when it is best to abandon multi-
plexing in favor of beamforming.
In order to proceed, we must rst relate the SINR, the

number of bits per transmission symbol, and the SER. This
is done for M-QAM signals using two approximations. The
rst relates the SER to the SINR and the minimum distance
1Although noise is partially responsible for the CSI errors, we assume

that the current realization n of the temporally white noise was not used in
calculating the receiver CSI.

between constellation points for a constellation with unit av-
erage energy [7]:

SER ≈ 4Q

(√
d2

minSINR
)

(4)

whereQ is the well-known Q-function for Gaussian distribu-
tions and dmin is the minimum constellation distance. The
second relates the minimum distance between M-QAM con-
stellation points to bits per M-QAM symbol by tting the fol-
lowing rst-order-in-the-exponent curve to the constellation
points:

d2
min = e−αb+β (5)

where b is the number of bits per symbol. Assuming symmet-
ric constellations, a least squares t of α and β to (5) results
in parameter values α = 0.717, β = 0.604. Using (4) and (5),
we may then approximate the number of bits per transmission
as a function of the SER and SINR:

b ≈
1

α

(
β − ln

(
(Q−1(SER/4))2

SINR

))
(6)

whereQ−1(·) is the inverse Q-function. Note that any subop-
timality in the approximately optimal power allocation devel-
oped next is a result of the approximations in (6).
The expressions in (3) and (6) allow for a systematic op-

timization of the subchannel power levels. To that end, con-
sider the following constrained optimization problem, where
for a given number of active subchannelsM ≤ F , a diagonal
power loading matrix P with positive, real-valued elements
is chosen to maximize the number of M-QAM bits per trans-
mission while guaranteeing a minimum SER of E :

P∗ = arg max
P:

∑
[P]2

ff
=PT

SER≥E

M∑
f=1

bf . (7)

This general optimization problem is dif cult to solve, but
the approximation obtained by substituting (6) into (7) can be
solved in closed form. This new optimization problem may
be solved using Lagrange multipliers by minimizing the cost
function

J =

M∑
f=1

ln

(
PIN,f

Ps,f

)
− γ

⎛
⎝ M∑

f=1

[P]2ff − PT

⎞
⎠ . (8)

Equating the derivative of J with respect to [P]2ii to zero, we
nd after some manipulation and reasoning that the optimal
power loading scheme when using M ≤ F active subchan-
nels is to spread the power uniformly over the subchannels,
i.e.,

[P]2∗ii =
PT

M
. (9)

Note that this solution always corresponds to a minimum of
the cost function (second derivative is always positive). The
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power level in (9) is for a particularM ≤ F . The optimalM
may be selected as the value ofM which results in the largest
value for

J2 =

M∑
f=1

ln

(
Ps,f

PIN,f

)
(10)

with the power allocated evenly over the M active subchan-
nels. Since F is typically not large, the cost of this search is
small.

4. BEAMFORMING VS. MULTIPLEXING
THRESHOLDS

Assuming uniform power allocation as discussed above, we
now derive thresholds for the CSI error and noise level above
which beamforming rather than spatial multiplexing is opti-
mal in terms of bits per transmission. We say multiplexing
overM subchannels is preferable to beamforming in terms of
bits per transmission when

bBF ≤
M∑

m=1

bm , (11)

where bBF is the number of bits supported when beamform-
ing and b1, b2, . . . , bM are the number of bits supported when
multiplexing using the rstM subchannels (ordered by asso-
ciated singular values). If we assume that σ2

m � σ2
H near

the threshold for the M active subchannels, we may use (6),
the SINR expression of (3), and the uniform power allocation
assumption to obtain the threshold

σ2∗
H,M =

[(
PT eβ

(Q−1(E/4))2

)M−1 (∏M
m=2 σ2

m

)
σ2

n

] 1
M

− Mσ2
n

(M − 1)PT

(12)
where multiplexing is optimal for σ2

H ≤ σ2∗
H,M and beam-

forming is optimal otherwise [6]. The above threshold de-
scribes the optimal transition point betweenmultiplexing over
M subchannels and beamforming. An overall threshold may
be found by evaluating (12) for possible values ofM and se-
lecting the maximum, i.e,

σ2∗
H = max

M
σ2∗

H,M . (13)

Once again, we note that since F is typically not large, the
cost of this search is small.
Note that the threshold of (13) must be positive in order

for multiplexing to be useful for any value of σ2
H,2. Using this

observation, we obtain the following threshold on the mea-
surement noise above which beamforming is always prefer-
able:

σ2∗
n =

(
PT eβ

M∗(Q−1(E/4))2

) (∏M∗

m=2 σ2
m

M∗

) 1
M∗−1

(14)

whereM∗ is the maximizingM from (13).

−30 −25 −20 −15 −10 −5 0 5
0

2

4

6

8

10

12

14

16

18

σ
H,o
2  (dB)

A
llo

ca
te

d 
B

its
 p

er
 T

ra
ns

m
is

si
on

 

 

WF
PTIBL
UPIBL
BFIBL

Fig. 1. A comparison of designed bit-loading levels for unin-
formed and informed bit-loading schemes.

5. NUMERICAL SIMULATIONS

We now examine the performance of the uniform subchannel
powerMIMO-SVDmultiplexing scheme, which we will refer
to as uniform power with informed bit loading (UPIBL), and
the multiplexing/beamforming threshold via numerical simu-
lation. For the simulations, assume a 4 × 4 MIMO channel
with H and ΔH selected such that vec(H) ∼ CN (0, I16)
and vec(ΔH) ∼ CN (0, σ2

HI16). To prevent channel power
growth, the resulting channel H + ΔH is normalized. The
channel perturbation is assumed to be a result of both mea-
surement noise (see [8]) and mobility (see [9] relative to the
Gauss-Markov model). The signal power and noise variance
are PT = 1 and σ2

n = −20 dB, respectively, at each receive
antenna. The target SER is E = 0.01, and outages are said
to occur when the instantaneous SER exceeds this level. The
results of the simulations are averaged over 100 channel real-
izations with 100 Monte Carlo perturbation trials per channel
realization.
In the simulations, UPIBL will be compared with three

other methods: conventional water lling (WF), beamforming
with informed bit-loading (BFIBL), and the ad-hoc method
of [5] which we refer to as power trimming with informed bit
loading (PTIBL). In this iterative method, water lling sub-
channel power levels are trimmed so that E is met as closely
as possible, and excess subchannel power is reallocated in an
effort to ensure that all available power is directed towards an
increase in throughput.
Figure 1 displays the sum of the bits allocated to each

subchannel by the various methods versus the channel per-
turbation variance. Since the channel perturbation variance
due to CSI estimation error has a xed effect for a given
noise variance, the results are plotted relative to σ2

H,o, the
perturbation variance due to mobility alone. WF allocates
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Fig. 2. A comparison of the average bits per transmis-
sion achieved using the uninformed and informed bit-loading
schemes when accounting for subchannel outages.

the same number of bits per transmission (BPT) regardless of
σ2

H since it does not take CSI errors into account. Of the in-
formed methods, the PTIBL method allocates the most BPT,
and it remains superior or equivalent in this regard to the other
methods over the entire range of considered channel pertur-
bation powers. This performance advantage is expected due
to the power trimming, which assures all available power is
directed towards bit allocation. For this reason, in the ab-
sence of measurement-noise-induced channel perturbations,
PTIBL will also allocate more bits than WF for low channel
perturbation variances, though we don’t show that scenario
here. Interestingly, in the measurement-noise-free scenario,
the UPIBL method also allocates slightly more BPT than WF
at low channel perturbation levels, since unlike UPIBL, WF
is not optimized for the case of nite M-QAM constellations.
Allocating largest number of bits, however, does not nec-

essarily result in the best throughput after outages are con-
sidered. In Fig. 2, we plot the average effective transmission
rates, assuming that bits corresponding to SER outages are
lost. Of the informed methods, PTIBL, in particular, has a
poor outage performance at low channel perturbation levels.
This is a result of its power trimming, which leaves no power
margin to protect its transmissions against outages. Conse-
quently, UPIBL ends up having superior performance relative
to PTIBL in terms of actual throughput.
The vertical lines in Figs. 1 and 2 indicate the location of

the channel perturbation threshold σ2∗
H . In Fig. 1, we see that

the threshold accurately determines the point at which the bit
allocation switches from multiplexing to beamforming (the
point at which the UPIBL allocation equals that of BFIBL).
When outages are taken into account, the threshold is opti-
mistically high. However, this problem may be countered by

modifying the SINR expressions to reduce the overall number
of outages, as discussed in [6].
In summary, we note that using SINR expressions to aid

power and bit allocation design in MIMO-SVD systems ap-
pears to be effective in addressing the effects of interference
resulting from imperfect CSI. Also, it is particularly inter-
esting to observe that, while simple, UPIBL outperforms the
more adaptive and computationally intensive PTIBL method
when including the effect of outages. As mentioned previ-
ously, much of this performance advantage is a result of the
excess power UPIBL leaves on the subchannels, the very ex-
cess PTIBL attempts to remove. It is also interesting to con-
sider that the power reallocation performed in PTIBL may
actually tend to push this method closer, at least on average,
to a uniform power allocation.
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