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Methods for Blind Equalization and Resolution of
Overlapping Echoes of Unknown Shape

A. Lee Swindlehurst,Member, IEEE, and Jacob H. Gunther

Abstract—This paper considers the related problems of us-
ing an uncalibrated antenna array to 1) recover an unknown
signal transmitted over an unknown (but stationary) multipath
channel and 2) resolve overlapping pulse echoes with unknown
shape. Unlike recently proposed multichannel blind equalization
techniques, the methods described herein employ a model based
on physical channel parameters rather than unstructured single-
input, multi-output FIR filters. The algorithms exploit similarities
between a model for the data in the frequency domain and the
standard direction-of-arrival estimation problem. This connection
between the two problems suggests several different approaches
based on, for example, maximum likelihood, MODE, IQML, and
ESPRIT. These approaches are developed in some detail, and the
results of several simulation examples are included to compare
their performance.

I. INTRODUCTION

CONSIDER the situation depicted in Fig. 1, where an
antenna array receives a number of multipath reflections

of a signal transmitted by a remote source. The multipath
reflections may either be coherent (corresponding to a channel
with low delay spread or flat fading) or incoherent (a channel
with long delay spread or frequency selective fading), and they
may be closely spaced in angle. The problem addressed in this
paper is the “blind” recovery of the transmitted signal and the
multipath channel parameters. The term “blind” implies that
the signal recovery and channel estimation are to be achieved
without the aid of known training sequences, prior knowledge
concerning the channel, or array calibration information.

Classical approaches to blind channel equalization have
focused on exploitation of the constant modulus property or
discrimination based on higher order statistics. These tech-
niques are typically adaptive and tend to converge quite
slowly. More recently, a number of promising block-oriented
algorithms have been proposed that require only second-
order cyclostationary statistics [1]–[6]. Although they have
typically been developed in the context of single channel
fractionally spaced equalization, these algorithms can be read-
ily reinterpreted as applying to the multiple sensor case [5],
[7]. Under this interpretation, the above algorithms assume
an unstructured FIR filter of known (or estimated) duration,
separating the symbol source and the samples of each sensor
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Fig. 1. Frequency selective communication channel.

output. The drawback of this model in the multiple antenna
case is that it cannot take into account the very discrete
nature of many multipath channels (e.g., there may only be
a few nonzero FIR filter taps), and consequently, the number
of parameters that must be estimated can be quite large. In
addition, these methods are centered around estimating the
channel parameters rather than the transmitted signal; the
signal must be estimated indirectly. A more direct approach
for estimating the signal in such situations has only recently
been proposed [8].

Unlike earlier blind equalization methods, the algorithms
proposed in this paper exploit a structured model for the array
data in the frequency domain that depends directly on the
physical multipath channel parameters. Similar techniques for
the known-signal (nonblind) case have recently been reported
in [9]. Instead of FIR filter coefficients, the algorithms directly
estimate the transmitted signal, as well as the spatial signature
and (relative) delay associated with each multipath. Estimates
of these latter parameters are useful for synchronization,
space-time diversity reception, pre-equalization, and downlink
transmission. For example, in a time-division duplex com-
munication system, the spatial signatures could be used to
form a set of transmit beamformer weights that focus energy
toward the “direct” path (the ray with smallest delay) and
away from multipath reflections. Such an approach would
minimize the amount of multipath present at the remote. In
a frequency-division duplex system, the directions of arrival
(DOA’s) of the signals would be required, and these are much
more easily estimated from individual spatial signatures than
from a joint space-time filtering matrix [10]. Although the
problem could be formulated such that the DOA’s instead of
the spatial signatures are estimated directly, we prefer the latter
parameterization since it leads to a computationally simpler
solution.
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Fig. 2. Bistatic radar example.

An added advantage of the model employed in this work is
that it easily admits a maximum likelihood (ML) formulation
when the noise is white and Gaussian. Although a closed-form
solution to the ML problem is not possible and a search-based
minimization impractical, we present two methods that attempt
to approximate the ML solution with reasonable computational
cost. These methods are based on the iterative quadratic
maximum likelihood (IQML) [11] and MODE [12] algorithms
for DOA estimation. Since these methods all require some
type of initialization, we also present an alternative solution
based on the ESPRIT algorithm [13]. Although the IQML,
MODE, and ESPRIT techniques were originally proposed for
DOA estimation problems, they are used here to estimate the
relative time delays of the multipath rays (or, as explained
below, the relative time delays of overlapping signal echoes).
This is possible since the transformation of the data to the
frequency domain makes the time delay estimation problem
isomorphic to the DOA case.

Owing to the very general nature of the data model consid-
ered, the algorithms proposed herein are applicable to many
problems in both commercial and military communications,
as well as in the surveillance of noncooperative sources.
For example, a related data model arises in many radar,
sonar, and seismic applications, where it is required to resolve
overlapping echoes of a signal with unknown shape. An
example of such a situation is illustrated in Fig. 2 for the case
of a bistatic radar transmitting an unknown waveform. In the
next section, we describe the generic model considered in this
paper and briefly address the issue of model identifiability
in the frequency domain. A description of the proposed
algorithms is given in Section III, and the results of several
simulations are presented in Section IV.

II. DATA MODEL

Assume that scaled and delayed copies of a signal
waveform are received by an array of sensors via a
stationary channel. Ignoring noise and interference for the
moment, the array output at timeis modeled as

(1)

where is the signal, and are the unknown delay and
spatial signature associated with arrival. It is clear from (1)
that we are invoking the standard “narrowband assumption”
common to many array signal processing problems, i.e., we
assume that the time required for the signal to propagate across
the array is much smaller than its inverse bandwidth. Note that
rather than parameterizing the array responsein terms of
one or more DOA’s, we treat it as an unstructured deterministic
vector. Note also that we assume that the received signal can be
described by discrete arrivals with distinct delays. In situations
where temporally and spatially diffuse arrivals are present, the
above model can still be used as a reasonable approximation
by grouping together arrivals that have nearly the same delay

(i.e., arrivals whose delays are separated by less than the
reciprocal of the signal bandwidth). The temporal spread in
a given cluster and the total number of clusterswill then
depend on the bandwidth of the transmitted signal; the wider
the signal bandwidth, the more clusters that may be necessary.
The singular values of the data matrix formed from several
snapshots of data can be used to determinefor a given
scenario.

In the frequency domain, assuming the signal has finite
energy, (1) becomes

(2)

where represents the Fourier transform of and
where we have used the time shifting property of the Fourier
transform. (In the sequel, it should be clear from context
whether we are referring to a time or frequency domain
model.) If samples of are available, (2) may be written
in matrix form as

... (3)

where

... (4)

(5)

(6)

The problem we address in this paper is determining the
signal , the time delays , and the spatial signatures from
data that obeys the model of (3). Since, in practice, a finite-
length DFT must be used to calculate , and since some
amount of noise and interference will be present, (2) and (3)
will not hold exactly. Thus, we must write

(7)

where is due to noise and truncation effects. The component
of due to the use of a DFT can be minimized by sampling
fast enough to avoid aliasing and choosing the number of
samples to be as large as possible. The truncation effects
will be very small for certain special cases, e.g., if and
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its delayed arrivals are completely contained within the DFT
window or if is -periodic and is an integer. In
what follows, we assume that the model in (7) holds and that

is dominated by additive noise and interference.
It is interesting to note that the model in (3) is identical

in form to that of a certain DOA estimation problem. If
we interchange the time and space indices, it is seen that
(3) is mathematically equivalent to the model obtained for
a uniform linear array with an arbitrary angle-independent
receiver gain/phase at each antenna. Under this interpretation,
the diagonal matrix would correspond to the unknown
receiver gains and phases,to the unknown DOA’s,
to the array response, and to the signals received by the
array. This connection has been explored in [14] and [15].

A. Identifiability

The parameters of the frequency domain model in (3) are
said to be identifiable if

(8)

for all and . Rigorously establishing
necessary and sufficient identifiability conditions for this prob-
lem is quite difficult and is likely not of great interest since,
as explained above, the model is not an exact one. Instead,
we list below some necessary conditions that provide insight
into the model.

• If , then the condition is necessary. To see
this, let so that consists of a single column
vector . That identifiability is lost is clear from the fact
that

can be satisfied forany and , provided that

diag diag

where diag denotes a diagonal matrix formed from the
vector . Since we do not necessarily assume the signal
is a fractionally sampled digital waveform, the condition

simply guarantees the spatial oversampling needed
for blind equalization using second-order statistics [5],
[16].

• Since the received signal is assumed to be completely
unknown, only relative rather than absolute time delays
may be determined. Mathematically, this point can be
illustrated as

where

...

Consequently, the earliest arrival will be assigned the
delay , and the remaining delays will be referenced
to that point as

(9)

This observation coincides with the identifiability condi-
tion presented in [17] and [18] for DOA estimation with
unknown sensor gains and phases. In these papers, it was
pointed out that with a linear array, identifiability is only
possible if the direction to one of the sources is known.
In our problem, this condition is satisfied by forcing one
of the delays to be zero.

• Suppose that . If this situation is caused by
the fact that the th row of is zero, then the
value of cannot be determined. To maintain the
identifiability of the signal, we thus require

(10)

Interestingly, (10) is equivalent to the standard identifi-
ability condition that states that all channels cannot
share a common zero [16], [19]. In terms of the physical
channel parameters, (10) implies that a common zero
is only possible if a very special -dependent linear
combination of the spatial signatures happens to be zero
(see also [20] for a more detailed discussion of this
phenomenon).

• Suppose that is evaluated at the FFT frequencies
for . Since

in such a case, where is the sampling
period, the relative delay between the first and last arrival
must satisfy . In practice, we choose

such that for a nonperiodic signal since a
finite length FFT is used to compute .

• There is an arbitrary complex scaling that may be as-
sociated with either or . In a model parameterized
by the DOA’s with a calibrated array manifold, no such
ambiguity exists because the gain of the antennas is
known in all directions. Since an unstructured model for

is used here instead, the power of the received signal
rays cannot be uniquely determined. The relative scaling
of and in (3) can be handled, for example, by simply
choosing one element of eitheror to be unity.

• Another necessary condition can be obtained by com-
paring the number of equations and unknowns in

. There are equations in (real and
imaginary parts), unknowns in in and

in , assuming that one of its elements has
been scaled to equal one, as described above. Setting the
number of equations to be greater than or equal to the
number of unknowns yields the following condition on
the number of resolvable signal arrivals:

(11)

This suggests that, as in [9], the number of resolvable
rays can be much greater than the number of sensors.

B. Parameterization of the Nullspace

If the FFT frequencies are chosen,
then is Vandermonde. Consequently, there exists an
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Sylvester matrix that satisfies

(12)

where denotes the complex conjugate transpose. The
matrix is given by

...

...
...

.. .
...

.. .

.. .

.. .
...

.. .
...

(13)

and its elements are taken from the coefficients of the poly-
nomial

(14)

with roots equal to .
Recall that one of the roots is unity since we force one of
the delays to be zero.

Since the roots in are on the unit circle, the coefficient
vector can be assumed to be conjugate
symmetric (see [11] for more details):

(15)

where is the exchange matrix

and denotes the complex conjugate. Furthermore, the fact
that one of the roots of is unity means that may be
decomposed as

(16)

where

...

...

.. .

. . .

(17)

is , and is an matrix defined
as in (13), but for the coefficients of the
polynomial with roots .

The above results imply that (and, hence, the column
space of ) may be defined using the free parameters
in or the free parameters in the matrix product

. The algorithms described in Section III exploit the
Vandermonde structure of and the equivalent parame-
terization using .

C. Some Results on the Schur–Hadamard Product

Some of the derivations in the next section will make use
of the following easily proved linear algebra identities.

Lemma 1: Given matrices and , an -element
vector and the diagonal matrix diag

Tr

holds, where denotes the element-wise (Schur-Hadamard)
product.

Lemma 2: Suppose is , and
is . Then,

where is the matrix formed by taking the
Schur–Hadamard product of all possible pairs of columns from

and

III. A LGORITHMS

In this section, we present several algorithms for estimating
the transmitted signal and the relative delays and spatial
signatures and . It is assumed that the number of arrivals

is known. When , standard techniques may be used
to estimate based on the singular values of. If ,
however, the singular values of cannot be used to determine

since the rank of is bounded above by . In such a case,
it may be necessary to implement the algorithms below for
successively larger values ofuntil the corresponding residual
drops below some threshold (assuming, of course, that
still holds). For example, for temporally and spatially white
Gaussian noise, if the parameter estimates for a given

capture the signal portion of the data, then the residual

is approximately the sum of iid chi-squared random
variables. If the noise power is known, a simple threshold
test based on this fact can be developed to decide with some
confidence level whether or not this is the case. If exceeds
the threshold, then the test is repeated for , and so on.
If this procedure does not terminate for a reasonable value of,
it may indicate the presence of a significant diffuse multipath
component that would require a more complex model than (1).

A. An ESPRIT-Like Solution

In this section, we present a technique based on the ESPRIT
algorithm [9], [13] for computing closed-form estimates of

and . The algorithm provides reliable parameter
estimates with reasonable computational cost and can be used
to initialize the maximum likelihood methods presented in the
next section. Note that the ESPRIT method described below
is valid only for cases where and is full rank.

The algorithm exploits the special shift structure in the
Vandermonde matrix . Let be the matrix
constructed by taking the first rows of , and let
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be constructed similarly from the last rows of .
These two matrices are related by the equation

(18)

where is the diagonal matrix

...
(19)

There exist many other ways to select rows from to
form and matrices that satisfy (18) for some; a
brief discussion of the issues surrounding this choice is given
below.

Let denote the left singular vectors associated with the
nonzero singular values of the noise-free, and note that

since we assume , there will exist a matrix
that satisfies

(20)

Define and as, respectively, the first and last
rows of , and define and as the upper-left and lower-
right principal (diagonal) submatrices of

. Then (20) implies

(21)

(22)

Combining (18)–(22) and eliminating and leads to the
relationship

(23)

where .
Using (19), we see that the vector is related to the

eigenvalues of the operator that maps onto ,
as

(24)

Except for the unknown diagonal matrices and , (23)
has a form that is identical to that encountered by the ESPRIT
algorithm. A similar observation was made in [21], and
estimates were obtained using standard ESPRIT under the
assumption that . In [21], the “subarrays” were formed
by interleaving the even and odd numbered samples of ,
rather than overlapping them as described above. As such, their
assumption that implies that the Fourier transform
of the transmitted signal is pairwise constant. In the approach
presented below, we will require no such assumption.

With noisy data, we could use estimates of the singular
vectors and set up a least-squares problem based on (23)

(25)

where the goal is to estimate the signal frequency samples
in and , as well as the matrix , whose eigenvalues
are related to the time delays via (24). Minimizing (25) is
problematic, especially if we attempt to constrain the problem
to take into account the fact that and have elements

in common for overlapping submatrices. Instead, we choose
to minimize the following modified criterion, which yields a
simpler solution:

(26)

where . The solution for in (26) is given by

(27)

and substituting (27) into (26) yields

(28)

where is the vector formed from the diagonal elements of.
Thus, the relative time delays are found by calculating the

eigenvalues of using (27) and the diagonal matrix formed
from the eigenvector (singular vector) of the
matrix

with smallest eigenvalue (singular value). Note thatand
can only be estimated to within an arbitrary complex scale
factor. This is no problem for the estimation of the delays
since we simply scale and rotate the eigenvalues ofso that
the one corresponding to the smallest delay is equal to one,
and the rest yield positive delay estimates. To make such an
association unambiguously, we require that

(29)

or, in other words, that the maximum relative delay is not
too large. As explained above, such an assumption is required
anyway when a truncated DFT is used. The performance of
ESPRIT will improve as is increased [22], [23]; therefore, it
is advantageous to choose the largestpossible for which
(29) is known to be satisfied. As mentioned above, there
exist other ways to form the submatrices and ; for
example, interleaved rows or some combination of interleaved
and overlapping rows could be chosen. Interleaved submatrices
lead to a reduced computational load but tend to perform less
well than overlapping submatrices.

While not affecting the estimation of the delays, the arbitrary
scaling of and does, however, imply that we cannot use

to determine . Given with unknown and
assuming that the element of is scaled to equal one,
unraveling would yield

diag

which is an acceptable estimate only if . This problem
can be easily overcome with the estimate offrom , as
explained below. For example, sinceand span the
same (column) space in the absence of noise,could be
estimated by solving the least squares problem

(30)
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TABLE I
OUTLINE OF THE ESPRIT EQUALIZATION ALGORITHM

After solving for and using Lemma 1, the solution to (30)
can be shown to be equal to

diag (31)

(32)

Due to the fact that the elements of are on the unit
circle, we have

(33)

This fact leads to a considerable simplification. Using (33), it
is clear that

which together with Lemma 2 implies that

(34)

Since, typically, , calculating using (34) is preferable
to using (32) since it requires that we compute the dominant
singular vector of an matrix rather than an
matrix.

The steps of the proposed ESPRIT algorithm for estimating
and are summarized in Table I. Once and are

estimated, the spatial signatures can be determined from
using a simple least-squares fit. The specific equation to be
solved for is described below in the context of the maximum
likelihood solution.

B. Maximum Likelihood, IQML, and MODE

Assume that the additive noise is spatially white. Then,
under certain easily satisfied conditions [24], the elements
of will be asymptotically independent Gaussian random
variables.1 If we further assume that the noise power is equal
in each frequency bin, maximum likelihood (ML) estimates of

, and can be obtained (asymptotically) by minimizing
the least-squares criterion

(35)

Note that we have modeled as a deterministic matrix, and
therefore, we use the deterministic rather than stochastic ML
approach [25]. As the number of rows in grows (in our
application, as ), we expect that both deterministic
and stochastic ML will yield asymptotically equivalent results,
as in [26]. The ML criterion of (35) is separable in either
or but not both simultaneously. If we set
and solve for the separable parameters in, we get

(36)

which yields the concentrated ML cost function

(37)

where is an
projection matrix, and we have written for to be
concise. Since, as explained above, is orthogonal to ,
we have

span span

where , and we assume for the moment that
for all . Hence, minimizing (37) is

equivalent to minimizing

Tr (38)

A direct minimization of (38) is impractical due to the large
number of unknowns in or . Instead, we consider the
iterative solutions presented below.

The reparameterization of (38) in terms ofsuggests that if
an initial estimate of and were available, the IQML [11]
and MODE [12] algorithms could be used to approximate the
ML solution. Here, the complication of course is that not only
must the estimate of be refined but that of must be as well.
In the approach presented below, we use IQML or MODE to
update and then update in a separate step.

Define the matrix

where is a vector containing the diagonal elements of,
and insert it into (38) to obtain

Tr (39)

With initial estimates of and , we may rewrite (39) by
replacing with and with , which leads

1This requires that the frequency samples be taken on an FFT grid.
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TABLE II
OUTLINE OF THE IQML EQUALIZATION ALGORITHM

to a criterion that is quadratic in. An updated estimate of
can then be obtained in closed-form, as is done in the

regular IQML and MODE algorithms (see [9] for details of
how this step is implemented). Table II outlines the proposed
approach. After the initialization steps 1 and 2, the proposed
approach is implemented in two separate parts. In steps 3–5,
the polynomial coefficients are updated with (or ) held
fixed; in steps 6–7, is held fixed while is updated. As
detailed in [9], the closed-form solution forin step 4 requires
the SVD of only a matrix.

The solution for step 6 requires that the least dominant
singular vector of an matrix be computed. The
computation required for this step can be significantly reduced
by updating using the method developed for the ESPRIT
algorithm instead. In particular, we could replace step 6 above
with the following:

Compute from , and update the estimate of diag
directly as

(40)

Using this approach, only the dominant singular vector of
an matrix must be computed and is thus preferable
when , which is usually the case. Our simulations also
indicate that this approach gives better performance than (3)
of Table II. For this reason, the results presented in Section
IV were obtained using (40).

The MODE algorithm has recently been shown [27] to
enjoy certain advantages over IQML for the DOA estimation

problem in terms of both its estimation accuracy and numerical
properties. The implementation of MODE for the problem
considered here is essentially identical to that of IQML, except
that in (1) of Table II is replaced by , where

represents the left singular vectors associated with the
largest singular values of (assuming ), and is a
certain diagonal weighting matrix formed from the singular
values of . The weighting can be chosen so that the
MODE estimates approximate either the deterministic ML or
stochastic ML solution [25]. Note that if , MODE and
IQML coincide since the signal is no longer confined to a low
rank subspace of span .

There are two other important differences in the way that
MODE and IQML are typically implemented, but they are of
less consequence for the problem studied here. First, an initial
value of can be explicitly found in the standard MODE
approach by replacing the term corresponding to
in (1) of Table II with an identity matrix. However, in our
problem, an initial estimate of would be required for such a
procedure. Second, MODE is known to be an asymptotically
statistically efficient DOA estimator with only one iteration,
where “asymptotically” means either SNR or a large
number of columns in , which in DOA estimation implies

. However, in the application considered here,
denotes the row dimension of and the column dimension.
Thus, the asymptotic arguments used in [12] only apply here
for the case where SNR or ; in other cases,
additional iterations of the MODE algorithm may improve
performance.

C. Exploiting Signals with Known Frequency Support

The algorithms presented above rely on model fitting in
the frequency domain. One advantage of this fact is that it is
only necessary to implement them with contiguous frequency
samples where the signal has significant energy. This can be
a significant computational advantage if the received signal is
known to have narrower frequency support than the passband
(due, for example, to oversampling). This feature of the
algorithms is exploited in the simulation studies described
below. If the precise frequency support of the signal is
unknown, we could simply choose to implement the algorithm
using frequency samples where the received energy exceeds
some predetermined threshold.

IV. SIMULATIONS

In this section, we present the results of simulations for
the two applications considered herein: resolving overlapping
echoes of unknown shape and blind equalization of a fre-
quency selective fading channel. Of the algorithms presented
above, we give results only for ESPRIT and MODE. The
IQML approach yielded slightly inferior performance than
MODE for the cases considered, but the difference was not
large.

A. Unknown Overlapping Echoes

In this example, three echoes of a short duration pulse were
assumed to be received by an eight-element half-wavelength-
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Fig. 3. Signal waveforms for Example 1.

spaced ULA. The real part of the signal pulse is shown in the
top plot of Fig. 3. The first pulse occurred near the middle
of a 100 sample window of data, whereas the other two were
delayed 5.9 and 9.8 samples from the first. Fractional delays
were achieved by oversampling the data by a factor of ten and
then decimating to form the received signal. The amplitudes
and DOA’s of the three pulses were taken to be
and , respectively. The second plot in Fig. 3
shows the noise-free output of the first antenna element for this
scenario. The third plot shows the magnitude of the correlation
function between the pulse and the first antenna output and
clearly indicates that this case requires a high-resolution time
delay estimator.

ESPRIT, MODE, and the method of [21] were applied to
500 different noisy realizations of the 100-sample data block
at various SNR’s. The DOA’s were not estimated, nor was
the structure of the array exploited by any of the algorithms.
However, it was assumed that the rather narrow frequency
support of the pulse was known, and thus, the algorithms
were applied to only 20 frequency domain samples from each
antenna.

Fig. 4 shows the algorithms’ relative performance, which
was calculated by taking the delay estimates of the two delayed
pulses and averaging the RMS error for both at each SNR.
ESPRIT-BD refers to the method of [21]; the other three
ESPRIT plots correspond to the ESPRIT method described
above for subarray shifts of . Since 4

Fig. 4. Performance of ESPRIT and MODE in resolving unknown overlap-
ping echoes.

for and , a shift of could have
been used in this case, but we assume that an upper bound
for is not necessarily known. Using a value of
presupposes that we know . It is interesting to
note from Fig. 4 that higher values of help dramatically
reduce the delay estimation error at low SNR’s but lead to a
slightly higher residual at high SNR’s, where the error is due
solely to truncation effects. The method of [21] is less sensitive
to higher levels of noise than the implementation of
ESPRIT but does not perform as well as the cases.
Its much greater error at high SNR is due to the implicit
assumption that the pulse has a pairwise constant Fourier
spectrum, which is not exactly satisfied in this case (although
the spectrum is rather smooth in the passband). MODE has
the best overall performance of all the algorithms, although
the version of ESPRIT appears to be less sensitive to
truncation effects (visible at very high SNR).

B. Blind Equalization

A communications scenario was simulated in this example.
A QPSK signal with 35% excess bandwidth Nyquist pulse
shaping was transmitted over a three-ray frequency-selective
channel. The received signal was sampled three times per
symbol by a half-wavelength spaced ULA of varying size.
The second and third rays were delayed by two and seven
samples ( and symbol periods) relative to the first
arrival, respectively. The amplitudes and DOA’s of the three
rays were and , respectively, and
each ray was assigned a uniformly distributed random phase.
Spatially and temporally white Gaussian noise was added to
each antenna output so that the SNR relative to the first arrival
was 10 dB.

Data spanning 10 symbols ( samples) were collected
from the array, and the ESPRIT and MODE algorithms were
used to blindly estimate the transmitted waveform. Since
the symbol rate and pulse shaping filter were assumed to
be known, most of the signal energy was known to be
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Fig. 5. Performance of ESPRIT and MODE in blind signal recovery.

concentrated in 14 of the 30 FFT frequency bins, and only
data from these 14 bins were used to estimate the delays. Of
course, the values from all 30 bins had to be used to determine
the signal waveform. The squared error of the estimated signal
was averaged over 500 trials for each of several array sizes.
The resulting RMS error was then converted to an approximate
symbol error rate by assuming a Gaussian distribution for the
residuals and using standard error function formulas (e.g. see
[28]). Fig. 5 shows the results of the simulations for ESPRIT
implemented with and for the first and second iterations
of the MODE algorithm. Further iterations of MODE offered
little additional improvement. Note that both algorithms give
very good performance, despite the truncation effects that
result from using such a small value for.

V. CONCLUSION

A novel approach for using an antenna array in blind equal-
ization and resolving overlapping echoes has been presented.
The time-shift property of Fourier transforms was used to de-
velop a frequency domain model for the data that is similar to
models used in DOA estimation. The model is parameterized
in terms of both the signal (in the frequency domain) and
the physical channel parameters, including the time delays
and spatial signatures of the arrivals. Three different methods
were derived for estimating the signal and channel parameters,
based on the ESPRIT, IQML, and MODE algorithms from
DOA estimation. ESPRIT provides closed-form estimates that
can be used to initialize the IQML or MODE iterations. There
are four primary advantages of the techniques developed in
this paper over competing approaches. These advantages are
as follows.

1) They estimate physical channel parameters that may be
useful for locating or identifying the signal source or for
pre-equalization of the downlink channel.

2) They estimate both the channel parameters and the
transmitted signal directly without a two-step procedure.

3) They are able to more accurately model channels whose
impulse responses have intersample components.

4) They are able to exploit information about the frequency
support of the transmitted signal to reduce the required
computational load.
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