
On the Identi�ability of Multipath ParametersPetre Stoica�, Andreas Jakobsson� and A. Lee SwindlehurstyNovember 12, 1998AbstractConsider a received signal consisting of noise and an unknown wave-form that arrives at a sensor through both a direct path and an at-tenuated and delayed specular path. We show that a commonly-usedfrequency-domain model for such a signal is valid essentially only underthe assumption that the waveform that underwent multipath propaga-tion is band-limited. Furthermore, we derive su�cient conditions forthe aforementioned model to be identi�able from second-order statis-tics (i.e., its parameters can be uniquely determined from the spectraldensity of the received signal). We also show that in the frequentlyconsidered case of a white waveform, neither the attenuation coe�-cient, the waveform power, nor the noise power can be unambiguouslydetermined.1 Multipath Parameter Estimation ProblemLet x(t), for t 2 R, denote a complex-valued continuous-time waveform thatarrives at a sensor via both a direct path and a specular path. The observeddiscrete-time signal y(k), for k 2 Z, can then be written as :y(k) = x(k�) + gx ((k � �)�) + e(k); (1)for k = 0; 1; 2; : : :, where � is the sampling period, g is the attenuationcoe�cient (g 2 C), �� is the time delay (� 2 R), and e(k) is (discrete-time) observation noise. We assume that x(t) is stationary and that e(k) is�Petre Stoica and Andreas Jakobsson are with the Systems and Control Group, De-partment of Technology, Uppsala University, P.O. Box 27, S-751 03 Uppsala, SwedenyA. Lee Swindlehurst is with the Department of Electrical and Computer Engineering,Brigham Young University, Provo, UT 84602 USA1



complex-valued white noise, uncorrelated with x(k�), with zero mean andvariance denoted by �2e .The multipath estimation problem consists of estimating �; g; �2e and theparameters of any model postulated for x(k�), from a set of observationsfy(k)g. There is a rich literature on this problem and a host of methods forsolving it (see, e.g., [1] and the many references therein). These methods�nd application particularly in radar and sonar. Recently there has been arenewed interest in the multipath parameter estimation problem owing toits applications in wireless communications [2, 3, 4].Let �y(!), for ! 2 [��; �], denote the power spectral density (PSD)of y(k). A frequency-domain model often used to derive estimates of theparameters in (1) is the following (see, e.g., [5, 6]) :�y(!) = ��1 + gei!� ��2 �x(!) + �2e ; (2)where �x(!) is the PSD of the sequence fx(k�)g. However, the aboveequation for �y(!) is not always valid. Indeed, �y(!) in (2) is completelydetermined by the multipath parameters and the PSD of x(k�); however,because � is not in general an integer, the PSD of y(k) should also dependon the properties of the inter-sample values of x(t).A goal of this short paper is to show that (2) holds if and (essentially)only if x(t) is band-limited to �=�; that is, the PSD of x(t) is zero outsidethe interval [��=�; �=�]. This result, the intuitive reason for which is thatunder the previous condition x(t) can be exactly retrieved from x(k�), isapparently known. Even so, a proof of it is not readily available in theliterature. We provide such a proof in Section 2.In Section 3 we analyze the identi�ability properties of the PSD model in(2). We derive su�cient conditions under which �; g; �2e and the parametersof a model postulated for x(k�) can be uniquely determined from �y(!). Wealso show that in the frequently considered case of a white x(k�) sequence,� can still be uniquely determined, but g; �2e and �2x cannot.2 Derivation of the PSD ModelLet r(k) = E [y(j)y�(j + k)] ; k 2 Zwhere (�)� denotes the complex conjugate, and let�(s) = E [x(t)x�(t+ s�)] ; s 2 R:2



A simple calculation shows that r(k) can be rewritten asr(k) = E [x(j�) + gx((j � �)�) + e(j)] �[x((j + k)�) + gx((j + k � �)�) + e(j + k)]�= �1 + jgj2� �(k) + g��(k � �) + g�(k + �) + �2e�k;0 (3)and hence that�y(!) = �2e + �1 + jgj2� 1Xk=�1�(k)e�i!k +g� 1Xk=�1�(k � �)e�i!k + g 1Xk=�1�(k + �)e�i!k (4)for ! 2 [��; �] (in (3), �k;0 = 1 for k = 0 and �k;0 = 0 for k 6= 0). If1Xk=�1�(k � �)e�i!k = e�i!� 1Xk=�1�(k)e�i!k4= e�i!��x(!) (5)were true, then (2) would be readily obtained by inserting (5) in (4). Henceour task is to study the conditions under which (5) holds.Under the assumption that the PSD of x(t) is band-limited to �=�, wehave (by Shannon's interpolation formula) :�(s) = 1Xk=�1�(k)sinc ((s� k)�) (6)where sinc (x) 4= sin(�x=�)�x=� (7)(note that a relationship similar to (6) relates x(t) to x(k�)). By the sametoken, ei!�s = 1Xk=�1 ei!�ksinc ((s� k)�) (8)for j!j � �. Making use of (6) and (8), we obtain :1Xk=�1�(k + �)e�i!k = 1Xk=�1 1Xp=�1�(p)sinc ((k + � � p)�)e�i!k3



= 1Xp=�1�(p) 1Xk=�1 e�i !��ksinc ((p� � � k)�)= 1Xp=�1�(p)e�i!(p��)= ei!��x(!) (9)which proves (5), and hence concludes the derivation of (2) under the as-sumptions stated.If the PSD of x(t) is not band-limited to �=�, then in general (6) willnot hold exactly and this will induce an error in (9) and hence in (2). Quan-ti�cation of this error, for instance as a function of the power of x(t) outsidethe band [��=�; �=�] is an interesting problem that is however beyond thescope of this short paper. As a matter of fact, the band-limitation of x(t)to �=� is a fairly weak condition that can be enforced, for instance, by pre-�ltering the observed data through a low-pass �lter with cut-o� frequencyless than �=�.3 Identi�ability Properties of the PSD ModelIn what follows we assume that the sequence fx(k�)g is an auto-regressionof order n, which implies that�x(!) = �2wjA(ei!)j2 (10)for some �2w > 0 and some monic (real) polynomial A(z) of degree n thathas all zeros strictly inside the unit circle. Since any continuous PSD �x(!)can be approximated as well as desired by the right-hand-side of (10) witha su�ciently large value of n, the above assumption on x(k�) is not toorestrictive. We also assume that n is given.The analysis of the identi�ability properties of (2) under (10) reduces tostudying the solution set n�̂ ; ĝ; �̂e; �̂2w; Â(ei!)o of the equation :�̂2e + ���1 + ĝei!�̂ ���2 �̂2w���Â(ei!)���2 = �2e + ��1 + gei!� ��2 �2w���A(ei!)���2 (11)for j!j � �. The PSD model (2) is identi�able if and only if the uniquesolution to (11) is �̂ = � , ĝ = g, etc. 4



Let ��A(ei!)��2 4= �0 + �1 cos(!) + : : :+ �n cos(n!): (12)Equation (11) implies that ���Â(ei!)���2 = ���A(ei!)���2 (13)whose unique solution is (by the spectral factorization theorem) :Â(ei!) = A(ei!) (14)(note that to obtain (13) from (11) we made use of the fact that there is nopossible cancellation of factors in ��1 + gei!� ��2 = ��A(ei!)��2 since the denomi-nator is bounded away from zero for any !, by assumption). Inserting (13)into (11) yields the equation :(�̂2e � �2e) [�0 + �1 cos(!) + : : : + �n cos(n!)] +�1 + jĝj2 + 2ĝr cos(!�̂)� 2ĝi sin(!�̂ )� �̂2w ��1 + jgj2 + 2gr cos(!�)� 2gi sin(!�)� �2w = 0; (15)where gr and gi denote the real and imaginary parts of g. The functionscos(!); : : : ; cos(n!) in (15) are linearly independent. We assume that atleast two linear combinations of the functions cos(!); : : : ; cos(n!), cos(!�)are linearly independent, which is a weak assumption that holds if either� = non-integer and n � 1, or � = integer larger than n � 1, or � = integerless than n � 3. Under this assumption (15) is equivalent to :�̂2e = �2e (16)�̂ = � (17)and �1 + jĝj2� �̂2w = �1 + jgj2��2w (18)\ĝ = \g (19)jĝj�̂2w = jgj�2w: (20)(above we have also assumed that g�2w 6= 0, otherwise the delay � is obviouslynot identi�able).Next we divide the equations in (18) and (20) member by member toobtain : 0 = �1 + jĝj2� jgj � �1 + jgj2� jĝj= (jgj � jĝj)(1 � jgjjĝj): (21)5



This equation shows that the true solution ĝ = g and the false one jĝj = 1=jgjare indistinguishable from second-order data statistics. Usually one canassume that jgj < 1 (22)which helps choosing the desired solutionĝ = g: (23)Insertion of (23) into (20) yields �̂2w = �2w: (24)To summarize, the PSD model (2) is identi�able under the weak assumptionthat the sequence fx(k�)g is an auto-regression of order n � 1, � = non-integer (most likely) or integer larger than n (if � is an integer less than nthen we need n � 3), and the attenuation coe�cient g satis�es (22).The previous identi�ability condition set excludes the case of n = 0,which is somewhat intriguing since in the literature the sequence fx(k�)ghas often been assumed to be white (see, e.g., [6]). In such a case, equation(15) reduces to �̂ = � (25)jĝj�̂2w = jgj�2w (26)�̂2e + (1 + jĝj2)�̂2w = �2e + (1 + jgj2)�2w: (27)Hence � is identi�able. However the other parameters g; �2e and �2w are not.As an example, let g = p0:1; �2w = 1:Then, it can be easily checked thatĝ = 2p0:1; �̂2w = 1=2and �̂2e = �2e + 0:4is a possible false solution to (26) and (27). Many other false solutions exists(note that we only have two equations, (26) and (27), to determine threeunknown parameters, ĝ; �̂2w and �̂2e !).
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