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A batract- The application of high-resolution, subspace-baaed 
methods to narrowband direction-of-arrival (DOA) estimation re- 
lies on several critical assumptions. Two of these are 1) that the 
response of the antenna array is known in all directions of inter- 
est, and 2) that the spatial covariance of the background noise is 
known. Neither of these assumptions is satisfied in practice, often 
resulting in a serious degradation of algorithm performance. While 
there has recently been much work directed at determining the 
asymptotic effects of the finite sample approximation, relatively 
little work has focussed on algorithmsensitivity to the above model 
errors. In this paper, a model error sensitivity analysis is carried 
out for some popular high-resolution subspace-based algorithms. 
Theoretical expressions for the covariance of the DOA estimation 
error are developed and compared with that obtained by simu- 
lation. The analysis is also used to develop optimally weighted 
versions of the algorithms that are robust to the types of model 
errors considered. 

I. INTRODUCTION 

IGH-RESOLUTION subspace-based methods for narrow- H band direction-of-arrival (DOA) estimation have been exten- 
sively studied during the past ten years. These methods can 
achieve performance far superior to classical techniques because 
they fully exploit the underlying data model, including knowl- 
edge of the antenna array response and spatial noise statistics. 
Nearly all of the analytical performance analyses that have been 
conducted for these algorithms have focussed on the asymptotic 
effects of using a finite noisy data set to estimate the DOAs. This 
is, however, only one of the many possible sources of estimation 
error. In many applications, the limiting factor in performance is 
not due to finite sample effects, but rather to errors in the model 
for the array response and spatial noise covariance. 

While techniques have been proposed to mitigate the effects 
of these model errors (1, 2, 3, 4, 5 ,  61, little work has foamed 
on obtaining analytical expressions for the perturbation induced 
in the DOA estimates. The special case of array calibration er- 
rors has recently been considered in [7, 8, 9, lo]. In this pa- 
per, a sensitivity analysis is conducted for both array and noise 
model perturbations, and applied to MUSIC [ll], (deterministic) 
maximum-likelihood (ML) [12], Cadzow’s method (sometimes r e  
ferred to as multidimenrional MUSIC) [13], and weighted subspace 
fitting (WSF) [14, 151. This analysis is used to develop an optimal 
weighted version of MUSIC and optimal WSF-like algorithms that 
are robust against simple Gaussian array and noise perturbations. 

11. SUBSPACE BASED ALGORITHMS 

To introduce notation, the unperturbed data model assumed 
for the narrowband DOA estimation problem is briefly described. 
Assume an m-element array of sensors, d narrowband far-field 
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emitters, and define a(@) E Cm to be the array response for a 
narrowband emitter at DOA 0. The array manifold is defined to 
be the set A = (a(0) : 0 E 0 )  for some region 0 in DOA space. 
The set A is ~ s u m e d  to be known, either analytically or via some 
calibration procedure, and to be unambiguous ( i . e . ,  any collection 
of d 5 m distinct vectors from A is a linearly independent set). 
The output c E Cm of the array at time t is given by 

z ( t )  = A(eo)s(t) + n(t)  , 

where s ( t )  E C d  is the amplitudeand phlue of the signals at time 
t ,  n(t) is additive noise, 80 = [e l , .  . . , BdlT, and 

A(&) = [a(& ... a(Wl . 
Assuming spatially white noise that is uncorrelated with the 

signals, the array covariance is given by 

R = & { ~ ( t ) ~ * ( t ) }  = A(eo)SA*(eo) + u’I , 

where & denotes expectation, denotes hermitian transpose, S is 
the covariance of the emitter signals, and U’ is the noise variance 
at each sensor. The matrix S is assumed to be full rank, although 
this assumptionis not critical for some of the algorithmsdiscussed. 
The eigendecomposition of R has the following form: 

m 

R=C x I e I e :- - E,A,E; + ~ E , E : ,  (1) 
1-1 

where Ea = [el ... ed]. En = [ed+l ... em], As = 
diag(A1 2 ... 1 Ad > xd+l = ... = Am = U 2 .  

The span of the d rignal rubrpace eigenvectors E, will be identical 
to that of A(80), so a full rank d x d matrix T will exist satisfying 

Ad}, and 

Ea = A(B0)T. (2) 

The noire rubrpacc eigenvectors En satisfy E:A(Bo). 

and En to determine 60 as follows: 
The algorithms under consideration in this paper use R, E,, 

min V M L  = min Tr(P2R) e e 

when PA = A(B)(A’(B)A(B))-1A’(8), A = A8 - 0’1, and MU, 
ML, MD, and WSF refer respectively to MUSIC, maximum like- 
lihood, MD-MUSIC, and weighted subspace fitting. Note that 
while MUSIC performs a onedimensional search ( i .e . ,  the DOA 
estimates are obtained one at a time), the other algorithms are 
multidimensiond (i.e., all DOAs are obtained simultaneously). It 
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can be shown [IS] that, for this analysis, all of the multidimen- 
sional methods can be considered to be special cases of the follow- 
ing subspace fitting minimization problem (14, 15): 

minV = minTr(PiEsWE:) ,  (3) e e 
where the value of W corresponding to each algorithm is shown 
in Table 1 (it is shown in Section 1II.B how the weighting for the 
ML method is derived). The matrix W can be interpreted as a 
weighting imposed on the columns of Es which span the signal 
subspace (hence the term weighted subspace fitting in [14, 151). 

MD-MUSIC 

Table f I Summary of Subspace Fitting Algorithms 

With perfect data, all of the above algorithms would of course 
produce the correct result. However, due to various unavoidable 
errors, the "true" covariance matrix and its eigendecompositjon 
are not available, but rather some perturbed set R,Es and En. 
Consequently, the a l g o r i t e s  must use these perturbed quantities 
40 compute an estimate 8 of Bo, and the magnitude of the error 
f9 = 8 - Bo will be different for each method. In this paper, the 
error covariance C = E{&'} will be analytically evaluated and 
used to judge the relative performance of the algorithms when the 
error is due to ar ray  and noise model perturbations. 

H I .  A FIRST ORDER ERROR ANALYSIS 

To isolate the effects of array and noise model errors on the 
DOA estimates, it will be assumed that the finite sample effects 
due to additive noise are neglikible and that an exact measurement 
of the perturbed covariance R is available. A very general model 
for R is as follows: 

R = ( A  + A ) S ( A +  A)* + u2(I + %) , (4) 

where A and % are the result of errors in the array y d  noise mod- 
els, respectively. The matrix A incorporates into R the effects of 
imprecisely known sensor locations, perturbations in the antenna 
amplitude and phase patterns, and mutual coupling effects. De- 
viation of the noise covariance matrix from its nominal value is 
denoted by the hermitian matrix C. 

A .  The Perturbed Eigendecomposition 
Since the algorithms under consideration are based on proper- 

ties-of the-eigenvectors of R., ofprimarily i_nterest -- the effects 

represent the perturbed signal and noise subspaces, respectively. 
Since, in general, E, is unique and E, is not (it may be replaced 
by En+ for any full-rank 9), care must be taken in using the lat- 
tm yquation. For purposes of this analysis, it will be mumed  that 
E i E n  = I and that En and E, are approximately orthogonal. 

To establish a link between the model errors of (4) and the 
subspace errors E, and En, the eigenvector equations 

of A and C on E, and En. Let Es = Es+Ea and En = En +En 

RE, = E,(& + A , )  ( 5 )  

will be examined, where A, and A, represent the perturbedsignal 
and noise eigenvalues, respectively. Expanding equation (5) using 
the model of (4) and eliminating second-order error terms (e.g., 

terms of order O(llAI12), O ( ] ~ ~ ~ ~ ~ ~ ~ E , ~ ~ ) ,  etc.) leads to the following 
first-order approximation: 

(&A* + ASA* + u2E)Es + REa = E,A* + asAS . 
After multiplying on the left by P i ,  a few simple algebraic ma- 
nipulations yield the following: 

E ; P ~  = A-~E;(ASA* + u 2 k ) ~ f i  . (7) 

A similar relationship may be obtained for the noise eigenvectors 
using equation (6). Eliminating second-order error terms from (6) 
and multiplying on the left by PA leads to 

E i A  = -E:(A + 02%At'S-') . ( 8 )  

Equations (7) and ( 8 )  are the key relationships used below in de- 
veloping error expressions for the DOA estimates. 

B. General Error Ezpressions 
In [8, 10, 16, 14, the following approximate expressions for 

the DOA estimation error are developed using a simple first-order 
analysis for MUSIC: 

(8 - eo)MU = -[v,&,(eo)i-l~~U(eo) 

Qh,,,(@o) = 2Re[d*(Q,)EnEia(Q,)] (9)  

V,&,(eo) = -2Re[(D*PiD)  @I]  

and the subspace fitting methods defined by equation (3): 

(e - 2 - [~" (e~) ] -~P ' ( e , )  

p,'( 60) 2 2Re [ Tr( Pi A, A t  E, W E : )] (10) 

V"(eo) = -2Re[(D'PiD) @ (AtEsWE:At*)T] 

where 

D = [d(&) ... d(8d)l 

A, = [0 ... 0 d(B,) 0 . . .  01 

At = (A'A)-'A', 

and P represents V evaluated using Ea or En instead of E, or E,. 
To link the error in the DOA estimates to the model perturbations, 
equations (7) and ( 8 )  arc substituted into (10) and (9) to obtain 

%&,,(@o) U 2Re{d'(8,)P);[H(B1) + u2EAt'S;']} (11) 

and 

PiA,AtE.WA-'E:(ASA'+02%)]} (12) 

where SF1 is the Ph column of S - I .  Note that for the determin- 
istic ML method, a first-order approximation of the gradient 

Pf iA,A'(ASA*+ u 2 % ) ] } ,  
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leads to precisely what would be obtained from equation (12) if 
W = A. Thus, as mentioned eariler, the ML algorithm can be as- 
sumed for this analysis to be a special case of the general subspace 
fitting problem described in equation (3) and Table 1. 

Given any particular deterministic perturbation A and 2. the 
DOA error 8 - 8 0  could of course be evaluated directly without 
using the approximations given above. However, a more useful ap- 
proach would be to assume that A and C are not known precisely, 
but are rather realizations of some known perturbation model. In 
this approach, on: is not interested in a particular value of the 
estimation error 8 ,  but rather some averaged measure of it. In 
this paper, the perturbation-model will be assumed to be given 
in p r o b a b i l i s t i c  terms ( i .e . ,  A and C are random), and expres- 
sions-for the bias and variance of 6 will be obtained. Assuming A 
and C are zero-mean, it is clear that E(8  - 8 0 )  = 0 for all of the 
algorithms. The second-order statistics of the error are given by 

where 

Thus, the error covariances can be computed for any scenario 
where Q M U  and Q S F  may be evaluated. This will in turn be 
pos_sible prpvided that the second order statistics of the elements 
of A and C are known. 

C. A Sample Perturbation Model 
There_ are a variety of models that could >e used to describe 

A and C. A particularly simple model for A is to assume that 
its columns are independent zero-mean complex Gaussian random 
vectors with a known angle-independent covariance: 

i i(O,)-&N(O,B),  & ( B ( B , ) I T ( O , ) ) = O ,  i =  l , . . . , d  . (15) 

If the calibration errors are independent from sensor-tesensor, B 
is clearly diagonal. Off-diagonal terms indicate sensor-to-sensor 
correlations that result, for example, if there are uncalibrated mu- 
tual coupling effects, or if some sensors tend to perturb uniformly 
(such as identical or adjacent elements). 

With a few simple exceptions, it is somewhat more difficul_t than 
in the array error case to connect a particular model for C with 
some underlying physical phenomenon. A simple yet reasonable 
model for purposes of this paper is to assume that the elements 
of are independent, zero-mean, Gaussian random variables of 
equal variance U:. Under this model, the off-diagonal elements are 
assumed to be complex with independent real and imaginary parts 
of equal variance u?/2, while the diagonal elements are assumed 
to be real. 

Though the analysis of this paper is not restricted to the above 
error models, for the sake of brevity these will be the only two 
cases considered (several more general error models are described 
in [16, 171). These examples nonetheless provide a bendunark for 
determining algorithm sensitivity and making performance com- 
parisons. Since it will always be assumed that A and C are inde- 
pendent of one another, the covariance of the error for eafh model 
will be presented separately. In the general case where A and C 
are both non-zero, the error covariance will be given by the sum 
of the covariances due to each error source considered separately. 

Since expressions for V” and VGu are already available from 
equations (9) and (lo),  the covariances C M U  and C S F  may be 
evaluated once the expectations Q w u  and Q S F  have been de- 
rived. For the array error model of (15), it can be shown that 

(AtE,WT’TW’E:At’)T] , 

where T is as defined in equation ( 2 ) .  The corresponding expres- 
sions for the simple E model are 

Q M U  = 2uiu4Re[(D’Pf;D) Q (A’E,i-2E:A)T] 

Q s p  = 2 u ~ c 4 R e ( ( D ’ P ~ D )  Q 

(At E, WA-2 W E:At’) ‘1 
The performanceof each of the subspace fitting algorithms encom- 
passed by equation (3) may be ascertained by plugging into V“ 
and Q S F  the appropriate value of W from Table 1. 

IV. OPTIMALLY WEIGHTED ALGORITHMS 

An advantage of the simple matrix expressions obtained for 
C M U  and C S F  in the previous section is that performance com- 
parisons between different implementations of the algorithms are 
facilitated. In this section, for example, it  will be demonstrated 
how optimal weightings may be derived to improve the quality of 
the DOA estimates under a particular perturbation model. The 
following weighted versions of MUSIC and subspace fitting will be 
considered: 

= min Tr(P;,E‘,W,E’*) S ’  (17) e 

where W,,W,, and W, are all hermitian and positive definite, 
and where A‘ and E‘, denote the row-weighied matrices W f ” A  
and W;/’E,. All row-weighted quantities below will also be in- 
dicated by this notation. 

Using the results of the previous section, it is straightforward 
to derive expressions for the error covariances C W M U  and C ~ s f .  
The second derivatives of the weighted algorithms are given by 

V$,U(8,) = -2Re[(D*EnW,E:D) 0 I] (18) 

V&F(80) = -2Re[(D’*Pf;,D‘) @ (A’tE:W,E’:A’t* ) 119) 

With the following slightly modified version of equation (7), 

E:P~, = A-IE:(AsA’* + o 2 2 ) p = ,  , (20) 

expressions for Q R ~ F  may be derived as before. For the array 
error model of ( 15), 

Q W M U  = 2Re[(D’EnWmEiBEnW,E:D) @ I] ( 2 1 )  

Q R ~ F  = 2Re[(D’oPf;,W~/2BW:’2Pf;rD’) 0 (22)  

(A“E’, W,T’TW:E’:A‘t’)T] . (23) 

Using the error model for 2 described earlier leads to 

QRSF r2aia4Re[(D’*P;,W,P;,D’) Q (24) 

(A’?E: WcA-2 W: E‘:A’t* )‘I . (25) 

Only an expression for Q R ~ F  is given in this case since an optimal 
weighting will only be possible for the multidimensional subspace 
fitting class of algorithms. 

Careful study of equations (13), (14), and (18) through (25) 
reveals that particular choices of W,, W,, and Wr will lead 
to expressions for C W M U  and CRSF where V k M U  = Q W M U  
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and VLsF = Q R S F .  For the array error case, the weights which 
produce this effect are 

w, = (E:,BE,)-' 

w, = (TOT)-' 

W, = B-' , 

while for noise model errors, the corresponding weights are 

wc = Ai2 

W r = I .  (27) 

It can be shown [16, 171 that these choices lead to optimal versions 
of the algorithms which achieve parameter estimates of minimum 
variance. In other words, for any admissible choice of W,, W,, 
and Wr, 

C ~ ~ ~ ( ( T * T ) - ' , B - ' )  I. CRSF(Wc,Wr) 

for the array error case, and 

C R S F ( A ~ , I )  5 C R S F ( W ~ , W ~ )  

for the noise error model. Note that since C w ~ v ( 1 )  = CMU and 
C R ~ F ( I , I )  = CSF, the weighted versions of the algorithms will 
outperform their unweighted counterparts when the model errors 
are of the types described. Even though the optima! weights are 
a function of- the unknown quantities En,T, and A, using the 
eigenvectors E, of the sample covariance and the estimates 

T = At(8)ES 

A = A, - CZI 

only introduces variance terms of second-order and higher. Thus, 
to first order, optimal pefformance can achieved using the esti- 
mated weights W, and W,. 

An interesting consequence of the above results for the array 
error model of (15) is that 

CwM~((E~BEn) - ' )  = CRSF((T*T)-' .  B-'), 

and hence that the one-dimensional weighted MUSIC algorithm is 
no more sensitive to array errors of the type described by (15) than 
any of the multidimensional subspace fitting algorithms. In fact, if 
B = 7'1, the above analysis demonstrates that MUSIC has lower 
estimate variance than MD-MUSIC, WSF, and the deterministic 
maximum likelihood method; i .e.,  for any W, and W,, . -1 

V. SIMULATION EXAMPLES 
In order to isolate the effects of the various model errors, finite 

sample effects are neglected by considering in each of the experi- 
ments in this section the exact perturbed covariance R. A total of 
1000 trials were conducted for each example, with R generated for 
each trial using the error-fm covariance R and the distribution of 
the perturbation. The sample RMS error of the DOA estimates 
was then calculated and compared to that predicted by the corre- 
sponding theoretical expressions. In all of the following examples, 
the nominal gain of all sensors was assumed to be unity in the di- 
rection of the impingingsignals, and it was assumed that the num- 
ber of emitters d had been correctly determined. In addition, the 
noise was assumed to be spatially white with unit variance, except 
for the case where noise covariance perturbations were studied. 

?i 

Case 1: Array  Model  Errors - Column Weighiing 

For this case, a 10 element uniform linear array (ULA) with A/2 
inter-element spacing was assumed. Two emitters were simulated, 

one at 0' broadside and the other at 7'. The signal-to-noise ratio 
(SNR) for the 7' source was 20 dB, while that of the broadside 
source was varied between 0 and 12 dB, and the two sources were 
90% correlated with 0' correlation phsse. The covariance B of 
(15) was set at (0.01)21, which corresponds to a -40dB gain er- 
ror and a 0.57' phase error standard deviation. Figure 1 shows 
a plot of the standard deviation of the 0' source estimates for 
MD-MUSIC, deterministic ML, WSF, and the optimal subspace 
weighting. The connected lines indicate the theoretical predic- 
tions and the symbols represent the results of the simulations. 
Note the excellent agreement between the predicted and measured 
DOA errors, and also the improvement achieved by the optimal 
weighting W, = (TOT)-' relative to WSF and deterministic ML 
(in this case, W, = I). Though not shown on the plot, the one- 
dimensional MUSIC algorithm has virtually identical performance 
to that of MD-MUSIC and the optimal weighting. 

1 
2 4 6 8 10 12 

SNR ol S u r a  at 0' (dB) 

Figure I :  Actual and Predicted DOA Errors vs. SNR - Case 1 

Case 2: MUSIC and Unequal A m a y  Errors 
For the next example, consider the array of Figure 2 which 

is composed of a seven element ULA and two additional elements 
separated from either end of the ULA by six wavelengths. Suppose 
that the error covariance B is given by 

B = diag{[10-2,10-4,10-4,~..,10-4,10-']} , ( 2 8 )  

so that the standard deviation of the array perturbation for the 
end elements is ten times greater than for the elements of the 
ULA. For this array, a relevant system design problem would be 
how to appropriately trade-off (a) the performance improvement 
which results from using the large aperture provided by the end 
elements, and (b) the performance degradation caused by the un- 
reliable calibration information for these elements. 

70."UzULA 

Figure 2: Linear Array for Case 2 

The array of Figure 2 was simulated with the perturbation de- 
scribed by (28). Two uncorrelated emitters were assumed, each 
of power 0 dB relative to the additive noise. The first emitter 
was fixed at 0' broadside, while the second was varied from 2' 
to 50' over several experiments. The dotted curve and the sym- 
bol o represent the predicted and measured performance of MUSIC 
when using only the 7 element ULA and ignoring the end elements 
(no MUSIC result is shown for the case where the second source 
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was  at 2’ since the algorithm failed to resolve the two sources in 
over half the trials). The solid curve and the symbol t denote 
the predicted and measured performance of MUSIC for the full 
array (including the end elements) without weighting, while the 
dashed line and + denote the same for MUSIC with the weighting 
W, = (E;BEn)-I. 

RMSEnorlorS.condSoum 

0 2 5 -  - : - 0 2 -  
E 
v) 

0 1 5 -  
0 - 

““ I  ’ .  . ’ . ’ ’ 

7 ebmor4 )J2 ULA u l h  6 L -tails. 
e, = 0- 
e, = vrrubb 

0% Conellon 
SNR=[0.0] dB 

7 ebment ULA 
I u U  array, urnveghtod - .  
hrY array. optimally weghud ---- + 

L 
‘0 5 10 15 20 25 30 35 40 45 

Source Separatlon (dog J 

Figure 3: Actual and Predicted DOA Errors vs. 02 - Case 2 

IVhen the sources are closely spaced, the smaller ULA does 
not provide enough aperture for MUSIC to accurately estimate 
the DOAs. As the second source is moved away from broadside, 
the performance of the ULA improves until a t  02 rz 8’ it does as 
well as the full unweighted array. For DOAs beyond Eo, using the 
information from the unweighted end elements actually degrades 
algorithm performance relative to just ignoring them. However, 
the lowest estimation error is achieved using the ful l  optimally 
weighted array. 

Case 3: Error in Noise Covariance Model 
This example illustrates the effects of errors in the model for 

the noise covariance and demonstrates the advantage of using the 
optimal column weighting Wept = Az. A 12 element X/2 spaced 
ULA and two correlated sources a t  10’ and 15’ were simulated. 
The SNR for each source was 0 dB, and the standard deviation 
of the additive noise covariance perturbation was us = 0.01. The 
actual and predicted RMS error performance of MUSIC, WSF, 
deterministic ML, and the optimally weighted algorithm for the 
source at  15O are plotted versus signal correlation in Figure 4. 
Note that while the sensitivity of MUSIC increases dramatically a t  
higher levels of correlation, the multidimensional methods remain 
relatively unaffected. In fact, the performance of WSF and Wopt 
actually improves as the signals become more highly correlated. 
As predicted, the lowest RMS error is achieved by the subspace 
fitting algorithm with optimal column weighting. 
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