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ABSTRACT 

Multiple input, multiple output (MIMO) wireless communications 
links have been shown to have the potential for  signifcant in- 
creases in capacity, provided they are deployed in an environment 
with rich multipath scattering. To realize these gains, a number of 
space-time coding strategies have recently been proposed. Most 
of these algorithms assume that, via training data, the channel is 
known at least on one end of the link. However, if the channel is 
time-varying or  even just quasi-stationary, the training overhead 
can offset much of the throughput gain. In this paper, a space-time 
coding scheme is presented that allows for  simultaneous blind or  
semi-blind channel estimation and decoding of the symbols trans- 
mitted by multiple users. The method relies on the use of “diag- 
onal” space-time codes in which the same symbol is successively 
transmitted from each antenna in turn. This structure leads to a 
simple subspace-based algorithm that produces closed-fonn esti- 
mates of both the channel and the transmitted symbols. The algo- 
rithm is shown to be applicable to cases involving fewer receive 
than transmit antennas, rank-deficient channels, flat or  frequency 
selective fading, and multiple users. 

1. INTRODUCTION 

The advantages of using multiple antennas at both the transmit 
and receive ends of a wireless communications link have recently 
been noted [ I ,  21. A number of space-time coding algorithms 
have been proposed that exploit the potential for dramatically im- 
proved throughput and reliability that such systems offer (for ex- 
ample, see 13, 4, 5, 6, 71). For most algorithms, these gains can 
only be realized provided that the multiple-input multiple-output 
(MIMO) channel separating the transmitter and receiver can be 
identified. While training data can be used to estimate the channel, 
this approach consumes precious bandwidth and reduces through- 
put, especially in time-varying scenarios where the channel may 
be rapidly changing. One approach to overcoming this difficulty is 
the use of differential space-time codes [8,9,  101. 

In this paper, an alternative method is presented that exploits 
the temporal structure offered by a particular type of space-time 
code in order to blindly (or semi-blindly) estimate the channels and 
decode the signals for multiple users at the same time. Specifically, 
“diagonal” space-time codes in which the same symbol is succes- 
sively transmitted from each antenna are exploited. The algorithm 
is based on the property that a delay in the time domain produces 
a linear phase shift in the frequency domain. This fact has recently 
been exploited for both blind and training-signal-based channel 

This work was supported by the National Science Foundation under 
Wireless Initiative Grant CCR 99-79452. 

estimation [ 1 I]. For finite-length data sets, this property holds 
only approximately due to FFT truncation effects. However, if 
the transmitted code is not only diagonal but circulant as well, the 
truncation effects are eliminated. For the application considered 
here, this requires a few symbols (at least as many as one less than 
the number of transmit antennas) to be repeated at the end of the 
data frame. The repeated symbols are referred to as a cyclic pre- 
fir, and have been exploited for blind equalization in multicarrier 
(OFDM) systems [12]. Without a cyclic prefix, the truncation ef- 
fects will still be negligible provided that the number of transmit 
antennas is significantly smaller than the number of transmitted 
symbols. 

The proposed algorithm is subspace-based, and has been ap- 
plied to the single-user channel equalization problem in [13]. It 
estimates the transmitted symbols as those that produce a circulant 
symbol matrix (due to the circulant space-time code) that is as or- 
thogonal as possible to the row space of the received data matrix. 
The simple structure of the data model in the frequency domain 
yields an elegant closed-form solution to this problem. The sub- 
space nature of the algorithm bears some similarity to the recent 
approach of [14], which modulates the same symbol sequence by 
a different known code for each transmit antenna. Both blind and 
semi-blind solutions are presented. For the blind case, only the 
space spanned by the various users’ signals can be identified if 
each user has the same number of transmit antennas; separating 
out the individual user’s signals in such cases requires additional 
information (such as provided by a finite alphabet [I51 or constant 
modulus [ 161 assumption). If training symbols are embedded in 
each user’s signal, then the semi-blind solution presented herein 
can be used to separate the users provided that they employ lin- 
early independent training data. While the details of the algorithm 
are presented for the single user flat fading case, extensions to the 
multiple user case are presented, along with modifications of the 
algorithm required when there are more transmit than receive an- 
tennas, the channel is rank deficient, or the channel is frequency 
selective. 

2. DATAMODEL 

For the moment, assume a single-user transmit array with T > 1 
elements, a receive array with R > 1 elements, and a flat-fading 
channel. If the transmit array broadcasts K data vectors, the fol- 
lowing model results: 

x = H S ~  + N  , (1) 

where X is an R x K matrix of received data, H is the R x T 
channel matrix, N is additive noise and interference, and ST is an 
T x K matrix containing the transmitted symbols. The subscript 
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on ST is used to explicitly indicate the number of rows in the ma- 
trix, and the (:) symbol is used to differentiate X from its noise- 
free counterpart X = HST. To begin, we will assume that R > T 
and that H is full rank, but these assumptions will be relaxed in 
Section 6,  as will the single-user and flat-fading restrictions. The 
key modeling assumption for the algorithms to be presented is that 
the following simple "diagonal" space-time code is employed: 

4 1 )  4 2 )  
4 2 )  s (K + 1) 

S T = [  4 3 )  ... s ( N  s" - 1) 1 ,  (2) 
s ( T -  1) s ( T )  

s (T )  s (T+ 1) s ( N )  
which makes ST Hankel. Note that N is implicitly defined to be 
N = K + T - 1, which represents the total number of transmitted 
symbols that affect X. 

Assume for the moment that, out of the N total transmitted 
symbols affecting X, the last C symbols are repeated values of the 
first C. In other words, the symbol sequence is given by 

repeated symbols 

s(i), 4 2 ) ,  . . . , s ( ~ ) ,  >(I), . . . , s(cj . (3) 
In OFDM communications systems, this short interval of repeated 
symbols is referred to as a cyclic prejix. With a cyclic prefix 
present, the matrix ST in (2) is circulant provided that C > T - 1. 
As a result, if the K x K FFT matrix F is defined as 

1 1 ".  

F = [ :  1 fj : . ' .  .:.I (4) 

1 4K-1 . . .  ($K-1)2 

Xf %f XF = HFTA, + Nf , 

where q5 = e j 2 = I K ,  then the row-FFT of X is given by 

(5) 

where FT contains the first T rows of 7, Nf = N 7  is the FFT 
of the noise, A, is the diagonal matrix defined by 

A, = diag{sf) 
Sf = Fs, 

ands  = [s(l) . . .  s(K)IT. Thevectorsf issimplytheFFTofthe 
symbol vectors. It is worth mentioning that, if a cyclic prefix is not 
used, equation ( 5 )  is still approximately true provided that K >> 
T .  The use of a cyclic prefix is not required for identifiability, but 
as shown in Sections 4 and 5, it does lead to elegant frequency 
domain solutions. 

For blind symbol estimation, s is completely unknown. In the 
semi-blind case, s may be decomposed as 

S = S k + S u ,  

where s k  and sU denote the known and unknown symbols in s ,  
respectively. Thus, sf = S f k  + sfu as well, where S f k  = F S k  

and sfu = 7 s u  are the FFTs of the known and unknown symbols, 
respectively. Using the constraint that sk and su are non-zero at 
disjoint time samples, a semi-blind algorithm is developed in the 
next section that exploits the model of ( 5 )  to obtain an estimate of 
su and an unstructured estimate of H. The approach uses a least- 
squares (row) subspace fitting criterion, and leads to closed form 
estimates of the desired quantities. Before deriving the semi-blind 
solution, however, a blind algorithm is presented based on (5 )  for 
the case where there is no training data. 

3. SUBSPACE RELATIONSHIPS 

If H is full rank, then the row space of X and Xf (the noise- 
free data matrices) will coincide with the row spans of ST and 
FTA,, respectively. To state this mathematically, define the SVD 
X = UXG', where * denotes the complex conjugate transpose, 
and note that the SVD of Xf is Xf = U X G j ,  where 

1 G f  = -F*G . dE 
Partition G into signal and noise subspaces as G = [G, j G,] .  
where G ,  and G ,  denote the first T and remaining N - T  columns 
of G ,  respectively. Then 

STG, = 0 .  (8) 

When noise is present, this relationship does not hold exactly. In 
Section 4 below, we derive a solution to this problem based on 
minimizing the norm of 

1 1 
K K S T G n  = -STFF*Gn = -FTAsF'Gn , (9) 

with respect to sf. In Section 5, we extend this approach to the 
semi-blind case. In both cases, once the estimate if and hence ST 
is obtained, the channel matrix may be estimated using 

A = xs; (s*s;)-l . 

Note that if the finite alphabet structure of s is known, the solution 
in (10) can be preceded by a step in which the elements of ST are 
projected onto the nearest points in the signal constellation. This 
provides a simple yet effective way of exploiting the finite alphabet 
nature of the signal in estimating the channel. 

Before developing the proposed algorithms, we present the 
following lemma which will be useful to us later: 

Lemma 1 Suppose Y = [y1 
[ZI . . . zd,] is K x d,. Then 

. . . yd,] is K x d, and Z = 

(YY') 0 (ZZ*)T = (Y 0 Z)(Y 0 Z)' , 

where Y o Z is the K x d,d, matrix formed by taking the Schur- 
Hadamard product of all possible pairs of columns from Y and Z, 
the conjugate of Z: 

4. BLIND SYMBOL ESTIMATION 

Using the estimate G, in equation (9), a simple least-squares sub- 
space fitting estimate of sf can be obtained as follows: 

gf = a r g m i n ~ ~ ~ T ~ , F * G , ~ ~  (1 1) 
S f  

= argminTr  (A;FGFTA,F*G,G;F) (12) 

= argmins;  [ ( F ~ F T )  0 (F*G,G;7)T] sf , (13) 

where 0 is the Schur-Hadamard product. Thus, a blind estimate 
of sf can be obtained by finding the left singular vector of 

M, = (FGFT) 0 (F*GnG:F)T 

S f  

S f  

(14) 
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with smallest singular value. This solution inherently constrains 
Pf to satisfy l l ifl l = 1, which reflects the fact that in the blind 
case, s is only identifiable to within an arbitrary complex scale 
factor. 

When T << K ,  the procedure for calculating if can be consid- 
erably simplified by replacing Gn Gz with I - G,G:, and noting 
that 3’3 = KI and that the diagonal elements of FGFT are all 
equal to T .  Using these facts, we may write 

M, = KTI - [(F~FT) 0 (3*G,G:3)T] , (15) 

which implies that if may also be obtained as the left singular 
vector of 

M, = (F;FT) 0 (3*GsGlF)T  (16) 
associated with the largest singular value. The use of M, instead 
of M, is advantageous if T2 < K ,  since Lemma 1 may be used 
to show that 

M, = [.FGo(3*Gs)] [ F ; o ( P G , ) ] *  . (17) 

Thus, if is also equal to the left singular vector of the N x T2 
matrix 

Q, = 3; o (F*G,) (18) 
with largest singular value. 

5. SEMI-BLIND SYMBOL ESTIMATION 

For the semi-blind case, we begin with the minimization problem 
of (13), we replace sf with S J ~  + sfu, and then minimize with re- 
spect to sfu. However, sf. must be constrained so that its inverse 
FTT, 3* sf,, , is equal to zero at samples where s k  is non-zero. De- 
fine Z to be the set of time indices where the training symbols are 
non-zero: 

Z = {t  : 1 5 t 5 K ,  s ( t )  # 0, and s ( t )  known} , (19) 

and let 2‘ be its complement on the set of integers from 1 to K .  
Also define FT and FTc to be matrices formed by selecting the 
rows of 3’ whose indices are in the sets Z and Z“, respectively. 
The constraint on sfu can then be succinctly written as 

F;sfu = 0 . (20) 

Since 3’ is orthogonal, we have 

sf,, I (FG)* + sf. E col span {(F&)*) 

n u s ,  we may parameterize sfu as sfu = F+g for some ( K  - 
N,) x 1 vector g ,  where N ,  is the number of training symbols, 
and for notational simplicity we have defined 

F: = (F&)* . 

The constraint on sfu can be explicitly incorporated into (13), 
and the minimization is then over the unstructured elements of the 
vector g: 

g = argmin, ( s f k  + F+g)’ 

The estimate of the unknown portion of the signal is then just 
if, = 3:g. As with the blind algorithm developed above, the 

matrix in the brackets may be reformulated using the signal sub- 
space vectors G,, as follows: 

g = arg ming 
(22) 

( S f k  + Fkg)’ [KTI - QSQ:] (Sfk + Fkg) 
where Q, is defined in (18). Defining R = KTI - Q.Q:, the 
solution for the unknown symbols is easily found to be 

ifu = Fkg = -3k (3~*R,.F$)-’F~*Rsfk . (23) 

The matrix inverse in (23) can be considerably simplified using 
the structure of R and the matrix inversion lemma; in the end, 
only the inverse of an T 2  x T2 matrix is required. As with the 
blind algorithm, matrix products involving all or part of 3 can be 
implemented via the FFT. Consequently, the computational load 
required to solve (23) is again dominated by the calculation of G,, 
and thus both the blind and semi-blind algorithms have roughly the 
same level of complexity. 

6. EXTENSIONS OF THE ALGORITHMS 

6.1. More Transmit Than Receive Antennas 

If T > R, then H is “fat” and the basic subspace relationship (8) 
does not hold. However, the Hankel structure of ST can be ex- 
ploited to overcome this difficulty by means of data stacking. De- 
fine the K x K column cycle matrix J as follows: 

J = [  Y T  A ]  I 

where 0 is a ( K  - 1) x 1 vector of zeros. The operation XJ shifts 
all of the columns of X to the left by one position, and replaces 
the last column with the first. By stacking column shifted versions 
of X on top of one another, we obtain 

where 31 is a R P  x ( T  + P - 1) block Sylvester matrix (identical 
in form to those obtained in blind equalization problems [ 17]), N 
is formed identically to X ,  and ST+p-1 is a Hankel matrix of size 
( T  + P - 1) x K .  The new “channel” matrix 3t is guaranteed 
to be full rank as long as H is, and will have no fewer rows than 
columns provided that 

T - 1  P L -  
R - 1  

The algorithms of the previous sections can then be directly ap- 
plied to X instead of X ,  although the cyclic prefix must now sat- 
isfy C 2 T + P - 2 for S T + P - ~  to be circulant. 

6.2. Rank Deficient Channels 

If the channel is rank deficient, i.e., rank(H) = p < min{R,T}, 
then in the noiseless case, rank(X) = p. If we partition the SVD 
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of X so that G ,  contains the first p right singular vectors, then 
there exists a full rank p x T matrix H that satisfies 

G ,  = HST . (25) 

This equation is equivalent to a noiseless version of our original 
model (1) for a case with more transmit than receive antennas (i.e., 
H is fat). Thus, we may use the approach of Section 6.1. Instead 
of (24), we apply the algorithms to the matrix 

where P is chosen to satisfy 

T - 1  P > - .  
P - 1  

As before, we require C 2 T + P - 2 to maintain a circulant code. 

6.3. Frequency Selective Fading 

An approach similar to those presented above can be used when 
the multipath is frequency selective. If the channel is assumed to 
be FIR with a delay spread covering L symbol periods, then the 
data model of (1) becomes 

L 

X = H ( i ) s ~ ( i )  + N , (27) 
i = l  

where H(i) is the ith matrix tap of the channel impulse response, 
and  ST(^) is a Hankel matrix with T rows like (2), except its first 
element is s ( i ) .  If the cyclic prefix satisfies C 2 T + L - 1 ,  then 
ST (l), . . . , S T (  L )  will all be circulant as well. All of the rows of 
 ST(^ + 1 )  except the last are contained in  ST(^). and hence given 
 ST(^) for i = 1 , .  . . , L - 1, the next term  ST(^ + 1 )  only makes 
a rank one contribution to the noise-free portion of X. Thus, we 
may re-write (27) as 

X = H S T + L - i  + N , (28) 

where the kth column of H, denoted by hk, is given by 

m i n i k . L l  

hk = c '  
i=max{ l , k - - T + 1 }  

and hl(i) denotes column 1 of H ( i ) .  At this point, if R 2 T + 
L - 1 ,  the algorithms of Sections 4 and 5 can be applied with no 
modification. If R < T + L - 1 ,  then the stacking technique of 
Section 6.1 is used to create more virtual receive channels. 

6.4. Multiple Users 

If d (symbol synchronous) users are present, then equation (5) be- 
comes 

d 

Xf = HiFTi Asi + Nf , (30) 
i = l  

where H i ,  Ti, s; and s f i  represent the channel, the number of 
transmit antennas, the time domain signal vector, and frequency 

domain signal vector associated with user i. Letting S T , ~  repre- 
sent the Hankel matrix of (2) associated with user i, we may also 
write 

X = U S + N ,  (31) 
where 

S =  T x K  

d 

T = ) : T ~ .  
i = l  

Note that data obeying (31) could also be generated by a single 
user whose transmit antennas are divided into d groups, with each 
group employing a different circulant space-time code. Such an 
approach may be useful in trading off diversity for throughput. 

To apply the algorithms of the previous sections to (31), we re- 
quire that U be tall (or square). If T > R, data stacking is required 
as described in Section 6.1, although in this case the stacking fac- 
tor P must be chosen to satisfy 

T - d  P 2 -  
R - d  

and R > d is necessary. In the following discussion, we assume 
for simplicity that R 2 T .  Application of the semi-blind solu- 
tion in (23) to the multiple user case is straightforward. The un- 
known portion of the ith user's transmitted data can be solved for 
using (23) customized for user i: 

where Ri = KTiI - QsiQ:i. Qsi = Fgi o (F*Gs), and F& 
is chosen to coincide with the locations of the training symbols 
for user i. Application of (32) for i = 1 ,  . . . , d will separate the 
individual users provided that the matrix 

[ S f k , l  " '  S f k , d ]  

is full rank. 
In general, application of the blind algorithm to the multiple 

user case can only provide the subspace in which the various users' 
signals and their circulantly shifted versions lie. If all of the users 
share the same number of transmit antennas, then the signals can 
only be separated from one another in a second step using some 
type of blind source separation technique (such as [15, 161) that 
exploits additional information about the signals. Interestingly, if 
one of the users has more antennas than any of the others, its signal 
can be found without a second blind separation step. Assume that 
user 1 has the largest number of transmit antennas T I .  The signal 
from this user can be found by calculating the left singular vector 
of 

&si  = 0 (F*Gs)  (33) 

with the largest singular value. This is because user 1 is the only 
user whose signal is orthogonal to G ,  with 2'1 column shifts (i.e., 
sT, sTJ,. . . , sTJT1-'). The other users cannot be resolved in 
this way since not only is sk orthogonal to G ,  with Tk column 
shifts, so is SI. 
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Figure 1: Mean square symbol estimation error vs. SNR for vari- 
ous R. 

7. SIMULATION EXAMPLE 

A series of simulations was conducted assuming two users with 2 
and 3 transmit antennas, respectively. The user signals were ran- 
dom uncorrelated symbol-rate sampled QPSK waveforms, and the 
elements of the additive noise matrix N were unit variance circu- 
lar complex zero-mean Gaussian random variables, independent 
across the receive antennas and from sample to sample. The R x 2 
and R x 3 channel matrices HI and Hz were also generated with 
unit-variance, zero-mean, independent Gaussian elements. The 
signal-to-noise ratio (SNR) at the receive array for user k is de- 
fined to be 

SNRk = RTkOi , 
where Uk is the amplitude of the elements of sk. The signal ampli- 
tudes were choseRso that SNRl = SNR2. A block of 50 samples 
was collected for each trial, and each experiment involved 1000 in- 
dependent trials. Of the 50 transmitted symbols, 10 were assumed 
to be training data to be used by the semi-blind algorithm. The 
training data were located at symbols 3-12 for user 1, and symbols 
4-13 for user 2. Different random channels, user signals, and noise 
realizations were generated for each trial. 

The Mean-Squared Error (MSE) of the estimated signals is 
plotted in Figure 1 as a function of SNR for three different re- 
ceive array sizes: R = 3,8,16.  For R = 3, a stacking factor of 
P = 4 was employed to build up the dimension of the row signal 
subspace. No stacking was used for R = 8,16. Only the MSE 
performance for user 2 is plotted, since both a blind and semi- 
blind estimate were possible for this signal (Tz > TI). The solid 
and dashed lines correspond to the semi-blind and blind estimates 
for each R.  The training symbols provide a slight improvement 
in performance, particularly for R = 3, but only at low SNR for 
R = 8,16. The main benefit of the training data is that it allows 
the semi-blind algorithm to recover the signal from each user. 
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