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Practical space-time adaptive processing (STAP) 
implementations rely on reduced-dimension processing, 
using techniques such as principle components or partially 
adaptive filters. The dimension reduction not only decreases 
the computational load, it also reduces the sample support 
required for estimating the interference statistics. This results 
because the clutter covariance is implicitly assumed to possess a 
certain (nonparametric) structure. We demonstrate how imposing 
a parametric structure on the clutter and jamming can lead 
to a further reduction in both computation and secondary 
sample support. Our approach, referred to as space-time 
autoregressive (STAR) filtering, is applied in two steps: first, a 
structured subspace orthogonal to that in which the clutter and 
interference reside is found, and second, a detector matched to 
this subspace is used to determine whether or not a target is 
present. Using a realistic simulated data set for circular array 
STAP, we demonstrate that this approach achieves significantly 
lower signal-to-interference plus noise ratio (SINR) loss with 
a computational load that is less than that required by other 
popular approaches. The STAR algorithm also yields excellent 
performance with very small secondary sample support, a 
feature that is particularly attractive for applications involving 
nonstationary clutter. 
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In airborne radar systems, the primary goal is to 
detect the presence and estimate the parameters of 
a target in the midst of noise, ground clutter, and 
jamming signals. These interference signals usually 
dominate the target signal, so prior to detection the 
interference must somehow be mitigated. In recent 
years, research has focused 011 the use of space-time 
adaptive processing (STAP) fix interference 
cancellation in airborne radar systems. STAP methods 
simultaneously use both spatial and temporal 
information to create a filter for eliminating the effects 
of clutter and jamming. The advantage of STAP 
over conventional moving-target indicator (MTI) 
processing (beamforming and adaptive temporal 
filtering [l]) is the ability of STAP algorithms to 
detect slowly moving targets that are close to the 
interference subspace. Drawbacks that have held back 
the application of STAP in practice include the great 
computational cost necessary for implementation 
and the amount of stationary sample support needed 
to train the filter. These issues have led to the 
development of suboptimal reduced-dimension STAP 
algorithms. A summary of several of these algorithms 
can be found in [ 1, 21. 

STAP algorithms based om the use of multichannel 
parametric (e.g., autoregressive) filters have been 
shown to be an attractive option for dimension 
reduction. It has been shown that these filters can 
achieve good performance with very little sample 
support in stationary interference [ l ,  3-61. This 
type of filter models the interference signal using a 
(relatively) small number of parameters, which leads 
to estimation algorithms with reduced computational 
cost and secondary sample support. The parameteric 
filters require strong interference in order to accurately 
estimate the parameters. Once the model parameters 
are found, the resulting vector prediction error filter 
is used to whiten the data prior to application of a 
standard matched filter detector. In the sequel, we 
will refer to this class of algorithms as space-time 
autoregressive (STAR) filtering. 

We present here a new algorithm for STAR 
processing based on the concept of matched subspace 
filtering [7]. In the proposed approach, instead of 
using the estimated parametric filter to whiten the data 
prior to detection, the parameters are used to construct 
a subspace that is orthogonal to the interference 
(similar to the eigencanceler [8]). Detection is then 
performed after this subspace has been projected out 
of the data. A preliminary version of this technique 
has been presented in [9]. With a correct choice 
for the (two-dimensional) order of the filter, this 
method can yield a significant improvement over 
the whitening approach (e.g., of [4]). However, it is 
somewhat more sensitive to the choice of the filter 
order. To remedy this deficiency, a diagonal loading 
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scheme is introduced that increases robustness with 
very little penalty in performance. 

The matched subpace and whitening approaches 
to STAR processing is compared using a synthetic 
data set generated by MIT Lincoln Laboratory that 
simulates the output of a 20 element antenna array 
whose elements lie along a circular arc of 120" 
[ 101. Circular array geometries are currently being 
considered for use in airborne surveillance radars 
since they can electronically scan the full 360" 
surroundings in much less time than a mechanically 
steered array. An experimental circular array is 
currently being developed by Raytheon as part of the 
UHF electronically scanned array (UESA) program 
sponsored by the Office of Naval Research. The array 
is composed of 60 directional elements evenly spaced 
around the edge of the circular aperture, but nominally 
only 20 are used at any given time for transmit and 
receive. The use of this type of array geometry is 
especially revealing for our topic, since the locus of 
the clutter ridge in the cone angle/Doppler space is 
nonstationary, especially at close range. This effect 
tends to increase the rank of the clutter covariance 
matrix, which in turn means that more secondary 
data vectors are required to estimate the clutter 
statistics. The nonstationarity of the clutter makes 
this very difficult to achieve. The ability of the STAR 
method to obtain a solution with minimal secondary 
sample support makes it extremely attractive for the 
circular array STAP problem. Similar improvements in 
performance are also seen in the more easily handled 
case involving a linear array. 

In the next section, we present the standard data 
model assumed for STAP problems and develop the 
notation we use. Section I11 outlines the parametric 
STAR model for airborne radar interference. In 
Section IV, we describe the whitening and matched 
subspace STAR filters, and we discuss the choice of 
the various free parameters in the matched subpace 
STAR filter and the tradeoffs associated with each. 
In Section V, the circular array data set is used to 
compare the two types of STAR algorithms mentioned 
above with other standard STAP algorithms. 

II. SPACE-TIME DATA MODEL 

A target present in a given range bin during a 
given coherent processing interval (CPI) can be 
modeled as producing the following M-element 
baseband vector signal after pulse compression and 
demodulation [2]: 

x(t) = ba(+)ejwt + e([) ,  t = I , .  . . , N  (1) 

where b is the complex amplitude of the signal, w is 
the Doppler shift due to the relative motion between 
the array platform and the target, a(+) is the response 
of the M-element array to a unit amplitude plane . 

wave arriving from direction + (azimuth and elevation 
angles), and e( t )  contains contributions from clutter, 
jamming, and thermal noise. The array is assumed to 
be calibrated but is otherwise arbitrary, and we assume 
a total of N transmitted pulses per CPI. 

If we stack the N array outputs into a single 
M N  x 1 space-time snapshot, we may rewrite (1) as 

where 

and 18 represents the Kronecker product. The vector q 
contains the stacked vector samples of the clutter and 
interference, and has an unknown covariance matrix 
denoted by 

&{qq*} = R. 

The clutter is neither temporally nor spatially white; in 
fact, the rank of the clutter covariance R, (the major 
component of the entire covariance R) is typically 
much less than M N .  According to Brennan's rule 
[ 111, the rank p of R, for a uniform linear array 
(ULA) is M + ( N  - 1)p, where ,8 is a factor that 
depends on the speed of the array platform and the 
pulse repetition frequency (PRF), and is usually 
between 0.5 and 1.5. The rank of R, for nonlinear 
array geometries will be greater, although no concise 
formula exists in the general case. For the circular 
arc array simulated in [lo], p has been observed to 
be typically about a factor of two greater than that 
predicted by Brennan's rule for a ULA. The rank 
of R, is important because it determines how many 
secondary data samples are required to accurately 
estimate the interference subspace. According to [ 121, 
the number of required samples is on the order of 2p 

The term STAP is used to refer to the "adaptive" 
(i.e., data dependent) calculation of a space-time 
weight vector or beamformer w(+,w) that is applied 
to x to create a two-dimensional angle-Doppler 
spectrum: 

to 5p. 

fY+,w> = lW*(4 ,4Xl2 .  

In the so-called fully adaptive STAP approach, 
the weight vector is chosen to maximize the 
signal-to-interference plus noise ratio (SINR), which 
yields the well-known solution . . 
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Since R is not known a priori, it can be replaced by a 
sample average R: 

NS 

fi = C X k X i  (4) 
k=  1 

where xk is a secondary data vector from a different 
(target-free) range bin. As mentioned above, N, > 2p 
is desired, but a larger value for N, means that the 
clutter must be considered stationary over a longer 
interval. 

The size and ill-conditioning of R (or R) make 
calculation of the inverse in (3) prohibitive, and thus 
the fully adaptive method is rarely implemented 
directly. Diagonal loading [ 131 or principle 
components [14] are often used to eliminate numerical 
problems in calculating the optimal weight vector. 
Also popular are partially adaptive STAP methods 
that use preprocessing to reduce the dimension 
of the data. The dimension reduction not only 
improves the numerical conditioning, but it reduces 
the required secondary sample support and decreases 
the computational load as well. In essence, these 
techniques impose certain structural constraints on R 
to reduce the number of degrees of freedom that must 
be estimated from the data to perform the required 
space-time filtering. In the next section, we present an 
alternative way to impose structure on the subspace 
spanned by the clutter and interference. We see that 
the proposed technique enjoys significant advantages 
over standard STAP algorithms. 

I l l .  PARAMETRIC CLUTTER MODELING 

An alternative to partially adaptive STAP for 
reducing the dimension of the problem assumes that 
the clutter and interference obey some parametric 
model. In particular, we use the following vector 
autoregressive model: 

L- 1 

x H i e k ( t + i ) = O ,  t =  1, ..., N - L + l  ( 5 )  
i = O  

where the coefficients Hi are M’ x M matrices and 
e&) is the array output for pulse n and secondary 
range bin k. The filter order parameters L and M’ are 
generally unknown, and must somehow be determined 
from the data beforehand. Methods for choosing 
these parameters is described in the next section. 
Unlike other vector prediction error filters, we do 
not necessarily assume that the matrix coefficients 
are square, nor that the leading coefficient Ha is the 
identity matrix. These design choices allow for more 
freedom in matching the clutter subspace and allow 
the spatial correlation structure to be accounted for 
in the same step as the temporal correlation. Our 
simulations show that this added flexibility provides 
a significant improvement in performance. 

To continue the derivation it is convenient to 
define the following: 

H* = [Ha HL-11 
size M’ x L M ,  

size M L  x ( N  - L + 1). We may now rewrite ( 5 )  in the 
following two ways: 

H*€, = 0 (9) 

N*Qk = 0. (10) 

Assume that { vl , .  . . , qNs} is a set of N, secondary 
data vectors that satisfy the above equations. These 
vectors need not be contiguous in range, although 
they are typically chosen from blocks of range bins 
surrounding the primary data vector. If we define 

E = [I, ... IN,] , ML x N,(N - L + 1) 

(11) 
then H*E = 0, and under certain conditions H could 
be determined from the left nullspace of E. A 
necessary condition is that E be at least as wide as 
it is tall. To ensure this, we must choose 

ML 1 N - .C + 11 
N,>_  -- 

where r.1 denotes the smallest integer greater than the 
argument. 

In practice, due to mismocleling and noise, E 
will be full rank and thus have no true nullspace. 
A reasonable approach in this situation is to use the 
following simple least-squares criterion to estimate H: 

H = argmin llHEll$. (13) 
H 

To avoid a bivial solution we apply the constraint 
H*H = I. Under this constraint, the solution is simply 
the M’ left singular vectors of‘ E with smallest singular 
values. With H specified, a matrix fi* can be formed 
as in (7) that is approximately orthogonal to the 
subspace spanned by the clutter and interference (like 
the eigencanceler with a structured subspace [SI). 
Two different methods for using this matrix to form a 
space-time interference suppression filter are discussed 
in the next section. 
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Fig. 1. Definition of SINR loss. 

IV. STAR FILTER DESIGN AND ANALYSIS 

The previous section described a method for 
estimating a structured subspace that is as orthogonal 
to the clutter as possible. This section considers the 
tradeoffs that arise when choosing the model order 
parameters (M' and L)  and forming an appropriate 
space-time weight vector. Throughout this section and 
the rest of the paper, the metrics used to compare 
algorithm performance are the SINR loss and the 
average SINR loss as compared with the clairvoyant 
filter (known-covariance, fully-adaptive Weiner 
filter). The SINR loss is defined as the loss in SINR 
compared with a matched filter in the presence of 
white noise only [ l ,  21: 

W*S,Sf*W 1 
SINRLOSS = -. - w*Rw s;s, 

where s, is the space time steering vector associated 
with a hypothesized target location, R is the known 
covariance, and w is the weight vector. The SINR 
is calculated on a grid of Doppler frequencies for 
a particular azimuth, and the average SINR loss is 
then found by averaging over Doppler the difference 
between the SINR of the clairvoyant filter and the 
filter under consideration. Fig. 1 shows how this 
metric is computed (ideally this metric should be as 
close to zero as possible). Note that the deep null in 
the SINR plot is caused by the location of the clutter 
ridge, which is a function of the azimuth angle and 
DoppIer frequency under consideration. 

A. Weight Vector Calculation 

We examine two approaches for calculating the 
space-time weight vector. The first is the prediction 
error filter implementation used in [l, 41 and the 
second is similar to that used for the matched 
subspace detector in [9] .  To compare these two 
approaches, let 

x = b,s($, W) + ze + e,, (15) 

represent a primary data vector where the clutter and 
jamming lies in the low rank space spanned by the 
columns of Z, and e, is white noise with a space-time 
covariance of a21. Also suppose we have found a 
matrix 7-t that is orthogonal to Z: X*Z = 0. 

given by 
For the prediction error filter the weight vector is 

i Wp, = l-/IFI*S, (16) 

and the SINR is thus 

Using R = ZQZ* + a21 for the low rank model, this 
reduces to 

Alternatively, the matched subspace filter employs 
a weight vector of the form 

wMS = p,st (19) 

where P, = X(?-t*X)-"FI* is the projection onto the 
columns of 7-t. The SINR for this weight vector is 
found to be 

In order to have the best possible detection 
performance (for Gaussian interference), we desire 
that the SINR be as large as possible. To compare 
these two methods we compute the ratio 

Letting v = 7-t*st and T = %*?I, the ratio may be 
expressed as 

(22) 
(v*T-'v)(v*Tv) 

(v*v)2 

If this ratio is greater that one, then the matched 
subspace weight vector yields a higher SINR. We 
make this assumption now and show that it is true. 
Expressing T using its singular value decomposition 
(SVD) T = U X V  where X = diag{of,. . , , a;} and 
P = M - L + 1, then setting the ratio to be greater than 
or equal to one yields 

(Y*YI2 5 (Y*C-lY)(Y*cY> (23)  

where y = U*v. The left side of the equation can be 
expanded to be 

P P  

(Y*Y)2 = X ~ l Y k l 2 I Y l l 2  
k = l  1=1 

k = l  \ 1=k+l 
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and the right side is 
P P .  

(25)  
where yk is the kth element of y. Noting that x + 
(1 /x) 2 2 Vx > 0, we see that the term in the right side 
satisfies ($+$) 1 2 .  

This term is the only difference between the right and 
left sides of the inequality in (23). From this we see 
that the original assumption is correct and hence that 
the matched subspace weight vector yields a larger 
SINR. 

This improvement in performance comes at the 
expense of an increased computational load. For the 
matched subspace weight vector (19), 

WMS = x('FI*x)-'x*S 
the majority of the computation lies in the inversion 
of X*X. Due to the structure involved, this is a 
sparse banded block Toeplitz matrix that requires 

- L + 1)) flops to invert. In contrast, 
the prediction error weight vector (16) requires 
0(2M'ML(N - L + 1 ) )  flops to compute. Given the 
relative merits of the two algorithms, a reasonable 
approach in practice might be to use the prediction 
error filter to quickly survey a large area, followed by 
application of the matched subspace filter for higher 
accuracy in specific regions of interest. 

B. Special Case: The ULA 

As a special case, consider a ULA in which the 
displaced phase-center antenna (DPCA) conditions 
are met [l] and the clutter power is much greater than 
the noise power. In this idealized case the rank of the 
clutter covariance follows Brennan's rule [ 111 exactly 
and there is a sharp drop off in the eigenvalues of the 
interference covariance matrix to the noise floor. This 
assumption follows the low-rank clutter model of (15). 
For this case the optimal SINR is 

(27) SI-, = s*(ZQZ* + aZI)-'s. 

Replacing the covariance matrix with its eigenvalue 
decomposition and defining 

A = diag{Al, . . . ,Af ,0, . . . ,0} 

to be the eigenvalues of Q, the optimal SINR becomes 

(28)  SINR,, = s*U(A + a21)-'U*s 

Af O 1 - l w s .  (29) 1 0 $1 
= s*u 

L J 

If X i  >> u2 as under the DPCA conditions, then (29) 
can be approximated as 

ro  o 1 

1 
U2 

= -s*(I - P,)s 

1 
U2 

= -s*P:Ms 

if Z and 'FI are orthogonal complements. Notice 
that (32) is the SINR for the matched subspace 
detector. Thus, under the assumption that the DPCA 
conditions hold and the span of the clutter subspace is 
known, the matched subspace filter is approximately 
equivalent to the Wiener filter. 

C. Choosing Model Order Parameters 

Perhaps the biggest difficullty associated with using 
a parametric model is determining what model order 
results in the best performance. The parametric model 
presented in Section 111 complicates matters because it 
requires two parameters to be chosen: M' and L .  Two 
well known criteria for choosing model orders for 
scalar autoregressive (AR) processes are the Akaike 
information theoretic criterion (AIC) [15] and the 
minimum description length (MDL) criterion [ 161. 
This section shows how each of these criterion can 
be generalized to choose a model order for the STAR 
filter. 

Standard approaches for estimating the order 
of an AR process calculate the prediction error 
residual for each candidate model order and then 
add a penalty term which accounts for the number 
of free parameters in the model. For cases where more 
than one model order parame1.er must be determined, 
this method becomes quite cumbersome due to the 
multidimensional search that i s  required. The approach 
taken here is to fix M' and use a prediction error 
criterion to choose L. 

1) Filter Order L: 
processes chooses the model order p as that which 
minimizes 

The AJC approach for scalar 

AIC(p) = N In e2 + 2 p  (33) 

where G2 is the maximum likelihood estimate of the 
linear prediction error variance, N is the number of 
data points used, and p is the presumed order of the 
AR model. On the other hand, the MDL criterion 
estimates the model order by minimizing 

MDL(~)  = N In 2 + plnN. (34) 

To adapt the AIC and MDL criteria to the STAR 
model, we generalize the definitions of the parAmeters 
used for these criteria. In place of S2 we use IC1 
where I . I denotes the determinant and 2 is the 
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estimated spatial covariance matrix of the residual 
noise as in [17]. We also define ND to be the total 
number of data points used in the estimate across both 
space and time, and N,(L) to be the total number of 
degrees of freedom in the filter for a given order L. 
The resulting criterion is similar to that proposed in 
El81. 

For the STAR filter model, this approach leads to 

AIC(L) = No In 15 I + 2Np(L) 

MDL(L) = NDhl/iil + Np(L)lnND 

(35)  

(36) 
and 

where 
.. c =  H*EE*H 

N,(N - L + 1) 

ND = N,MN 

Np(L) = LMM’ - M’(M’ + 1)/2 

and where H (the filter coefficients) and E (the 
secondary data) are defined in (9) and (1 l), 
respectively. We note here that the secondary data 
used to estimate the filter coefficients H and the 
secondary data used to estimate must not include 
the same data vectors. The term subtracted from Np(L) 
is due to the fact that the constraint H*H = I reduces 
the number of degrees of freedom by M’(M’ + 1)/2. 
The drawback of these methods of choosing a filter 
order ’is that 2 has to be computed for all model 
orders of interest. However, this computation is 
performed much less frequently than target detection. 
The relative performance of these methods is 
compared in a later section. 

derivation for the model order selection criteria 
assumed a fixed M‘. We show here how to choose 
M’ and revisit the model order selection criteria 
later. Recall from Section 111 that, under the assumed 
model, the clutter is orthogonal to ‘Ft. If the clutter has 
a rank of p, then the rank of ?-I should be MN - p. If 
7-l is full rank, then M’ should satisfy 

2) Choosing M ’ :  In the previous section, the 

(37) 

The problem with this constraint on M’ is that the 
rank of the interference is typically not known a 
priori. For a linear array in the absence of crabbing, 
the interference rank may be estimated using 
Brennan’s rule [2]. For the circular arc array studied 
in our simulations, a better estimate is roughly twice 
what Brennan’s rule predicts [lo]. In the general 
case, an eigendecomposition of R may be required, 
although this computation would be performed far less 
frequently than the calculation of the filter weights. 

For a nominal value of p = 100 for the circular 
array scenario studied in the simulations and values 
of L between 2-5, (37) predicts that M’ should be 

A 

Ranae = 30km 

0‘ 
5 10 15 20 25 

M’ 

Range = 350km 

I I  

‘ I  - 

2- 

0 
5 10 15 20 25 

M’ 

Fig. 2. Performance of matched subspace STAR filter as function 
of filter order parameters M’ and L. 

chosen between 15-19. Fig. 2 shows the performance 
of the matched subspace filter for values of L between 
2-5 as a function of M’ for the 30 Km and 350 Km 
ranges. From the figure, the best values for M’ are 
between 11-15 for the 30 Km range bin and 19-23 
for the 350 Km range bin. If the predicted values 
of M” (15-19) are used, performance degrades 
substantially in both cases. The loss in performance 
which comes from an underestimate of M’ is due to 
the fact that the projection matrix is overnulling the 
interference (portions of the signal subspace are being 
nulled). The performance gradually improves as M’ 
comes closer to its optimal value, but as M’ increases 
past its optimal value there is a sharp decrease in 
performance. This is because some of the interference 
is now being passed through the projection matrix and 
not being canceled. 

Also shown in the figure is the performance of 
the prediction error filter (with L = 4 for the 30 Km 
range and L = 2 for the 350 Km range). This filter has 
a similar trend as the matched subspace filter when 
M’ is below its optimal value for the same reason as 
above. However the performance does not degrade 
as M’ continues to increase. This is because the 
eigenvalues of the generated subspace are small for 
anything that may lie within the interference subspace, 
thus attenuating any interference that is not nulled out. 
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From this analysis and simulation we note that 
the matched subspace filter has somewhat better 
performance than the prediction error filter when M’ 
is underestimated, but that the prediction error filter 
is significantly more robust to an overestimate of 
M’. In order to achieve a compromise between these 
two methods we propose below a third method for 
choosing the weight vector. 

D. Diagonal Loading 

In order to find a compromise between the 
matched subspace and prediction error filters we 
propose the following space-time weight vector: 

WDL = X(X*X + nI)-lX*s (38) 

where n is a real scalar diagonal loading constant. 
Note that when lc = 0, (38) reduces to the matched 
subspace weight vector, and when n is very large it 
reduces to the prediction error weight vector. Adding 
this constant slightly degrades the performance of the 
matched subspace filter when compared with what 
can be achieved with the optimal model order, but 
it provides some of the robustness of the prediction 
error filter. Note also that the diagonal loading factor 
n ensures that the matrix to be inverted is full rank, 
which is helpful if X*X is ill conditioned (which is 
the problem when M’ is overestimated for the matched 
subspace filter; i.e., X*’H is nearly rank deficient). The 
constant must be chosen such that its effect on the 
large eigenvalues of (X*X) is small while boosting the 
smaller eigenvalues up so the resulting matrix is well 
conditioned (6 = 0.1 times the maximum diagonal 
component of the matrix for this paper). 

realizations of the STAR filter (matched subspace, 
diagonally loaded, and prediction error) as a function 
of M’ for values of L equal to 3-5 for the 30 Km 
range. The plots show that the diagonally loaded filter 
has the same robust nature of the prediction error 
filter with performance close to that of the matched 
subspace filter for small M’. 

In order to choose a good value of M’ for a 
particular application, a few things need to be 
considered. First, the order of the computation of the 
matrix inverse in (38) increases with M’. Therefore, 
keeping M’ small keeps the computational load 
down. Also, M’ may affect the value of L that the 
model order selection criterion chooses. Using the 
same scenario as in Fig. 3, if M’ = 25 the model 
order selection criterion will most likely choose L as 
either 4 or 5. However, if M’ = 13, then the criterion 
could possibly choose L = 3. The choice of M’ and 
the resulting value of L that is selected affects the 
performance of the filter as well as the computational 
load. In general, better performance is achieved when 
a larger value of M’ is used (up to about M’ = 30 

Fig. 3 shows the performance of all three 
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Fig. 3. Performance of matched subspace (ML), diagonnaly 
loaded (DL), and prediction error (PE) STAR filters versus M’ 

and L. 

for this case). However, this performance increase 
comes with additional computa.tiona1 cost. For the 
simulations presented in this paper a value of M’ = 20 
is used. 

E. Performance of Model Order Selection Criteria 

With M‘ chosen, we now discuss the performance 
of the model order selection criteria of Section IVC. 
The results from simulations for 19 of the range bins 
with known covariance matrices are shown in Table I 
for the diagonally loaded STAR filter. The table 
shows the “true” filter order (the filter order which 
results in the best achievable SINR by the diagonally 
loaded STAR filter) and the filter order predicted by 
both AIC and MDL criterion. ‘The simulations are 
performed for values of L from 2 to 11. From this 
we see that both AIC and MDL achieve essentially 
identical performance. 

Fig. 4 shows the minimum SINR loss that can 
be obtained with a diagonally loaded STAR filter 
(i.e., that obtained using the ‘‘true” filter order) and 
the performance if L is chosen with MDL or AIC. 
Both criteria lead to a performance that is close to 
the best achievable with this algorithm. The loss in 
performance (about 2 dB) around the 150 km range 
for the MDL criterion is due to MDL underestimating 
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TABLE I 
Model Order as Chosen by MDL and AIC 

3.5 

s 3  

9 2 -  

E 
2 2.5 
0 - 

(U 

$1.5- 
(U z 

0.5 

Range = 30 Km L = 4 
5 , ,  I 

- 

- 

- 

Range(km) True MDL AIC 

30 
40 
50 
60 
70 
80 
90 

100 
125 
150 
175 
200 
225 
250 
275 
300 
325 
350 
375 

5 
4 
6 
4 
4 
6 
4 
3 
4 
2 
4 
2 
2 
2 
2 
2 
2 
2 
2 

4 
3 
3 
3 
3 
3 
3 
3 
3 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

4 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
2 
2 
2 
2 
2 
2 
2 
2 

. . . .  

“0 50 100 150 200 250 300 350 
Range (km) 

Fig. 4. DL STAR algorithm performance with “true” filter order 
versus algorithm performance with AIC and MDL choosing model 

order. 

the model order (where it chooses a model order of 
2 instead of 3). In the simulations that follow, AIC 
is used to choose the model order of the parametric 
filters. 

F. Secondary Sample Support 

The last parameter that must be chosen for the 
STAR algorithm is the number of training vectors 
(N,) used to estimate B. In the algorithm, the filter 
coefficients are estimated using the SVD of the data 
matrix E. Since the left singular vectors of the data 
matrix are equal to the eigenvectors of the sample 
covariance matrix, performance will depend on the 
quality of the sample covariance estimate that can be 
found with the same data matrix. 

A general rule of thumb for sample covariance 
matrix estimation is that the number of columns of 
the data matrix be at least twice the rank of the matrix 

50 100 150 200 
Ns 

Range = 350 Km L =2 

0 ‘  I 

Ns 

50 100 150 200 

Fig. 5. Performance of DL STAR filter as function of training 
length for stationary (ideal) data, and simulated (range-varying) 

data. 

being estimated. In E121 it was shown that if N, is 
about two times the number of degrees of freedom 
in the filter, then the SINR for the fully adaptive 
STAP algorithm is within 3 dB of the optimal value. 
We use two times Brennan’s rule [lo] as an estimate 
for the rank of the sub-CPI clutter covariance being 
estimated, due to the nonstationary nature of the 
clutter. Brennan’s rule predicts the rank of the clutter 
covariance matrix to be 

p = M + p(L - 1) (39) 

where ,B is a constant that depends on the radar 
operating parameters. For the circular array data used 
here, P = 1.9, and for values of L between 2-5, twice 
Brennan’s rule predicts a rank between 43-55. Since 
the size of the data matrix is M L  x N,(N - L + l), the 
constraint on N, is thus 

For L between 2-5, equation (40) predicts that N, 
should be at least 6-9, which covers a ground range 
of only 0.25-0.35 km. This low number is due to 
the parametric nature of the filter, and it is fairly 
reasonable to assume that the data is stationary over 
this small of a window. Fig. 5 shows an example 
of the convergence of the diagonally loaded STAR 
algorithm for two ranges. For each range, the 
performance as a function of N, is plotted for the 
simulated circular array data and for stationary data 
generated from the known covariance. Also shown 
in the figure is a circle marking the point where 
N, is equal to the minimum predicted value above. 
Note that the SINR at this value is close to 3 dB 
(or less) greater than the lowest SINR achieved by 
the algorithm. This has also been observed for other 
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cases not shown here. In order to achieve better 
performance, doubling the value of N, usually yields 
a performance close to the best that can be achieved 
while keeping the number of samples relatively small. 

V. COMPARISONS WITH STANDARD STAP 
ALGORITHMS 

In this section, the matched subspace STAR 
filter is compared with the fully adaptive STAP 
algorithm [12] and the pulse repetition interval 
(PIU)-staggered post-Doppler STAP algorithm [2], 
which is a representative partially adaptive method 
that processes a few pulses at a time. Each of these 
algorithms is based on the sample matrix inversion 
technique, both are implemented with a diagonal 
loading level of five times the noise floor [ 131, and 
the PRI-staggered method processes three pulses at a 
time. 

For a comparison of computational load among 
these methods we set A4 = 20, N = 18, M' = 20, L = 3, 
and a clutter rank of p = 100, which is typical for 
the data sets considered. The computation of the 
matched subspace STAR algorithm is dominated 
by the following two calculations: finding the left 
singular vectors of the secondary data matrix, and 
computing the inverse inside the projection operator 
(the computation involved in calculating the full 
weight vector and application of the weights to the 
data are negligible in comparison). To find the left 
singular vectors of an A x B matrix (where B > A )  
requires O(A2B) flops, and to invert the matrix 3C%* 
requires O((ML)2(N - L + 1)M') flops due to its 
special structure [ 191. The additional multiplications 
needed to form XX* are small compared with the 
computation of the inverse since 7-t is sparse and block 
Toeplitz. The order of computation for implementation 
of the STAR algorithm is thus 

STAR = O((ML)2(N - L + 1)x)  

+ O((ML)2(N - L + 1)M') 

= o(5.8 x 1 0 ~ 4 )  + o(1.2 io6) 
using the numerical values for the parameters listed 
above. The fully adaptive STAP algorithm using 
the principal components inverse method [ 141 has a 
computational cost on the order of 

Full = O((A4N)2Ns) + O ( ( M N ) 2 p )  

= o(i.3 1 0 5 ~ , )  + o( i .3  io7) 

PIU = O((MQ)2NN,)  + O((MQI2NpQ) 

while for the PFU-staggered STAP algorithm it is 

= O(6.5 x 104Ns) + O(2.9 x lo6) 

where Q is the number of pulses used (three for this 
case) and pQ is the rank of the reduced dimension 

Range = 30 Km 

l O l j - 1  

0 - d  200 
0 50 100 150 

Ns 

Ranoe = 350 Km 

- - PRlstaggered 
Fully adaptive 

50 100 150 200 
NS 

Fig. 6.  Comparison of DL STAR filter with PIU-staggered 
post-Doppler STAP and fully adaptive STAP as function of 

training length. 

covariance. Nominally, pQ = 45 for the data set 
considered here. From this we see that the STAR 
filter has some computational savings over the 
PIU-staggered algorithm when the same number 
of secondary vectors are used. This computational 
savings is even greater when the performance versus 
N, is considered for all of the algorithms since the 
STAR filter often requires significantly less training 
data. Fig. 6 shows the performance at two ranges as a 
function of the number of secondary data vectors used 
to train each of the filters. The STAR filter is able to 
achieve the same (or better) performance as the other 
algorithms with many fewer training vectors. At the 
30 Km range, the performance of the post-Doppler 
and fully adaptive STAP algorithms are never as 
good as the STAR algorithm after only N, = 30. At 
350 Km the STAR algorithm can achieve the same 
performance with only 10 training vectors as the 
post-Doppler algorithm can with 50. 

As a final comparison, Fig. 7 shows the 
performance of STAR, post-Doppler and fully 
adaptive at the same range as the bottom of Fig. 6 
(350 km) with two jammers present. At this range the 
clutter power is 20 dB and the jammers (at -30 and 
40 deg) are 35 and 40 dB, respectively. The STAR 
algorithm is able to handle this case with only a slight 
increase in training vectors. The other two algorithms 
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Fig. 7. Comparison of DL STAR filter with PRI-staggered 
post-Doppler STAP and fully adaptive STAP as function of 

training length. Two synthetic jammers added at -30" (35 dB 
JNR) and 40" (40 dB JNR). 

now require significantly more training vectors than 
without the jammers (see Fig. 6 )  to achieve the same 
performance. 

VI. CONCLUSION 

In this paper, a new method of interference 
mitigation for airborne pulsed-Doppler radar systems 
was proposed. The algorithm is based on the use 
of matched subspace filtering, where the desired 
interference subspace is estimated assuming the 
clutter and jamming obey a vector AR model. By 
making this assumption, a large reduction in the 
dimension of the problem is achieved because the 
interference subspace has a structured form that may 
be characterized by a small number of parameters. 
It is this reduction in dimension that in turn reduces 
the amount of training data necessary for good 
performance as well as the computation required for 
the filter weights. These are two of the most important 
considerations when designing an algorithm for 
use in a real radar system where there are real-time 
constraints and the interference is nonhomogeneous. 
It is shown that the STAR algorithm converges 
more quickly with less computation that the 
PRI-staggered post-Doppler STAP algorithm, one of 
the most popular STAP implementations in terms of 
performance versus computation. 
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