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Abstract 

This paper considers the problem of how to establish syn- 
chronization with and determine the spatial signature of multi- 
ple co-channel signals with known waveforms. Asymptotically 
optimal algorithms are developed for  both the case where all 
transmitted signals are identical (the overlapping echo prob- 
lem), and where they are all distinct. The issue of solution 
uniqueness is also addressed, and in particular an upper bound 
on the number of signals whose parameters may be uniquely 
identified is derived. Typically, the bound is far greater than 
the number of sensors, and is limited only by the number of 
data samples collected. 

1. Introduction 

There are a number of communications applications 
where, at least for brief periods of time, the signals 
transmitted over the channel are known prior to re- 
ception. These signals are typically used as train- 
ing sequences for initializing adaptive equalizers [I] or 
beamformers 12, 31, or for reacquiring synchronization 
with the individual sources. Known signals are embed- 
ded in many of the currently available mobile cellular 
radio communications formats (e.g., GSM, IS-95, IS- 
136, etc.), and have been also proposed for ALOHA- 
based packet radio systems [4, 51. 

Recently, Li et aZ., have presented techniques for 
direction of arrival (DOA) estimation that exploit 
knowledge of the received signal waveforms [6 ,  71. 
They have shown that when the waveforms are known 
to within a complex scaling, a number of significant 
advantages accrue. In particular, DOA estimation is 
possible even if the spatial noise covariance of the data 
is unknown, and even in situations where multiple sig- 
nals share the same DOA. Furthermore, asymptoti- 
cally optimal (in the maximum likelihood sense) DOA 
estimates can be obtained by a series of simple one- 
dimensional searches. It was also indicated in [7] that 
the number of signals whose DOAs could be "resolved" 
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was limited by the number of samples collected, and 
not by the number of sensors. However, no proof of 
this statement was given, nor was an upper bound on 
the number of resolvable signals derived. 

One drawback of the approaches presented in 16, 71 
is the inherent assumption that the received signals 
are all synchronous, or equivalently that their relative 
synchronization is known. If this were not the case, 
some type of separate synchronization step would have 
to be performed prior to  application of the algorithms. 
Another drawback is the assumption that the received 
signals are either uncorrelated [6],  or not perfectly co- 
herent [7]. While the signals transmitted by distinct 
sources are very likely non-coherent (probably even 
uncorrelated), multipath propagation can lead to the 
reception of several coherent copies of a given trans- 
mitted signal. This is especially true in outdoor cellu- 
lar systems, where the multipath is primarily due to 
local scatterers very near the remote. 

In this paper, techniques are presented for estima- 
tion of known-signal parameters that relax the above 
two assumptions. In particular, the signals are as- 
sumed to  be received asynchronously, and possibly via 
a coherent multipath channel. The asynchronous as- 
sumption also means that the algorithms presented 
are applicable to  problems involving the resolution of 
overlapping signal echoes (as in active radar or sonar) 
[8] or overlapping blurred point sources in image re- 
construction [9]. In such situations, the received sig- 
nals are all identical, with varying delays or positional 
offsets. One dimensional MUSIC-like searches in both 
the time [SI and frequency [9] domains have been pro- 
posed for this problem, but in the approach presented 
here, all parameters are estimated simultaneously in 
closed form (i.e., without a search). 

When the transmitted signals are distinct, a mul- 
tidimensional search for the delay parameters is re- 
quired in general if one desires maximum likelihood 
estimates. However, as in [7], if the signals are not only 
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distinct but also uncorrelated (as they likely would be 
in a cooperative communication scenario), the algo-. 
rithm asymptotically reduces to a series of simple one- 
dimensional searches. Unlike [7] on the other hand, 
optimality is lost if the noise is not spatially white. 
This is the price paid for allowing asynchronous and 
possibly coherent signals. 

In addition to the unknown signal delays, the algo-. 
rithms proposed here estimate spatial signatures in- 
stead of steering vectors (and hence DOAs) due to 
the possibility of coherent multipath reception. While 
in principle the problem could be parameterized in 
terms of both the delays and DOAs, a complex highly 
non-linear search would be required and one would 
somehow have to determine the number of multipaths 
associated with each source. A much more practical 
approach is to  determine the DOAs (if needed) from 
the estimated spatial signatures [lo], though of course 
no claim to optimality can be made for such a two-step 
approach. The maximum number of DOAs that can 
be uniquely determined from a given spatial signature 
is easily found, as discussed later in the paper. 

2. Modeling Assumptions 

Assume that d distinct sources each transmit a 
known narrowband waveform over a multipath chan- 
nel, and that the waveforms are received by an array 
of m sensors. (Of course, in an active radar or sonar 
problem, these “sources” are just objects that are re- 
flecting a known transmitted pulse). The array output 
at time t is modeled as 

where n(t) is additive noise, sk ( t )  is the signal trans- 
mitted by source I C ,  and T k ,  a k  are the unknown delay 
and spatial signature associated with source k .  In the 
frequency domain, equation (1) becomes, with some 
notational abuse, 

d 

x(w) = a k s k ( w )  exp(-jw.rr,) + n(w) . (2) 

In this paper, it is assumed that only coherent mul- 
tipath is present (due, for example, to  scatterers near 
the source or receivers, or the corresponding line-of- 
sight). If a(@) represents the array response to  a unit 
amplitude plane wave arriving from DOA 8 ,  then ak 
may be written as 

k = l  

dn: 

ak = C a * , k a ( Q * , k )  9 (3) 
a=1 

where d k  and a i , k  denote the total number of multi- 
paths and their complex amplitudes for source IC. 

As a notational convenience, assume that all of the 
vectors defined above are m-element row vectors. If a 
total of N samples are taken from the array, then (1) 
may be written in matrix form as follows: 

where N and A are formed identically to X, r = 
[TI,. . . , r d ] ,  and the i, kth element o f S ( r )  is S k ( t z - 7 - k ) .  

The kth column of S ( r )  thus contains N samples of the 
ICth transmitted waveform, and is denoted as s k ( 7 - h )  = 
[ S k ( t l  - T k ) ,  . , s k ( t ~  - r k ) l T .  Although A could be 
parameterized in terms of a i , k  and 8 i , k  using (3), the 
algorithms developed in Section 4 will simply assume 
A is an unstructured complex valued matrix. 

The reason for writing X using the somewhat un- 
orthodox form of (4) is to draw parallels between it 
and the more standard model used in narrowband 
DOA estimation: 

X = A(8)S + N , (5) 

where 8 would be a vector containing the DOAs of 
the signals. In (5), A is known to within a set of d 
parameters, and S is treated as an unknown unstruc- 
tured matrix. On the other hand, in (4) it is S that is 
parameterized and A that is unstructured. In essence, 
the roles of the time and sensor indices have been re- 
versed in equation (4). This simple idea forms the 
basis for the results in the remainder of the paper. 

3. Identifiability 

The parameters of the model in (4) are said to be 
identifiable provided that 

X = S(r)A # S(r’)A’ 

for all 7 # r’ and A # A’. In the discussion that 
follows, the identifiability of r and A is addressed for 
three different cases. In each case, it is assumed that 
the number of signals, d, is known. 

Synchronous Case. The model for this case is sim- 
ilar to that investigated in [6 ,  71, except that the 
uniqueness of A rather than 8 is addressed here. The 
assumption of synchronous signals is equivalent to 
forcing r = 0, so that the only parameters to be esti- 
mated are the spatial signatures. The conditions nec- 
essary for identifiability in this case are summarized 
by the following theorem: 
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Theorem 3.1 Provided that the transmitted signals 
are linearly independent (no collection of signals is 
100% correlated) and known, the spatial signatures of 
u p  t o  and n o  more than  d 2 N signals m a y  be uniquely 
determined. 

Proof: The proof is trivial, since if X = S(O)A, S(0) 
is full rank, and d 5 N ,  then A = St(O)X uniquely, 
where St(0) = [S*(O)S(O)]-'S*(O). If d > N ,  then 
S(0) has a nontrivial nullspace n/[S(O)],  and X = 
S(0)A could be satisfied by any matrix A = A + A, 
where the columns of A are drawn from N[S(O)]. 

W 
With no multipath, the DOAs of many more than 

m signals may be determined, which is not surprising 
since so much more information is available. Also, 
note that since the above result is independent of the 
rank of A, multiple signals could share the same DOA. 

Asynchronous Case, Identical Transmitted Signals. 
In this case, sl(0) = sz(0) = ... = S d ( 0 )  %f s(01, and 
unique estimates of both r and A are required. Be- 
cause of the similarity between (4) and (5), the iden- 
tifiability results of [ll] for DOA estimation can be 
applied here. Instead of an array manifold a(6) in 
m-space, this problem deals with a signal manifold 
s ( r )  in N-space. As with a(@), the signal is said to 
be unambiguous if every collection of N distinct vec- 
tors from the signal manifold is linearly independent. 
Using this role reversal, the following theorem follows 
easily from [ 111 : 

Theorem 3.2 Suppose a n  m element array receives d 
identical waveforms with distinct delays r .  If the sig- 
nal is  unambiguous, t hen  r and the spatial signatures 
A m a y  be uniquely determined provided that 

Thus, N is the least upper bound on d. 

N+m'  
d<- 

2 '  

where m' = rank(A). If instead 

2m' 
d < -  N ,  2m' + 1 (7) 

then r and A m a y  be uniquely determined with prob- 
ability one. 

Proof: The proof is identical to that given in [ll] if 
one interchanges A and S, and replaces 6 with 7. 

W 
It is reasonable to assume that the matrix A is 

generically full rank, so that m' = min{m,d). If d < 
m and hence m' = d, then identifiability is guaranteed 
provided that d < N .  If m' = m, then the upper 
bound in ( 6 )  approaches d < N / 2  for large N .  Not 
surprisingly, in either case the addition of unknown 

delays reduces the maximum number of signals that 
may be resolved. 

Asynchronous Case, Distinct Transmitted Signals. 
This case is slightly more difficult since the connec- 
tion with the airay manifold in the DOA estimation 
problem is lost. The columns of S ( r )  are no longer 
vectors from the same signal manifold, but rather 
each is drawn from a different manifold defined by 
sk(r ) ,k  = l , . - . , d .  In order to obtain a meaningful 
result for this case, the following assumption about 
the signal set is made: 

( A l )  The N x 2d matrix [ S ( r )  j S ( r ' ) ]  is full rank for 
a l l r a n d r ' s u c h t h a t  T k # r ~ , k = l , ' " , d .  

Note that if A1 holds, it is not necessary to  assume 
that the vector r has distinct elements. While this 
would not be a reasonable assumption for a (single) 
array manifold or the signal manifold of Theorem 3.2, 
a generic collection of distinct signals should satisfy 
A l .  For this case, the following theorem results: 

Theorem 3.3 Suppose a n  m element 
the waveforms f r o m  a set  of d signals 
(not necessarily distinct) delays. If the signal set sat- 
isfies A l ,  then the delays r and spatial signatures A 
may be uniquely determined provided the bound in (6) 
holds. These parameters m a y  be determined with prob- 
ability one i f  (7) holds instead. 

Proof: As before, the proof is similar to that pre- 
sented in [ll], and is not given here. 

3.1. DOA Identifiability 

While often irrelevant in cooperative communica- 
tions systems, there are situations where information 
about the received signal DOAs can be useful. Re -  
quency division duplex communication with an an- 
tenna array is one such application [lo]. To this point, 
the discussion has focused on the identifiability of 
the spatial signatures rather than the DOAs. Conse- 
quently, given a spatial signature ak that satisfies ( 3 ) ,  
a natural question is under what conditions the DOAs 
& , k ,  . . . , Bdk,k that generated ak may be uniquely de- 
termined. The following theorem addresses this ques- 
tion: 

Theorem 3.4 The DOAs & , k ,  , 6 d k , k  and ampli- 
tudes a l , k ,  . . . , a d k , k  associated with a given spatial 
signature ak m a y  be uniquely determined provided that 

m + l  dk < - 
2 .  

If instead 
2m 
3 d k < - - ,  (9) 
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then these parameters may  be uniquely determined 
with probability one. 

Proof: This theorem is just a special case of the re- 
sults in [ll] for a rank one collection of signals. 

I 
Together with Theorems 3.1-3.3, Theorem 3.4 im- 

plies that up to (m + 1)N/2 DOAs may be resolved 
with synchronous signals, and (m+l)(N+m)/4 DOAS 
may be resolved in the asynchronous case, provided 
that there are less than (m+ 1)/2 coherent multipaths 
associated with each transmitted signal. If the with- 
probability-one bounds are used instead, the upper 
bound on the DOAs increases to nearly 2mN/3. 

4. Optimal Algorithms 

In this section, maximum likelihood (ML) tech- 
niques are developed for estimation of r and A. As- 
suming temporally and spatially white Gaussian noise, 
the ML criterion is easily shown to be 

A) = IIX - !~(T)AII; , (101 

which is separable in A and may be simplified to 

(11:) 

A = S+(+)X,  (12:) 

where P i c T ,  = I - S(- i - )St(r) .  Provided the signals 
and noise are uncorrelated, the ML estimator of (11)- 
(12) is consistent, unlike the corresponding ML a p  
proach for DOA estimation [12]. Consequently, the 
estimates obtained from (11)-(1.2) are statistically ef- 
ficient, and achieve the Cram&-Rao bound. The prob- 
lem considered here is clearly isomorphic to the large 
array, finite data situation studied in [13]. 

In general, finding r from (11) requires a d- 
dimensional search. Under certain conditions, more 
computationally efficient solutions are possible, and 
these are discussed in the following sections. 

4.1. Distinct Transmi t t ed  Signals 

where IS: is the power of the kth signal. Since each 
parameter ~k appears in one and only one term of the 
sum, minimizing the right hand side of (13) is equiv- 
alent to solving d separate problems of the following 
form: 

?k = argmaxsi(Tk)XX*sk(Tk) 71. . (14) 

Thus, for the case of uncorrelated signals, a reason- 
able alternative to the d-dimensional search of (11) is 
a series of d one-dimensional searches like (14). Equa- 
tion (14) amounts to applying an identical matched 
filter to each array output, and then summing the 
squared magnitude of the filter outputs. 

A similar observation was made in [13] for the case 
of DOA estimation using an array with a large num- 
ber of elements. It was shown in [13] that, while the 
“beamforming” -like approach of (14) yields consistent 
estimates, asymptotic efficiency is guaranteed only un- 
der certain conditions. Translated to the problem con- 
sidered here, these conditions are that the matrices 

1 1 1 
-S*(r)D(r), -D*(T)D(T) (15) 

j p * ( T ) W ,  N N 

all be asymptotically diagonal, where 

While constraints on the signal set needed to sat- 
isfy (15) are difficult to specify’, at the very least the 
simple estimator of (14) provides an efficient way to 
determine initial conditions for a search of the ML 
criterion in (11). 

4.2. Identical Transmitted Signals 

For the case of identical signals, a simplification 
such as that in (14) would only be possible if s ( t )  
were a realization of a white random process, in which 
case the ML criterion would (asymptotically) reduce 
to finding the d largest peaks of the “beamformer” 

V ( 7 )  = S*(T)XX*S(T) . (16) 

Suppose that the signal transmitted by each source: 
is uncorrelated with the signals from other Sources in.. 

The asymptotic efficiency Of such an approach 
then depend On the Of s ( t )  and its time 

dependent of their relative time delay. This would derivative. 
imply that the columns of S ( r )  are asymptotically or- 
thogonal, so that for large N ,  

A simpler, closed-form solution is possible in this 
case if the data model in the frequency rather than 

‘It turns out that the orthogonality conditions in (15) can be 
satisfied if the problem is transformed to the frequency domain, 
although space does not permit this approach to be outlined 

d 

llPi(T)xll~ 21 ) : ~ : s ~ ( T k ) x X * s k ( T k )  , (13) 
k = l  here. 
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the time domain is used. If N frequency samples of 
X(W) are available2, equation (2) may be written in 
matrix form as 

X ( W 1 )  

X =  1 i 1 = S , V ( r ) A + N ,  (17) 

where S, is a diagonal matrix with (known) entries 
~ ( w I ) ,  . . + ,  ~ ( w N ) ,  and 

V(7) = [ v ( n  1, * . * , V ( 7 d ) l  (18) 

v(7k) = [exp(--jwlTk), . e ,  e x p ( - j ~ N n ) j ~  . (19) 

If DFT frequencies are chosen (Le. ,  W k  = 2 ~ k / N ) ,  
then V(r )  is Vandermonde, and there exists an N x 
N - d Sylvester matrix B that satisfies 

B * V ( r )  = 0 .  

The first column of B is [bo, b l ,  . . . , b d ,  0 ,  . . . , 01, where 
b = [bo,.+.,bd] are the coefficients of a polynomial 
whose roots are exp(-j2ml/N), * * * ,  exp(-j2md/N). 

Since the noise is white in w as well as time, the 
M L  estimator based on the data collected in (17) is 
similar in form to (11)-(12): 

A = [s,v(+)]+ x . (21) 

While (20) would in general require a d-dimensional 
search, the Vandermonde structure of V ( r )  allows a 
simplification similar to  that used in the MODE algo- 
rithm [14] for uniform linear arrays. The basic idea is 
that, if S ( W ~ )  # 0 , k  = l , . . . ,  N ,  the column space of 
S,V(r) is orthogonal to  the column space of SilB, 
so that 

and one can search for b instead of r. 
Parameterizing the M L  cost function in terms of 

b rather than r has a significant computational ad- 
vantage. Following an argument similar to that in 
[14], it can be shown that performance asymptotically 
equivalent to  (20) can be obtained if PSzlB in (20) is 
replaced by 

21n practice, x(w) can not be determined exactly since only 
a finite amount of data is available. However, the error incurred 
in using a finite-length DFT is O(N-’),  and should not affect 
the asymptotic properties of the algorithm presented below. 

where B is a consistent estimate of B. Using (22) 
in (20) makes the criterion quadratic in b, and hence 
an estimate of b can be obtained by solving a linear 
least squares (LLS) problem. The consistent estimate 
of B (or, more precisely, b) may be determined from 

1; = argmin I I B * X ~ \ ~  , 
b 

which is itself LLS. 
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