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ffects of Array Calibration Errors 
-Based Signal Copy Performance 

Jiankan Yang and A. Lee Swindlehurst, Member, IEEE 

Abslract- This paper studies the effect of array calibration 
errors on the performance of various direction 6nding @F) 
based signal copy algorithms. Unlike blind copy me€hods, this 
class of algorithms requires an estimate of the directions of 
arrival (DOA’s) of the signals in order to compute the copy 
weight vectors. Under the assumption that the observation time 
is sufficiently long, the following algorithms are studied: clas- 
sical beamforming, least squares, total least squares, linearly 
constrained minimum variance beamforming, and structured 
stochastic estimation. Expressions for the mean-square error of 
the signal estimates are derived as a function of the calibration 
errors for both the case where the DQA’s are known precisely 
and for the case where the DOA’s must be estimated. 

I. INTRODUCTION 
N IMPORTANT application in communications and 
surveillance is the extraction of signals of interest (SQI’s) 

from co-channel interference and noise. The procedure of 
SO1 estimation using an array of sensors is often referred 
to as signal “copy.” Traditional signal copy algorithms 
include classical beamforming, maximum SNR, and minimum 
vanance distortionless response (MVDR) beamforming, and 
(more generally) the linearly constrained minimum variance 
(LCMV) [ 11 and generalized sidelobe canceller [2] approaches. 
Other model-based copy algorithms proposed in recent years 
include least squares (LS) (e.g., [3]), total least squares (TLS) 
[4], and the structured stochastic estimate (SSE) [5].  

All of the above algorithms estimate the signals by form- 
ing a weighted linear combination of the array outputs. In 
general, the weight vector involves knowledge of both the 
array response and the directions of arrival (DOA’s) of some 
or all of the signals. Any errors in the array model affect 
not only the weight vector directly, but also the accuracy of 
the DOA estimates, and thus can lead to serious degradation 
in copy performance. The effects of mismatch between the 
signal copy weights and the array response for the classical 
and “optimal” (MVDR) beamformers have been studied by 
a number of authors (e.g., [6]-[ll]). On the other hand, the 
more recent LS, TLS, and SSE techniques have received little 
attention. In [12], the effects of array model errors on LS 
signal copy quality are analyzed using signal-to-interference- 
plus-noise ratio (SINR) as the performance metric. In this 
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paper, we compare the mean-square error (MSE) performance 
of the LS, T U ,  and SSE algorithms to that of the classical 
methods. We will consider both the cases where the DOA’s 
are known precisely, and where they must be estimated by 
some algorithm prior to signal copy. Though less realistic, the 
assumption of known DOA’s leads to simpler expressions that 
are independent of the choice of DOA estimation algorithm, a 
fact which greatly facilitates algorithm comparisons. Portions 
of this paper were previously reported in [ 131. 

II. DATA MODEL AND ASSUMPTIONS 
We will consider an array of m sensors, having arbitrary 

positions and characteristics, that receives the waveforms of d 
narrowband (co-channel) signals from sources in the far-field 
of the array. The vector of complex sensor outputs is denoted 
x(t), and is modeled by the following familiar equation: 

x(t)= [aiel) I ... 1 a(Bd)]  1 ; 1 +n(t)=A(e)s(t)+n(t). 
S l ( t )  

The coltrmns of the m x d matrix A are the so-called 
steering vectors of the array, and are denoted as .(e,), i = 
1,. . . , d. These vectors are functions of the signal parameters 
and describe the array response to a unit waveform with 
parameter(s) 19%. We shall assume that the steering vectors are 
normalized, e.g.,lla(B,)ll = 1, and that 0, is a real-valued scalar 
referred to as the ith DOA. The d-vector s ( t )  is composed of 
the complex waveforms (in-phase and quadrature components) 
of the signals received at time t ,  and the m-vector n(t) 
accounts for additive measurement noise. The main goal of 
this paper is the analysis of algorithms for estimating the signal 
waveforms at N distinct sample points S = [s(l), . . . , s ( N ) ] ,  
using the received data X: 

X = A(0)S + N ( 2 )  

where X and N are defined similarly to S. 
The vector s ( t )  contains the signals of all point sources, 

including SOI’s and any interference. The noise term n(t) is 
modeled as a zero-mean, stationary, complex random process 
that is uncorrelated with any of the signals. It is further 
assumed to be spatially white: 

E{n(t)n*(s)} = a21St,+ (3) 
E { n ( t ) n T ( s ) }  = o (4) 

where &{} denotes expectation, and St, ,  is the Kronecker delta. 
The case of spatially nonwhite noise with known covariance 
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is easily handled by appropriately modifying the algorithms 
under consideration (e.g., by pre-whitening). 

At several points in the paper we will make reference to 
the eigendecomposition of the covariance of the array data, 
and so we define 

R,, = € { x ( t ) x * ( t ) }  = A(O)R,,A*(O) + a:I (5)  
m 

:= A;e;e: 

(7) 

where E, = [el . . .  ed], E, = [ e d + l  . . .  e,], and A1 2 
. * * L Ad > Ad+l = ...  = A, = a:. R,, = €{s ( t ) s* ( t ) }  is 
the covariance of the incoming signals. Key observations to be 
made here are that the column space of A and E, coincide, 
and that A*E, = 0. 

A. Array Model 

An exact parametrization of the array propagation vectors 
is impossible to obtain in any practical situation. Thus, the 
available model ao(0) (obtained by a calibration procedure 
or physical considerations of the array structure) will differ 
from the ‘‘true” propagation vector a(0). If a(0) represents 
the difference between the nominal and actual array response, 
then we may write 

In some applications, it is conceivable that the physical 
origin of the array model uncertainty could be precisely 
characterized. The perturbation a(0)  may be due to sensor 
position errors, gain errors, phase errors, mutual coupling 
between sensors, receiver fluctuations due to temperature and 
humidity, quantization effects, etc. It is, in principle, possible 
to explain the effect of each of these error sources from 
physical insight, thus leading to a model where the propagation 
vectors are parametrized by the DOA’s along with a set 
of extra “perturbation parameters.” However, in a practical 
application, all of the above mentioned phenomena (along with 
several others) are likely to be present simultaneously. Clearly, 
a model based on physical insight is impractical in such a case. 

A pragmatic remedy to this situation is simply to assume 
that the array response is a random quantity, whose mean value 
is the known nominal model. Thus, we assume herein that 
the array propagation errors are random, uncorrelated with the 
noise, with zero-mean and second-order moments given by 

f{a(e;>a*(e,)} = a:IS,,j (10) 
&{a(e,)aT(e,)} = 0. (1 1) 

Perturbation models similar to (10) and (1 1) have been used by 
a number of others, primarily in the analysis of adaptive beam- 
forming algorithms [9]-[ 111. While more physically motivated 
models for the error covariances could be assumed (e.g., see 

[14] and [15]), our focus is more on algorithm comparisons 
than absolute performance evaluation for a specific model. 
Thus, we prefer the “rough” model of (lo)-( 11) since it leads 
to more manageable expressions. 

Although our model may not be realistic for all types 
of array perturbations (e.g., angle dependent errors), it is 
reasonable for situations involving experimentally calibrated 
arrays, where the sources of error are often due to quantization 
effects in collecting the calibration data, interpolation errors in 
using a calibration grid, etc. The model of (10) and (1 1) is also 
closely related to the more realistic case involving independent 
gain and phase perturbations to the array. To see this, let 
the nominal response of the kth sensor in the direction 0 be 
~ ( 0 )  = eJdIc, and let j k  and & represent the corresponding 
gain and phase perturbations. Then, to first order, we have 

where 

i i k ( 6 ’ )  = ( t jk  + j 6 k ) e J d k .  

If we let a i  and #$ represent the variances of j k  and 
&, respectively, and if we assume that the gain and phase 
perturbations are zero-mean and independent, then 

Thus, compared with angle independent gain and phase errors, 
the model of (10) and (1 1) simply amounts to assuming that 
the gain and phase errors are roughly “of the same order” (ai 
and a; are equal), with ai = ai + a$. 

The reason for a rundom perturbation model as opposed 
to a deterministic one lies in the consideration of how one 
chooses to quantify the effects of the perturbation. In a given 
fixed scenanio, of course, the presence of array errors will 
introduce a bias in the DF and signal estimates. Presumably, 
if one wanted to measure the magnitude of this bias, it 
would simply be a matter of directly computing the limiting 
( N  -+ CO) estimates e and S, and then subtracting Bo and 
S. This procedure would obviously have to be repeated for 
every perturbation scenario considered, since the bias would 
be different in each ctase. The advantage of using a random 
model is that one can obtain a measure of the average effect 
of the array errors on estimation performance, measured now 
in terms of variance rather than bias, without being forced 
to adopt a particular perturbation scenario (which may be no 
more representative than any other similar perturbation). 

B. Peij5omzance Criterion 

Our goal i s  to study the effect of both A and the noise N 
on the estimation of S. Our performance criterion will be the 
(asymptotic) normalized MSE of the signal estimates, defined 
by 

where the expectation E { . )  is taken with respect to the model 
errors. The purpose of the normalization factor RY:’2 is to 
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weight the error on each of the signals equally, regaraess of 
signal power and correlation. We also define 

to be, respectively, the sample covariance matrix of the re- 
ceived signals, and the limiting covariance assuming no array 
perturbations are present. 

The signal copy algorithms we consider are those that form 
the signal estimate using a linear combination of the array 
outputs as S = W*X. The ith column of the matrix W is 
referred to as the signal copy weight vector or beamformer 
weights for the ith signal. While each method we consider 
has different optimality criteria and different assumptions 
about what a priori information is available, they all rely 
on a preliminary estimation of the DOA’s before forming 
the weight vectors, and hence depend on the availability of 
accurate array calibration data. In our analysis, the effects of 
noise, mismatch between the nominal and true array response 
(array errors), and the errors in the DOA estimates (DOA 
errors) on the copied signal S will be considered. Analytical 
MSE expressions due to noise and array errors alone are 
provided in Section 111. In Section IV, we show how to extend 
the analysis to include the effects of DOA errors. 

111. EFFECTS OF NOISE AND CALIBRATION ERRORS 
As mentioned earlier, we will assume in this section that the 

actual DOA’s of the signals are known, and available for use 
in forming the spatial filter weights W. The additional effects 
of DOA estimation errors are considered in the next section. 

A. Classical Beamforming 

weights are just the steering vectors themselves: 
In the standard beamforming approach, the signal copy 

S,, = AgX. 

This essentially amounts to phase-shifting the array outputs 
so that the wavefront from a given desired direction adds 
coherently, while those from other directions do not. The 
resulting MSE is given by 

1 
MSECB = E {  j p ; 3 s C B  - S)Il:) 

= €{Tr[R;,(A:Ao - I + A ; A )  

R,,(A;Ao - I + A*Ao) + CT~R;$A;~AO]} 

-A;AoRss + R,, + aiTr(Rs,)A;Ao]} 

= Tr{ Ry: [A$AoR,,A;Ao - R,,AGAo 

+ a : ~ r ( ~ ; ; ~ ; ; ~ o )  

= T~[R,,-~A;A~R,,A;A~ 
+(a; + o~T~(R,,))R,-,’A;AcI] - d 

where we have used the fact that for any matrix Z 

€ AZA* = aiTr(Z)I.  ( -  1 

For two equi-powered uncorrelated signals, we have 

and hence, the MSE does not go to zero, even with no noise 
and perfect knowledge of the array response. This results, of 
course, because the classical beamformer makes no attempt to 
null interfering signals. 

B. Least Squares 

The least-squares (LS) approach gets its name from the fact 
that it attempts to find a signal estimate that, in the LS sense, 
best matches the received data given the steering matrix A0 
(or, in general, an estimate thereof): 

S L s  = argmin I/X - AoSI/$ 
S 

= AiX 

where Ai = (AGAo)-’A:. If the noise is temporally white 
and Gaussian, then it is easy to show [3] that 8,, corresponds 
to the maximum likelihood (ML) estimate of S (assuming no 
array perturbations are present). Since S L S  -+ S + AAN as 
N i 00, the LS/ML estimate is unbiased but is not consistent, 
and hence S,, will not in general inherit the statistical 
efficiency (minimum variance property) usually associated 
with IvE estimators [16]. The MSE of the LS estimate when 
array perturbations are present is given by 

R;:(AiAS+AiN)(AiAS+AiN)*]} 

= (U; + O~T~(R~~))T~[(R~~A~AO)-~]. (13) 

For two equipowered uncorrelated signals, 

Unlike the classical beamformer, the MSE does go to zero 
when no noise is present and the array manifold is perfectly 
known. However, for nonzero U: and a:, MSE,, can be 
greater than MSE,, (indeed, it can be arbitrarily large) for 
101 - 6’21 i 0. In such cases, the pseudo-inverse A; becomes 
ill-conditioned and noise amplification occurs. 

C. Total Least Squares 
The LS signal estimator can be thought of as finding 

an approximate solution to the overdetermined system of 
equations AoS X, with the implicit assumption that errors 
are present in X but not Ao. Since A0 does not represent the 
“true” m a y  manifold, errors are also present in Ao, and hence 
a total least-squares (TLS) may be more appropriate. In [4], it 
is shown that the TLS signal copy estimate may be written as 

s,,, = ( A ; P ~ A ~ ) - ~ A ; P ~ x  

where B = [AoIX] and PB is the projection onto the space 
spanned by the left singular vectors corresponding to the d 
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largest singular values of B, or, equivalently, the eigenvectors 
associated with the d largest eigenvalues of BB*. For large N 

on Ao and X are independent and identically distributed, TLS 
asymptotically outperforms LS when m >> N. However, for 

BB* = AoA$ + XX* N NR,, = N(AR,,A* + .:I). 
Hence, Pg N PA, and we have 

S,,, = ( A ; P A A ~ ) - ~ A ~ P A ( A S  + N) 

(A;PAA~)-~A;PA[(A~ + A)S + N] 
= S + (A;PAAo)-'A$P~(AS + N). 

Consequently 
1 
N 

N 

MSE,,, = -E( IIR;:/'(STLS - s)11'$} 
= -E{Tr[Rli(AEPAAo)-lA$PA(AS 1 + N) 

(AS + N)*p~Ao(A$paAo)-~]}  

= E {  Tr [R,-,I(A$PAA~)-~A$P~AR,, 

. A * P A A ~ ( A ; P A A ~ ) - ~ ] }  

+ ~ ~ E { T ~ [ R , - , ~ ( A E P A A ~ ) - ~ ] }  
= ~?T~(R, , )€{T~[R,- ,~(A~PAAO)-~]  } 

+ ~ ~ E { T ~ [ R , - , ~ ( A ~ P A A ~ ) - ' ] }  

+ ~:E{T~[R,- ,~(AEPAA~)-~]}  
= ~ ~ ~ ( R , , ) ~ [ ( R , , A $ A o ) - l l  

where in the last step terms smaller than O( llA/12) have been 
neglected. Since 

Ao*PAA~ = A;Ao - Ao*PiAo 
= Ao*Ao - (A - A)*Pi(A - A) 
= Ao*Ao - A*PiA 
II Ao*Ao - A*PioA 

we have 

( A $ P ~ A ~ )  -l N ( A $ A ~ ) - ~ $  ( A ; A ~ ) - ~ ; ~ * P ~ ~ A ( A $ A ~ ) - ~  

and hence 

Thus, we have the somewhat surprising result that, even 
though the TLS method attempts to take the array errors into 
account in a reasonable way, it yields a larger MSE than 
LS. For two equi-powered uncorrelated signals, the difference 
between the two methods may be expressed as 

The inferior performance of TLS relative to LS in this 
case is quite interesting, especially in light of other work that 
indicates just the opposite. For example, in [ 171 it is shown that 
for linear equations of the form AoS = X where the errors 

the problem we are considering, the relationship is just the 
opposite: N >> m. 'Whereas the number of parameters to 
be estimated remains fixed in the analysis of [17], here this 
number is asymptotically growing. 

D. Structured Stochas,tic Estimation 

The weighting matrix that minimizes the MSE 

w,,, := argmin I I w * x  - ~ 1 1 %  
W 

is easily shown to be 

" S S E  = R,-,'RZS 

where 

1 

N + < x  N R,, = lim - xx(t )s*( t )  = AR,,. 
t=l  

Thus, the optimal weighting depends on the signals themselves 
through R,, or R,,, and without this prior information, the 
MSE weights cannot be used directly. In the SSE approach 
[5],  the quantities R2;, and R,, in W,,, are replaced by 
their structured ML eslimates (where in this case the likelihood 
function is that obtained assuming a stochastic signals model): 

R ,  := AA(R,, - 6:I)AC 

e, := A ~ R , A ~  + 821 
1 

8: == -Tr(PioR,,) m - d  

where R,, is a sample estimate of R,,. In practice, one would 
of course use A(@ in place of Ao, where 8 contains ML 
estimates of the DOA,'s. The analysis of the SSE algorithm 
is somewhal involved, and is consequently relegated to the 
Appendix. It is shown there that the resulting MSE is (to first 
order) always less than that of LS: 

MSE,,, := MSE,, - at [1+ 2 a 2 T r ( R , , A ~ R ~ ~ o A ~ ) ]  

. Tr( R,: A$RL,&Ac). (16) 

At high SNR the difference between the two algorithms is 
negligible, but it can be substantial at low SNR. However, 
this is partiallly due to the fact that without a power constraint, 
SSE drives the signal estimates to zero as the SNR decreases 
to zero. 

E. Linearly Constrained Minimum Variance Beamforming 

In the linearly constrained minimum variance (LCMV) 
approach [ 11, one attempts to minimize the output power of the 
beamformer while satisfying a certain set of linear constraints. 
Typically, these constraints consist of forcing the beamformer 
response to some fixeld value (usually unity) in the direction 
of a desired signal, and to zero in the directions of other 
interfering signals. For this common special case, the signal 
copy weights can be {expressed as 
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It is easy to show that as SNR ---f 0, W,,,, ---f AE, and 
hence, in such cases, the performance of the LCMV method 
will approach that of LS. At high SNR, on the other hand, 
the minimum power LCMV criterion will cause the desired 
signals to be cancelled if the DOA's or array response are not 
precisely known [6]. To see this, note that from (7) 

1 

on 
RL; = E,Ai1E; + -?;EnE: 

and that to first order [14] AtEnEk N -A*P&, so that at 
high SNR 

A;R,- ,~A~ N A;E,A;~E;A~ 
1 -  1 -  

o; on 
+ -A*Pi,A N ,A*PioA 

1 -  1 -  
- ,A*PioA 21 --A*P&A 

on 5: 

1 -  1 -  
- -A*P;,N - = 2 ~ * ~ i o ~ .  

0; 5 n  

The asymptotic LCMV estimate is thus 

S,,,, = (A;R,-,~A~)-~A;R;~[(A,-, + A)S +NI 
= s + (A;R,-,~A~)-~A;R,-,~(As + N) 

_I -1 

1 1 -  1 -  
- ,A*PioN 

c n  

= S - S - (A*Pi,A)-'A*P&,N 
= - (A*Pi,  A)-'A*PioN 

which clearly shows the signal cancellation phenomenon, and 
the fact that it only occurs when A # 0. The resulting MSE is 

lim MSE,,,, = d. 
SNR-m 

Although the above result was derived for high SNR, the 
degradation in performance is apparent even at moderate 
SNR's, as illustrated in the simulation examples. 

IV. INCLUDING THE EFFECTS OF DOA ERRORS 
In the previous section, we ignored the effects of errors in 

the DOA estimates in order to simplify the analysis and focus 
on algorithm comparisons. We now show how to generalize 
our analysis to the case where the weight vector is computed 
using an estimate 8 of the DOA's. For simplicity, we will 
assume that WCAoS = S, where WO = W(8) is the 
weight vector obtained using the true DOA's. While this 
assumption holds for algorithms such as LS and TLS, it is 
not true of classical beamforming or SSE. For these methods, 
an additional term involving (WT,Ao - 1)s would need to be 
included in the analysis below, and a number of additional 
second-order terms would have to be retained in the resulting 
Taylor series expansion. 

With 8 available, the signal estimate is given by 

S = W*(&)X = (WO + W)* [(A0 + A)S + N] (17) 

where W is the error in the weight vector due to the error 
# = 8 - 8. To first order, can be expressed as 

where VtTz = aW/a0, and 
(18) substituted into (17), we obtain 

is the ith element of 8. With 

S = S-S W;AS + W;N 
d d 

+ ~ W f ( A o S + N ) d i + ~ W f A S i j i  
i= 1 i=l 

and the associated MSE 

d 

+ 21ReTr[R;:WfAoRS,€(&A*)Wo]. i=l 

Note that including the effects of e have added two terms to the 
MSE expression in (19) when compared with the LS MSE in 
(13). Further evaluation of the above expression requires one 
to specify not only WO (the signal copy method used), but 
also the statistics of 8, which depend on the choice of DOA 
estimation method. In the discussion that follows, we show 
how these terms are evaluated for the special case where DOA 
estimates obtained by the MUSIC algorithm [18] are used to 

followed for other algorithm choices. 
form an LS signal copy estimate. A similar process would be 

A. Special Case: MUSIULS 
For the LS weight vector WT, = AA, we have 
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where D, = dAo/dB,. We also get 

W:R,,oW, 

= [(A;AO)-~D:P~~,, - AiD,A~](AoR,,A; + a:I) 

x pioD,(A;Ao)-l - At*D*At*] 0 3 0  

= A ~ D , R , , D ; A ~  + ~ ; ( A ; A ~ )  -~D,*P:~ D; (A;A~)  - l .  

(21) 

Substituting (20) and (21) into (19) and neglecting terms 
smaller than O(11A112) and 0(8illAll), the MSE becomes 

MSEL. 
= [a:Tr(R,,) + a:] T~(R,,A;Ao)-~ 

d 

- 2 ReTr [R;:AiDiRsSE(4A*)Ar] 
i=l 

+a;Tr [R,,-l ( A E A O > - ~ D ~ P ~ ,  D, (A;Ao)-'] }&(8,8,). 
(22) 

We now need to evaluate the terms involving &(dtA*) 
and &(8,8,). A detailed discussion of how to evaluate these 
two terms for several popular algorithms is provided in [14] 
and [15]. For MUSIC, we know from [14] that the limiting 
( N  t 00) DOA estimation error for the ith signal is, to first 
order 

- Re{d* (0, )P io  a(&) 1 
d*(4)Pind(B,) . 

8, N 

Together with the model of (lo), (1 l), we find that 

and substituting (23) and (24) into (22) then yields 

MSEL.9 
= [a:Tr(R,,) + a:] Tr(R,,A;Ao)-' 

2 d Tr(R;:AiD,AiR,,oArD:A~) +?E 

+-E z = 1  d* (&)p,'n d(&) 

2 = 1  d*(4)P&d(4) 
02~~: d Tr [R;: (A: Ao) -' D: P i n  D, (A8Ao) -l] 

A more compact expression may be obtained by noting that 
for any matrices U, V of proper dimension 

d 
n(DfUDiV) = Tr[V @ (D*UD)O(D*PinD)] 

where 0 denotes an element-wise product (Schur product), 0 
represents element-wise division, and 

Using this fact yields the final result 

MSELs = [aXTr(:R,,) + 021 Tr(R,,A;Ao)-' 

B(D*ArR-,'AiD)0(D*P&D)]. (26) 

v. s IMULATION EXAMPLES 

In this section, we include three simulation examples to 
demonstrate the validity of our analysis. In all three examples, 
a six-sensor (nominallly) uniform linear array and two equi- 
powered, unccorrelated signals were assumed. Both the signals 
and noise were generated as zero-mean white Gaussian random 
processes. 

In the first example, the DOA's of the two signals were fixed 
at [O", 25'1. The array response was perturbed according to 
(10) and (111, with a, = 0.2. This level of array manifold error 
corresponds to sensors that have roughly a 20% variation in 
gain, and about 12" variation in phase from their nominal 
calibrated values. A total of 100 trials (500 snapshots per 
trial) were conducted at each SNR with a different random 
array realization at each trial, and the resulting signal copy 
error for LS, TLS, SSE, and LCMV was calculated. Fig. 1 
shows the root-MSE ]performance of each of the algorithms 
along with that predicted for LS, TLS, and SSE by (13), 
(14), and (116). As predicted in the previous section, the 
root-MSE of LCMV approaches 4 = at high SNR, 
but significant degradation is apparent at SNR's as low as 
2-3 dB. At high SNR, the LS, TLS, and SSE algorithms 
all perform essentially identically, but with the predicted 
ordering MSE,,, < IdSE,, < MSE,,,. At -5 dB, LS has 
roughly 10% lower root-MSE than TLS, while that of SSE is 
substantially reduced. The curve labeled MMSE corresponds 
to the root-MSE that would be achieved by (15) if 

R,, = AoRt,,AT, + [a; + a:Tr(R,,)]I 
R,, = AoRL 

were perfectly known, and thus represents the lowest achiev- 
able error. Note that the predicted values of the error for LS, 
TLS, and SSE accuratdy match the empirical results, and that 
the performance of SSE is very close to that of MMSE. 

In the second example, the two signals were assumed to 
have an SNR of 10 dB. The DOA of the first signal was fixed 
at O", and the DOA of the second was varied between 3 and 
30" over several experiments. The array response was again 
perturbed according to (lo), (11) with aa = 0.1. A total of 
100 trials were conducted at each value of DOA separation 
(500 snapshots per trial), and the resulting signal copy error 
for LS, TLS, SSE, and LCMV was calculated. Fig. 2 shows 
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Root-MSE performance of LS, TLS, SSE, LCMV, and M S E  versus 

the root-MSE performance of each of the algorithms along 
with their predicted error and the minimum achievable MSE. 
When the signals are well separated, the LS, TLS, and SSE 

for oa = 0.3, and these trials were not included in the MSE 
calcnlation. 

VI. CONCLUSIONS 
In th is paper, an MSE performance analysis was conducted 

for several conventional DF-based signal copy algorithms 
assuming errors due to noise and errors in the nominal array 
response. Of the algorithms studied, the SSE approach was 
shown (to first order) to have the smallest MSE, followed by 
LS, and then (somewhat surprisingly) by TLS. The perfor- 
mance difference between the algorithms was shown to be 
greatest in situations with large array errors, low SNR, or 
small DOA separation. In addition, the well-known sensitivity 
of the LCMV approach was illustrated. The effect of DOA 
estimation errors on signal copy quality was also addressed, 
and asymptotic expressions were derived for the special case 
where MUSIC DOA estimates are used to compute the LS 
weight vectors. A number of simulation examples were used 
to verify the accuracy of our theoretical analysis. 

APPENDIX 
DERIVATION OF THE MSE FOR SSE 

algorithms perform essentially identically, but again with the 

signals become closer in angle, the performance difference 
becomes more obvious. 

In our last example, we consider the more general case 
involving DOA estimate errors. Two signals with DOA's 

In Section m-D, we stated that the MSE of SSE is always 
predicted ordering MSES.9, < MSELS < MSETLS. As the (to first order) less than that of LS and is given by 

MSE,,, = MSE,, - 0: [1+ 20~Tr(R, ,A;R~~oA~*)]  

. Tr ( R, , - Ai R;:o A c  ) 
Of 'O0' 2501 and varying were assumed' The MUSIC 
algorithm was used to find 8, and the LS weight vectors were 
computed using the estimate of the steering matrix A(8). A 
total of 500 trials were conducted at each S N R  with 500 
snapshots per trial, and Fig. 3 shows the resulting root-MSE 

where MSE,, is given by (13). In this appendix, we derive 
the above result. 

The SSE weighting matrix in (15) is shown in ,51 to be 
equivalent to 

performance for oa = 0.1,0.2, and 0.3. Relatively good 
agreement is observed between the predicted and empirical 
error values, even for oa as high as 0.3. Note that MUSIC 
was unable to resolve both signals in about 10% of the trials 

W,,, = A r  - ~ ; ( P A ~ R ~ ~ P A ~  + 6;P&-1Ac.  (27) 

The second term in (27) can be rewritten as (28), shown at 
the bottom of the following page, where T = ALE, is a d x d 
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we can write matrix. Substituting (28) into (27), we obtain S as 
- A  

(A;R,,A~)-~ N (A;R, ,~A~)-~  s = s - s = w *  ,SEX - s 
= AL(A0S + AS + N) - ~;(A;R,,AO)-~A;X - S 
= + N) - ~;(A;R,,A~)T~A;x. + AR,,A;)A~(A;R,,~A~)-~. (30) 

-- (A;R,,~A~) -'AT, (A~R,,A* 

Consequently MSE,,, is given by 

MSE,,, =: E {  FIIR;J/2(S - S)ll$} 

Using (30), we obt<ain the following two expressions: 

1 
ETr [ R;:AhAR,,AGAo( A;R,,Ao)-'] 

= -ETr [ R;~AhAR,,A;Ao ( A;R,,oAo)-l 

. A;AoR,,A* Ao(A~R,,oAo)-'] 

= -a;Tr [R~,A~A~(A~R,,oAo)-lA~Ao] 

= = E  -Tr R;: ALAS+ALN- { k [  [ 

. [ A ~ A S  + A ~ N  - ~ ; ( A ; R , , A ~ ) - ~  . Tr [R,-,I(A;R,,oAo)-~] (31) 

~;(A;R,,Ao)-~A;(AoS + AS + N)] 

A;(AoS+AS+N)]*]} and 

Cancelling the common term OA(AGR,~AO)-~ and ignor- 
ing third and higher order terms 

MSE,,, = €Tr{ R;: [AiAR,,A*AP 

-P;A~AR~,A* (A;R,,A~) - l +  0; ( A ~ A ~ )  -l 

- O;(A;R,,A~) -IA;AR,~A* AC 
- ~;(A;R, ,A~)-~  
-O;A~AR,,A;A~( A;R,,A~) 

- ~ ~ ( A T , R , , A o ) - ~ A ~ A o R , . A * A ~ ]  }. (29) 

Since 

MSE,,, = a~Tri~R,,)Tr(A~AoRss)-' 
+ a;Tr( A;Ao R,, ) -' 

Since 
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we can write gorithm,” IEEE Trans. Signal Processing., vol. 40, no. 7, pp. 1758-1774, 
July 1992. 

A;A~(A;R,,~A~)-~A;JA~R,,  - I [15] -, “A performance analysis of subspace-based methods in the 
presence of model errors-Part 2: Multidimensional algorithms,” IEEE 
Trans. Signal Processing, vol. 41, no. 9, pp. 2882-2890, Sept. 1993. 

[16] P. Stoica and A. Nehorai, “MUSIC, maximum likelihood, and 
Cram&Rao bound,” IEEE Trans. Acoust., Speech, Signal Processing, 

= A;E,A;~E;A~R,, - I 
= A;R;;~A~R,, - I 

vol. 37, no. 5, pp. 72G741, May 1989. 
[17] S. V. Hnffel and J. Vandewalle, The Total Least Squares Problem: 

Computational Aspects and Analysis. 
[18] R. Schmidt, “A signal subspace approach to multiple emitter location 

and spectral estimation,” Ph.D. thesis, Stanford Univ., Stanford, CA, 
1981. 

= A;R,-,~,A~R,,A;A~ - I 

= A ; R ; ; ~ ( R ~ ~ ~  - a : ~ ) ~ r  - I Philadelphia, PA Siam, 1991. 

= -.:AT,R;;~A~. (34) 

Substituting (34) into (33 ) ,  we obtain 

MSE,,, = MSE,. - [l + ~cT~T~(R, ,A;R;&A~) ]  
1AtR-l At*) .Tr(RTS 0 X Z O  0 

which is the desired result (16). 
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