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Time Delay and Spatial Signature Estimation
Using Known Asynchronous Signals

A. Lee Swindlehurst,Member, IEEE

Abstract—This paper considers the problem of estimating the
parameters of known signals received asynchronously by an array
of antennas. The parameters of primary interest are the time
delays of the signals and their spatial signatures at the array. Es-
timates of the signal directions of arrival are also considered but
are of secondary importance in this work. Maximum likelihood
algorithms and more computationally efficient approximations
are developed for both the case where all received signals are
identical (the channel estimation/overlapping echo problem) and
where they are all distinct. Conditions are also derived under
which the standard matched filter approach yields consistent and
statistically efficient parameter estimates. The issue of solution
uniqueness is addressed, and in particular, an upper bound on the
number of signals whose parameters may be uniquely identified
is derived for a number of different cases. Typically, the bound
is far greater than the number of sensors and is limited only
by the number of data samples collected. Some representative
simulation examples are also included to illustrate the algorithms’
performance relative to the Cramér–Rao bound.

Index Terms—Acoustic signal processing, array signal process-
ing, delay estimation, mobile communications, multipath chan-
nels, radar signal processing.

I. INTRODUCTION

T HERE ARE A number of communications applications
where, at least for brief periods of time, the signals

transmitted over the channel are known prior to reception.
These signals are typically used as training sequences for
initializing adaptive equalizers [1] or beamformers [2], [3] or
for reacquiring synchronization with the individual sources.
Known signals are embedded in many of the currently avail-
able mobile cellular radio communications formats (e.g., GSM,
IS-95, IS-136, etc.) and have also been proposed for ALOHA-
based packet radio systems [4], [5].

Recently, Liet al., have presented techniques for direction-
of-arrival (DOA) estimation that exploit knowledge of the
received signal waveforms [6], [7]. They have shown that
when the waveforms are known to within a complex scaling,
a number of significant advantages accrue. In particular, DOA
estimation is possible even if the spatial noise covariance of the
data is unknown and even in situations where multiple signals
share the same DOA. Furthermore, asymptotically optimal
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(in the maximum likelihood sense) DOA estimates can be
obtained by a series of simple one-dimensional (1-D) searches.
It was also indicated in [7] that the number of signals whose
DOA’s could be “resolved” was limited by the number of
samples collected and not by the number of sensors. However,
no proof of this statement was given nor was an upper bound
on the number of resolvable signals derived.

One drawback of the approaches presented in [6] and
[7] is the inherent assumption that the received signals are
all synchronous or, equivalently, that their relative synchro-
nization is known. If this were not the case, some type of
separate synchronization step would have to be performed
prior to application of the algorithms. Another drawback is
the assumption that the received signals are either uncorrelated
[6] or not perfectly coherent [7]. While the signals transmitted
by distinct sources are very likely uncorrelated, multipath
propagation can lead to the reception of several coherent
copies of a given transmitted signal. This is especially true
in high-mobility low-delay-spread outdoor cellular systems,
where the multipath is primarily due to local scatterers very
near the remote. Such a situation is depicted in Fig. 1.

In this paper, techniques are presented for estimation of
known-signal parameters that relax the above two assump-
tions. In particular, the signals are assumed to be received
asynchronously and possibly via a coherent multipath channel.
The asynchronous assumption also means that the algorithms
presented are applicable to problems involving frequency
selective (convolutive) communication channels such as the
one represented in Fig. 2. In such situations, the channel has
a significant delay spread that must be taken into account.
An identical mathematical model arises in the resolution of
overlapping signal echoes (as in active radar or sonar) [8] or
overlapping blurred point sources in image reconstruction [9].
In these applications, the received signals are all identical, with
varying delays or positional offsets. A simple radar ranging
example is illustrated in Fig. 3. One dimensional MUSIC-
like searches in both the time [8] and frequency [9] domains
have been proposed for the overlapping echo problem, but
in the approaches presented in this paper, all parameters may
be estimated simultaneously in closed form (i.e., without a
search).

Time delay estimation and synchronization are especially
important problems in CDMA systems, due to the popularity
of RAKE-like receivers. Since one usually has knowledge of
the spreading sequence for each user, the problem is similar
to the one considered herein. Techniques exploiting the known
spreading code for time delay estimation or equalization can
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Fig. 1. Coherent multipath in a mobile cellular radio system.

Fig. 2. Frequency selective communication channel.

be found in the recent work of [10]–[12] and the references
therein. Strictly speaking, these techniques areblind estima-
tors since they do not use information about the underlying
transmitted data stream. When such information is available
(e.g., from a training sequence), significantly better estimation
performance can be obtained by exploiting it, as the methods
proposed in this paper attempt to do.

The general time delay estimation problem is a fundamental
one that has been studied for many years. The majority of
work in this area has focused on the situation where a single
known signal is received by two widely separated sensors,
and the quantity to be estimated is the time of propagation
between the sensors (see [13] for a description of a number of
techniques that address this problem). One of the “received”
signals could be a noise-free copy of the known waveform,
e.g., as in an active radar or sonar system. In either case, it is
well known that the optimal maximum likelihood (ML) time
delay estimator is based on matched filtering (MF). In this
paper, the ML solution is derived for the much more general
case involving multiple (closely spaced) sensors and multiple
signals. A multidimensional search for the delay parameters is

required in general, but as in [7], if the signals are uncorrelated,
the optimal algorithm asymptotically reduces to a series of 1-D
MF searches. In finite samples, however, there can be a very
large difference in performance between ML and MF even if
the signals are asymptotically uncorrelated (see Section V for
some examples).

In addition to the unknown signal delays, the algorithms
proposed here estimate spatial signatures instead of steering
vectors (and, hence, DOA’s), due to the possibility of coherent
multipath reception. The proposed algorithms can be thought
of as (nonblind) structured estimators of the space-time chan-
nel separating each source and the antenna array. The spatial
signatures represent the spatial component of the channel and
the time delays the temporal dispersion. While, in principle,
the problem could be given additional structure by parame-
terizing the data in terms of both the delays and DOA’s, the
optimal solution to such a problem requires a complex highly
nonlinear search, and one would somehow have to determine
the number of multipaths associated with each source [14],
[15]. A much more practical approach is to determine the
DOA’s (if needed) from the estimated spatial signatures (e.g.,
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Fig. 3. Reception of overlapping echoes in radar ranging.

as in [16]), although, of course, no claim to optimality can be
made for such a two-step approach. The maximum number of
DOA’s that can be uniquely determined from a given spatial
signature is easily found, as will be discussed later in the paper.
A computationally efficient technique for joint time delay and
DOA estimation has recently appeared in [17], although it
is restricted to cases involving arrays with special structure
(e.g., uniform linear arrays). The method of [17] also assumes
the availability of an impulse response measurement for the
channel, which must be obtained in some preliminary step.

The key idea behind the results presented in the paper is the
model described in the next section and its similarity to the
standard model for DOA estimation. The identifiability aspects
of the proposed model are discussed in Section III, and several
algorithms based on the model are outlined in Section IV. The
paper concludes with some representative simulation results.

II. M ODELING ASSUMPTIONS

Assume that an -element array asynchronously receives
known signals. The baseband array output at timeis modeled
as

(1)

where

additive noise;
baseband representation of theth signal;
unknown delay of signal ;

C its spatial signature.

Note that the standard “narrowband” assumption typically used
in array signal processing problems is made here. That is, it
is assumed that the time required for the signal wavefronts to
propagate across the array is much smaller than the inverse of
the signals’ bandwidth. As such, a phase shift can be used to
describe the effect of the propagation from one antenna to the
next. On the other hand, the time delays are allowed, to
within certain limits, to be of any size, larger or smaller than
the inverse signal bandwidth.

In the frequency domain, (1) becomes, with some notational
abuse

(2)

The quantities and written as functions of represent the
Fourier transforms of their time domain counterparts. In the
sequel, it should be clear from context as to whether a time
or frequency domain model is being used.

In this paper, it is assumed thatcoherent multipathmay be
present (due, for example, to scatterers near the signal sources
and antennas, diffuse multipath in the vicinity of a specular
scatterer, etc.). For instance, if represents the far-field
array response to a unit amplitude plane wave arriving from
DOA , then under a coherent multipath model, may be
written as

(3)

where , and denote the total number of multipaths
associated with signal, their complex amplitudes, and their
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DOA’s, respectively. The total number of signals actually
received by the array is thus

(4)

which may be much larger than, which is the number of
arrivals with distinct delays. The techniques presented later
will assume that only the quantity is known; neither
nor the number of coherent paths associated with the
signal at time delay is required. As will be seen below, in
many situations, the value of may be found using standard
detection methods.

A. Matrix/Vector Formulation

As a notational convenience, assume that all of the vectors
defined above are -element row vectors. If a total of
samples are taken from the array, then (1) may be written in
matrix form as

... (5)

where and are formed identically to , ,
and the th element of is . The th column
of thus contains samples of the th signal waveform
and is denoted as

(6)

As in [15] and [17], could be parameterized in terms
of and using (3), but the algorithms developed in
Section IV will simply assume that is an unstructured
complex valued matrix. The elements of are also assumed
to be constant over the -sample observation window, which
implies that either the fading is slow, or is not too large.

The reason for writing using the somewhat unorthodox
form of (5) is to draw parallels between it and the more
standard model used in narrowband DOA estimation:

(7)

where would be a vector containing the DOA’s of the signals.
In (7), is known to within a set of parameters, and is
treated as an unknown unstructured matrix. On the other hand,
in (5), it is that is parameterized and that is unstructured.
In essence, the roles of the time and sensor indices have been
reversed in (5). This simple idea forms the basis for the results
in the remainder of the paper.

Given the model described above, the problem addressed in
this paper may be simply stated as follows:

Given a collection of data as defined in (5) and
assuming that is a known function of , estimate
the delays and spatial signatures associated with
the received signals.

Since the amplitude and phase of the received signals is
unknown, there is an arbitrary complex scaling that may be
associated with either or for each .
In a model parameterized by the DOA’s as in (3), this is

not an issue since the gain of the antennas is known in
all directions. The relative scaling of and for
the problem considered here is fixed by simply choosing a
nominal arbitrary amplitude for each known signal. Since an
unstructured model for is used instead of one based on
a known array manifold, the actual amplitude (or power) of
the received signals cannot be uniquely determined, and the
rows of can only be determined to within a complex scaling.
Other conditions for identifiability are discussed in Section III.

B. Some Applications

It is instructive at this point to describe some situations
where the model outlined above is relevant. In doing so, a
distinction will be drawn between cases where the delayed
signals received at the array are either identical or different. In
(1), each signal is written as a function of, indicating that in
the most general case, the signal received at a particular delay

may be completely distinct from signals received at other
delays. However, in many (perhaps even most) interesting
applications, the signals are identical and need not be written
as a function of . For example, consider the case where a
single user transmits a known signal through a frequency-
selective channel (see Fig. 2). The signal at the array can
be modeled as a sum of scaled and delayed versions of the
transmitted waveform as

(8)

The amplitude scaling at each antenna is different due to slight
variations in the channel between the source and each antenna,
such as small differences in propagation path, fading effects,
etc. For example, the phase shifts due to the propagation
delay between antennas are all lumped together into the spatial
signature . On the other hand, the time delaysdue to the
propagation through the channel are typically assumed to be
much larger. In a frequency selective channel, the delay spread
is not small compared with the inverse of the signal bandwidth,
and the received signals cannot be approximated using phase
shifts. For this application, the methods described in this paper
can be thought of as estimating the parameters of the
space-time channel impulse response:

(9)

Another situation where the identical-signal model of (8)
is appropriate is in the resolution of overlapping echoes. This
problem is common to fields such as radar, sonar, and astro-
nomical imaging. In active radar and sonar, a known waveform
is transmitted and reflections from objects “illuminated” by the
transmission are subsequently received (see Fig. 3). A standard
model for the received signal (at least when the illuminated
objects are stationary) is a sum of scaled and delayed copies
of the transmitted waveform. Equation (8) generalizes this
model to the case where the data is received by multiple
antennas. In astronomical imaging, stars viewed through earth-
bound telescopes are blurred due to atmospheric effects and
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equipment perturbations [9]. The model of (8) can be used
to describe data from this application as well, where in this
case, is the (presumably known) blurring function, and

represent the position and magnitude of theth star,
respectively.

The distinct-signal model of (1) is also of interest. This
model closely resembles the one assumed in [6] and [7],
except that it has been generalized to include unknown time
delays, and the dependence on the directions of arrival has
been dropped. One situation where such a model would
be appropriate is in a communication network where, for
synchronization purposes, several users transmit a different
(but possibly correlated) training sequence at roughly the
same time (see Fig. 1). In (1), each user’s signal may arrive
at the array via many different paths from many different
directions, but all of the rays arrive at roughly the same time.
This corresponds to a flat (nonfrequency selective, low delay
spread) fading environment and is common in situations where
the distance between the users and the basestation is relatively
small (e.g., in a microcell) or when the multipath is due to
local scatterers near the remote user or the basestation.

In the sections that follow, the distinct signal model of (1)
and the identical signal model of (8) will often be treated
separately. The main reason for doing this is to take advantage
of the simplicity of (8), which allows for some interesting
results not possible with (1).

III. I DENTIFIABILITY

The parameters of the model in (5) are said to be identifiable
provided that

for all and . In the discussion that follows,
the identifiability of and is addressed for three different
cases. In each case, it is assumed that the number of signals
is known. When it is stated that the spatial signatures may be
uniquely determined, it is understood that the uniqueness holds
to within a complex scaling, as discussed above. It is worth
mentioning here the related work of Wax [18], who considered
the identifiability of the DOA’s (rather than spatial signatures)
of signals known to satisfy certain “smooth” parameterized
constraints.

A. Synchronous Case

Although the case where the received signals are all syn-
chronous (i.e., known ) is not specifically addressed in this
paper, it is useful for purposes of comparison to examine
the corresponding conditions required for identifiability. The
synchronous signal model considered here is similar to that
investigated in [6] and [7], except that the parameters of
interest are contained in rather than . The conditions
necessary for identifiability in this case are summarized by
the following theorem.

Theorem 3.1:If the signal waveforms are known, linearly
independent, and are received synchronously (i.e., with known
delays), then the spatial signatures of up to and no more than

signals may be uniquely determined.

Proof: The proof is trivial since if , is
full rank, and , then

uniquely, where

may be calculated since is known (the notation refers
to the complex conjugate transpose). On the other hand, if

, then has a nontrivial nullspace , and
could be satisfied by any matrix ,

where the columns of are drawn from . Thus,
is the least upper bound on.

With no multipath, each column of would correspond
to a vector from the array manifold for some, and
thus, the DOA’s of many more than signals could be
determined. This is not surprising, of course, since so much
more information is available. In addition, note that since the
above result is independent of the rank of, multiple signals
could share the same DOA.

B. Asynchronous Case, Identical Signals

In this case, , and
unique estimates of bothand are required. Because of the
similarity between (5) and (7), the identifiability results of [19]
for DOA estimation can be applied here. Instead of an array
manifold in space, this problem deals with a signal
manifold in space. As with , the signal is said
to be unambiguousif every collection of distinct vectors
from the signal manifold is linearly independent. Using this
role reversal, the following theorem follows easily from [19].

Theorem 3.2:Suppose an element array receivesiden-
tical waveforms with distinct delays. If the signal is unam-
biguous, then and the spatial signatures may be uniquely
determined, provided that

(10)

where rank . If, instead

(11)

then and may be uniquely determined with probability
one.

Proof: The proof is identical to that given in [19] if one
interchanges and and replaces with .

It is reasonable to assume that the matrixis generically
full rank so that . If and, hence,

, then identifiability is guaranteed, provided that
. If , then the upper bound in (10) approaches

for large . Not surprisingly, in either case, the
addition of unknown delays reduces the maximum number of
signals that may be resolved relative to the synchronous case.

Although it is beyond the scope of this paper, it is interesting
to consider what conditions on would be necessary for its

-dimensional signal manifold to be unambiguous. There are
some subtle issues that make this question a difficult one to
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answer since the ambiguity of the signal manifold depends not
only on but also on the chosen sampling period. It is easy
to devise situations that would cause problems. For example,
a -periodic signal sampled with period yields a rank-one
manifold. Even with a more judiciously chosen sample rate,
the elements of for a -periodic signal can only be estimated
modulo , although this poses no problem when it is known
that . Of course, a similar situation arises with array
manifolds since they are inherently periodic. Ambiguities
would almost certainly be possible for aperiodic signals as
well, since every -dimensional subspace would likely be
intersected many times by a manifold that never retraces its
path. In practice, however, the range over which the elements
of may vary is typically known, and the signal would need
only be locally unambiguous within this interval.

C. Asynchronous Case, Distinct Signals

This case is slightly more difficult since the connection with
the array manifold in the DOA estimation problem is not as
obvious. The columns of are no longer vectors from the
same signal manifold, but rather each is drawn from a different
manifold defined by . In order to obtain
a meaningful result for this case, the following assumption
about the signal set is made:

A1) The matrix is full rank for all
and whose elements satisfy .

Note that A1 may hold even if the vector does not have
distinct elements, which allows linearly independent signals
to share identical delays. While A1 would not be a reasonable
assumption to make for a (single) array manifold or the signal
manifold of Theorem 3.2, a generic collection of distinct
signals should satisfy A1. For this case, the following theorem
results.

Theorem 3.3:Suppose an -element array receives the
waveforms from a set of signals with unknown (not nec-
essarily distinct) delays. If the signal set satisfies A1, then the
delays and spatial signatures may be uniquely determined,
provided the bound in (10) holds. These parameters may be
determined with probability one if (11) holds instead.

Proof: As before, the proof is similar to that presented
in [19] and is not given here.

D. DOA Identifiability

While often irrelevant in cooperative communications sys-
tems, there are situations where information about the received
signal DOA’s can be useful. Frequency division duplex com-
munication with an antenna array is one such application.
When the transmit and receive channels of a communication
system occupy different frequency bands, the spatial signatures
obtained from one channel cannot be used for beamforming
in the other. One method of circumventing this difficulty
is to determine the DOA’s from the spatial signatures of
one channel and then use them in conjunction with array
calibration data for the other channel to calculate the necessary
beamformer weights [16].

Up to this point, the discussion has focused on the identifi-
ability of the spatial signatures rather than the DOA’s. Conse-

quently, given a spatial signature that satisfies (3), a natural
question is under what conditions the DOA’s
that generated may be uniquely determined. The following
theorem addresses this question.

Theorem 3.4:The DOA’s and amplitudes
associated with a given spatial signature

may be uniquely determined, provided that

(12)

If instead

(13)

then these parameters may be uniquely determined with prob-
ability one.

Proof: This theorem is just a special case of the results
in [19] for a rank one collection of signals.

Together with Theorems 3.1–3.3, Theorem 3.4 implies that
up to DOA’s may be resolved with synchronous
signals, and DOA’s may be resolved in the
asynchronous case, provided that there are less than
coherent multipaths associated with the signal at each delay.
If the with-probability-one bounds are used instead, the upper
bound on the DOA’s increases to for synchronous
signals and nearly that in the asynchronous case.

IV. M AXIMUM LIKELIHOOD ALGORITHMS

In this section, maximum likelihood (ML) techniques are
developed for estimation of and . The noise will be
assumed to be Gaussian as well as both temporally and
spatially white. This is a drawback compared with [7], where
the noise was allowed to have arbitrary spatial color. If
is taken to be an unstructured deterministic matrix, the ML
solution is easily shown to be equivalent to

(14)

which is separable in and may be simplified to

(15)

Tr (16)

(17)

where , and Tr denotes the matrix
trace operation.

Some insight into the operation of the ML criterion can be
gained by a closer examination of (16). Define

so that

Tr (18)

(19)
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where denotes conjugation, and is element of the
matrix argument. Note that holds the result of applying a
matched filter (MF) tuned for to the output of sensor
. Thus, the ML criterion can be thought of as equivalent to

a bank of MF’s at each sensor whose outputs are multiplied
together and combined according to the coefficients of the
matrix .

A. Statistical Properties

Provided the signals and noise are uncorrelated, the ML
estimator of (15)–(17) is consistent, unlike the corresponding
ML approach for DOA estimation [20], where the number
of parameters to estimate grows with. Consequently, the
estimates obtained from (15)–(17) are statistically efficient
and achieve the Craḿer–Rao bound (CRB). The problem
considered here is clearly isomorphic to the large array,
finite data situation studied in [21]. In fact, one may prove
the consistency and asymptotic efficiency of (15)–(17) using
arguments essentially identical to those given in Theorems 1
and 4 of [21]. It is again a matter of reversing the roles ofand

as well as and and replacing with . Assumption 1
of [21] is satisfied provided the identifiability condition in A1
holds for the case of distinct signals and provided the elements
of are distinct for the case of identical signals.

A simple closed-form expression for the CRB can also be
obtained using the results of [20]. If the noise is assumed to
be zero-mean circular Gaussian—both temporally and spatially
white—then the CRB may be expressed as

CRB Re (20)

where

noise power at each sensor;
element-wise (Hadamard) product; and

Thus, the elements of obtained by minimizing the ML
criterion of (15) will have asymptotic variance given by the
diagonal elements of the CRB defined in (20). It is worth
noting here the related work of [22], where the CRB was
derived for cases involving general parameterized signals; that
is, signals that can be completely described by parameters such
as amplitude, frequency offset, time delay, etc.

In general, finding from any of the ML formulations above
requires a -dimensional search. Under certain conditions,
more computationally efficient solutions are possible, and
these are discussed in the following sections. These solutions
may be accurate enough of their own accord, or they may be
used to initialize a search of the optimal ML criterion.

B. Approximation for Distinct Signals

Suppose that the signal transmitted by each source is
uncorrelated with the signals from other sources, independent

of their relative time delay. This would imply that the columns
of are asymptotically orthogonal so that for large

(21)

where

Since each parameter appears in one and only one term of
the sum, minimizing the right-hand side of (21) is equivalent
to solving separate problems of the form

(22)

Note that the signal power must be explicitly included
since, strictly speaking, it is a function of. If ,
then will be essentially constant over the search interval
for , and it may be neglected.

As a result of the above observation, it is seen that when the
signals are uncorrelated andis relatively large, a reasonable
alternative to the -dimensional search of (15) is a series of

1-D searches like (22). Equation (22) amounts to applying
an identical MF to each array output and then summing the
squared magnitude of the filter outputs. The criterion in (22)
may also be arrived at using (19) and noting that when the
signals are uncorrelated, is asymptotically diagonal.

A similar observation was made in [21] for the case of DOA
estimation using an array with a large number of elements. It
was shown in [21] that while the “beamforming”-like approach
of (22) yields consistent estimates, asymptotic efficiency is
guaranteed only under certain conditions. Translated to the
problem considered here, these conditions would require that
the matrices

(23)

all be asymptotically diagonal. While constraints on the signal
set needed to satisfy (23) are difficult to specify, at the very
least the MF estimator of (22) provides a computationally
efficient way of determining initial conditions for a search of
the ML criterion in (15). Finally, it is worth noting that even
if the matrices of (23) are asymptotically diagonal, in finite
samples, they likely will not be, and there can be a significant
difference in performance between the ML algorithm in (15)
and the MF approach of (22). This is illustrated in the
simulations of Section V.

C. Approximation for Identical Signals

For the case of identical signals, a simplification such as
that in (22) would only be possible if were a realization
of a white random process, in which case, the ML criterion
would (asymptotically) reduce to finding thelargest peaks
of the MF “beamformer”

(24)
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The asymptotic efficiency of such an approach would then
depend on the orthogonality of and its time derivative at
different delays.

A simpler, closed-form solution is possible in this case if
the data model in the frequency rather than the time domain is
used. If frequency samples of are available, (2) may
be written in matrix form as

... (25)

where is a diagonal matrix with (known) entries
, and

(26)

(27)

A truncated DFT must be used in practice to determine ,
and hence, (2) and (25) will not hold exactly. However,
provided the sampling period is sufficiently short to eliminate
aliasing, these equations are asymptotically accurate since the
error incurred by a finite length DFT in the general case is

. The DFT output will exactly satisfy (2) and (25)
for the special case where is periodic, and is an
integer.

The transformation of time delays to linear-phase shifts
using Fourier methods is not new to time delay estimation;
a number of others have also made use of this property. In
[23]–[25], search-based techniques based on ML and least
squares in the frequency domain are presented. In [26] and
[27], the ESPRIT algorithm [28] is used in conjunction with
special frequency domain signal models to estimate time
delays in closed form. The most closely related approaches
to those presented below can be found in [9], [29], and
[30]. In [9], MUSIC [31] and a process equivalent to “spatial
smoothing” [32] are used for star deblurring in astronomical
images, and a model equivalent to (25) in the single sensor
case is exploited. The case of unknown overlapping signals is
treated in [26] and [30] using (25), whereas [29] contains an
earlier version of the results presented herein.

1) Iterative Quadratic Maximum Likelihood:Under condi-
tions more general than those assumed in this paper [33],
is white in frequency, and the ML estimator based on the data
collected in (25) is similar in form to (15)–(17)

(28)

Tr (29)

(30)

While (28) would, in general, require a-dimensional search,
the structure of allows a simplification similar to that
used in the IQML algorithm [34] for uniform linear arrays.
To see this, note that if DFT frequencies are chosen (i.e.,

), then is Vandermonde, and there exists
an Sylvester matrix that satisfies

(31)

The matrix is given by

...

...
...

...
...

...

...

...
...

...
...

(32)

and its elements are taken from the coefficients of the poly-
nomial

(33)

with roots . Since
these roots are on the unit circle, the coefficient vector

can be assumed to be conjugate symmetric:

(34)

where is the exchange matrix

. . .

The basic idea behind IQML is that if
, then (31) implies

and hence the column space of is orthogonal to the
column space of . Thus

and the ML criterion of (28) may be reformulated in terms of
rather than :

(35)

Tr (36)

In the IQML approach, the search forin (36) is replaced
by an iterative procedure. For a given IQML iteration, the
vector in is held fixed, and the resulting
criterion is then quadratic in the remaining terms involving

and can be minimized in closed form. The resultingis
then used to fix , and the process is repeated
until converges. To more precisely describe the iteration
[including the conjugate symmetry constraint of (34)], the
quantities, shown in (36a) at the bottom of the next page,
are defined.

The IQML algorithm is then implemented as follows.

i) Find an initial , and set .
ii) Compute .
iii) Solve . For example, set equal to the

singular vector of with smallest singular value.
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iv) Determine from using (34), and scale so
that Re .

v) If , go to step 6. If not, increment
and return to step 2.

vi) Find the roots of and determine the signal de-
lay estimates using (33). Calculate the spatial signature
estimates using (30).

Most of the computational burden in the above approach
comes in forming the matrix
and taking its inverse at each iteration. However, this matrix
is banded and typically very sparse since the “bandwidth”
of the matrix is and usually . Consequently,
the cost of forming the matrix inverse at each iteration is
only rather than (see e.g., [35] for details
on solving banded systems of equations). The need for an
invertible is mitigated by the fact that the signal is known,
and one would presumably choose to implement the algorithm
over a band of frequencies where the signal is sufficiently
strong. An example of the advantages of choosing an appro-
priate frequency window for the algorithm is presented in
Section V.

2) MODE: Another rooting procedure similar to IQML
could be used in this application. The MODE algorithm
[36] has recently been shown [37] to enjoy certain advan-
tages over IQML for the DOA estimation problem in terms
of both its estimation accuracy and numerical properties.
MODE’s implementation is essentially identical to IQML,
except in (36) is replaced by , where rep-
resents the left singular vectors associated with thelargest
singular values of , and is a certain weighting matrix. The
initial is typically found by replacing
in the minimization of (36) with and solving explicitly
for .

In DOA estimation, MODE is known to be asymptotically
statistically efficient with only one iteration of the above
algorithm, where “asymptotically” means either SNR
or a large number of columns in, which in DOA estimation
implies . However, in the application considered
here, denotes the row dimension of and the column
dimension; MODE may not be a consistent estimator offor

since the column span of may not converge to that
of as the row dimension of increases. Consistency
and large sample optimality for MODE for the problem above
would, in general, require , which is not common
in most applications. Despite this fact, the performance of
MODE is still quite good, as illustrated by the simulations of
Section V.

3) An ESPRIT-Based Approach:Both the search-based ML
method of (35) and (36) and the IQML algorithm require
initial values for the polynomial coefficients. In this section,
a simple method based on the ESPRIT algorithm [28] is
presented that provides direct estimates of(and, hence, )
without initialization. As will be seen below, the method is
only applicable to cases where

i) ;
ii) ;
iii) is full rank.

To describe the algorithm, consider the frequency domain
model of (25) with no noise:

(37)

As long as the three conditions above are satisfied,will be
full-rank . Let be the matrix constructed by
taking the first rows of , and let be constructed
similarly from the last rows of . These two matrices

even

odd

Re Im even

R Im odd

element of

...
...

...
...

first columns of

last columns of

Re

Sylvester matrix evaluated at

coefficent vector obtained at iteration (36a)
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are related by the equation

(38)

where is the diagonal matrix

... (39)

Let denote the left singular vectors associated with the
nonzero singular values of the noise-free. Then, with

defined similarly to , a matrix
will exist that satisfies

(40)

(41)

Combining (38)–(41) and eliminating and leads to the
relationship

(42)

where . The vector can thus be uniquely
determined from the eigenvalues of the operator that maps

onto :

(43)

Except for the diagonal scaling and , this is identical
to the problem solved using ESPRIT. A similar approach was
taken in [26] for the case where is unknown, but .

When noisy data is present, the matrixis replaced with
an estimate obtained by taking the left singular vectors
of with the largest singular values. Estimates ofand its
eigenvalues are then obtained by solving a (total) least squares
problem based on (42). The algorithm may be implemented as
follows.

1) Given a collection of frequency domain data, compute
and partition into and .

2) Find the estimate using either least squares

or the total least squares method of [28].
3) Compute the eigenvalues of, and determine the signal

delay estimates using (43). The spatial signatures may
be determined as before using either (17) or (30).

To eliminate ambiguities, the overlap factor must be
chosen such that if is the largest expected delay (in
samples), then . Since the accuracy of a truncated
DFT in approximating the frequency domain model relies on
the assumption that , a fairly large value of can
often be chosen. The advantages of using values oflarger
than with ESPRIT have been explored in [38] and
[39]. As with MODE, the ESPRIT method described above is
guaranteed to be a consistent estimator ofonly if .
Nevertheless, the algorithm works reasonably well even with
small , as long as the SNR is not too low (see Section V).

D. DOA Estimation

All of the above algorithms are formulated in terms of the
spatial signatures rather than the DOA’s. When no multipath
is present, the DOA of theth signal may be found by taking
the th column of and finding the “closest” vector from
the array manifold

(44)

which leads to

where . This idea was
originally proposed for the synchronous signal case in [40].
The procedure is essentially the same with multipath, although
the number of multipath rays associated with each source ()
must be estimated. Define

and reformulate the minimization of (44) as

(45)

The DOA estimates for signal are then determined from

V. SIMULATION EXAMPLES

A number of simulation studies were conducted to test the
performance of the algorithms presented above and compare
them with the CRB. For each of the cases considered, a
uniform linear array (ULA) with six sensors and one-half
wavelength spacing was simulated, although the ULA informa-
tion was not exploited by any of the algorithms. All empirical
results were based on averages of 1000 trials, each with a
different realization of an additive complex Gaussian noise
process at 10 dB SNR (with the exception of the high near–far
example studied in Case 1).

A. Case 1—Distinct Signals

For this case, three sources with distinct waveforms were
received by the array, and each signal was of the form

(46)

with different values for the periods and , as well as
different delays and DOA’s. The SNR of each source was
controlled by adjusting the norm of each spatial signature.
Two situations were considered: one in which the SNR of
all sources was the same and one where there was a 20-dB
difference between the strongest and weakest signal. These
two situations correspond to communication environments
with low and high near–far ratios, respectively. The various
parameters for each source are listed in Table I.

Delay estimates for each signal were obtained using various
sample sizes ranging from 15–1500, and the root-mean

Authorized licensed use limited to: IEEE Editors in Chief. Downloaded on August 17, 2009 at 19:40 from IEEE Xplore.  Restrictions apply. 



SWINDLEHURST: TIME DELAY AND SPATIAL SIGNATURE ESTIMATION USING KNOWN ASYNCHRONOUS SIGNALS 459

TABLE I
SOURCE PARAMETERS FOR CASE 1

Fig. 4. RMS delay estimation errors for Case 1, Source 3, no near–far.

square (RMS) estimation error based on 1000 trials was
computed. The results for source 3 are plotted in Fig. 4 (low
near–far ratio) and Fig. 5 (high near–far ratio); note that in
the high near–far example, source 3 is the weakest. Results
are shown for the MF approach of (22) using one or all six
sensors and for the ML algorithm of (16) initialized by the six
sensor MF estimates.

In both scenarios, the ML approach achieves the CRB for
all values of tested, whereas the six-sensor MF technique
requires and for the low and high
near–far scenarios, respectively. Of course, the single sensor
MF performs much worse, but the orthogonality condition of
(23) is easily shown to hold for distinct signals defined by
(46); therefore, it is expected that even the single sensor MF
will eventually reach the CRB. The nonmonotonic behavior
of the MF methods can be explained by the fact that while,
asymptotically in , all three signals are orthogonal, for finite
samples the correlation between the signals can vary quite
dramatically. For the particular signals used in this simulation,
it just happens that at , the correlation of source
3 with the other two signals has a local minimum, and at

, all three signals are approximately orthogonal. Since
the MF techniques rely on the assumption that the signals
are uncorrelated, near these values ofone would expect
the performance of the MF methods to improve. The nonzero
correlation between the signals for small can also explain
the fact that the RMS error of the six-sensor MF method
dips slightly below the CRB at and .
In particular, the MF methods are biased for small, and
the CRB only represents the lowest achievable RMS error

Fig. 5. RMS delay estimation errors for Case 1, Source 3, high near–far.

for unbiased estimators like the ML approach. In fact, an
examination of the MF estimates for small reveals that the
RMS error is dominated by bias and not variance. However,
in most cases, the bias is very large and exceeds the CRB
anyway.

B. Case 2—Multipath Channel Estimation

This case examines the performance of the frequency do-
main IQML, MODE, and ESPRIT algorithms developed in
Section IV-C and applied to the problem of estimating the
parameters of a multipath channel. A QPSK signal with a
35% excess bandwidth Nyquist pulse shape was assumed to
be transmitted over a three-ray channel with vector impulse
response

The channel parameters used in the simulation are listed
in Table II (the phase of was assumed to be random
in each trial). The array was sampled at three times the
QPSK symbol rate; therefore, a delay of three samples would
correspond to an offset of one symbol period. When generating
the QPSK waveform, the impulse response of the pulse-
shaping filter was truncated to a total length of 12 symbol
periods.

In each trial, a different random QPSK signal was generated,
and a total of 100 samples were taken from the array. Because
of the oversampling, the frequency support of the signal was
roughly half of the total available bandwidth, as illustrated
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TABLE II
SOURCE PARAMETERS FOR CASE 2

Fig. 6. Spectrum of typical QPSK signal for Case 2.

in Fig. 6. Consequently, the algorithms were implemented
using only the data in the 41 DFT bins between the dashed
lines. Windowing the frequency domain data not only reduces
the computational load, but it also eliminates IQML and
MODE estimate variability due to inverting the matrix
at frequencies where it is nearly zero.

The resulting delay estimation error averaged over the three
rays is plotted in Fig. 7 versus the ESPRITshift parameter (of
course, IQML and MODE do not depend on; therefore, their
estimation error appears as a flat line). Values ofbetween
1 and 6 were used, and IQML and MODE were initialized
using the ESPRIT estimates. While, in principle, a
value of could have been used for ESPRIT in this
example ( ), the variability in the estimate of
the maximum delay effectively places a smaller upper limit on
the separation parameter. The advantage of using as large a
as possible is clearly evident from the simulation results.

Only one iteration was used to obtain the MODE estimates
shown in Fig. 7. With additional iterations, the performance
of MODE improved until it was essentially identical to that
of IQML. One disadvantage of allowing multiple iterations is
that both algorithms IQML and MODE occasionally become
“lost” and produce very poor estimates. This phenomenon was
observed in nine of the 1000 trials. The outliers from these
trials were not used in calculating the RMS errors shown in
Fig. 7. The average number of iterations required for IQML to
achieve (see step 5 of the algorithm) was
(mean standard deviation).

The CRB is not plotted in this example since a different sig-
nal was used in every trial. The performance of the algorithms

Fig. 7. Delay estimation errors for Case 2 versus ESPRIT delta parameter.

varies dramatically for different signal realizations, mainly due
to the fact that the use of a truncated DFT causes less error
for certain signals than others. If a single waveform had been
used for all of the trials, the delay estimation error would
have been dominated by the bias due to the approximation
involved in modeling a time delay as a linear phase shift in the
frequency domain. In other words, the dominant error source
in this example is the frequency domain approximation and
not the noise.

C. Case 3—Identical Highly Overlapping Signals

The resolution capability of the ESPRIT and IQML al-
gorithms was studied in this example using the pulse-type
waveform of Fig. 8. The pulse was generated by modulating
an oversampled raised cosine pulse by a cisoid with a period of
five samples. The signal shown was received by a six element
ULA with a DOA of , whereas a delayed version of the
signal was received from . The delay of the second signal
relative to the first was varied from one to 20 samples over
a number of trials, and the delay estimates at each trial were
determined based on 100 samples from the array. The RMS
estimation error for the delay of the first source is plotted in
Fig. 9.

No significant bias was measured in this example due
to the fact that the samples of the source waveform were
nearly identical at both the beginning and ending of the
collection interval. Consequently, the inherent assumption of
periodicity in a finite length DFT does not pose a problem
here (this would, of course, not hold if the collection interval
happened to split the main lobe of the pulse). The “windowed”
IQML approach used only 20 DFT bins where the signal
was strongest, whereas all 100 samples were used in the
nonwindowed IQML implementation. In this example, the
windowed IQML algorithm achieves the CRB, whereas the
error of the nonwindowed version is about twice as large on
average. The ESPRIT results were used to initialize both
IQML approaches, but in this case, the ESPRIT estimates were
already essentially on the CRB.
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Fig. 8. Source waveform for Case 3.

Fig. 9. RMS delay estimation errors for Case 3, Source 1.

VI. CONCLUSIONS

This paper has addressed the problem of time delay and
spatial signature estimation for situations involving multiple
known (asynchronous) signals received by an array of sensors.
Techniques developed for such situations have application in
wireless communications (synchronization, uplink beamformer
design, downlink transmission design, etc.) and source local-
ization in radar, sonar, and imaging. The data model for this
problem was shown to be the dual of the well-known model
for narrowband DOA estimation by simply switching the roles
of time and space. This duality was exploited in the derivation
of identifiability conditions, maximum likelihood algorithms,
and the CRB for time delay and array calibration estimation.
In particular, bounds were found for the maximum number
of signals whose time delay could be uniquely determined,
given a certain number of array elements and samples. In
addition, a general maximum likelihood estimator was pre-
sented, and several more computationally efficient alternatives
were proposed. Conditions were derived under which each
of the above approaches would be consistent and statistically

efficient estimators. Finally, the performance of the algorithms
was investigated by means of several simulation examples.
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