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Abstract—Location estimation in wireless communications 
systems experiencing purely non-line-of-sight propagation paths 
is an open problem. In this paper, a novel least squares algorithm 
is presented to estimate the location of a mobile station (MS) 
experiencing purely non-line-of-sight communication with at 
least one base station (BS) by using the time of arrival (TOA), 
angle of arrival (AOA), and Doppler-shift (DS) measurements 
collected at the BS. Simulation results are provided to 
demonstrate the estimation accuracy and improvement over 
existing methods.  

Keywords—Enhanced 911, localization, positioning, non-line-
of-sight propagation 

I. INTRODUCTION 
Location estimation in wireless communications systems 

experiencing purely non-line-of-sight (NLOS) propagation 
paths is an open problem. This is due to the fact that multipath 
is one of the major sources of error for location estimation 
because of the bias it introduces in the time of arrival (TOA) 
estimate. Many techniques in the literature have assumed the 
presence of both line-of-sight (LOS) and NLOS propagation 
paths between the base station (BS) and mobile station (MS), 
and have tried to identify and discard the NLOS paths; thus 
using only the LOS paths for location estimation. However, 
these techniques do not work in purely NLOS environments, 
which are typically experienced by wireless communication 
systems [1], where no LOS paths exist between the BS and 
MS.  

Recently, techniques (e.g., [2]-[3]) have been presented to 
estimate the MS location in purely NLOS environments. 
These techniques utilize angle of arrival (AOA) and/or 
Doppler-shift (DS) measurements in addition to TOA 
measurements, all of which are collected at the BS. However, 
these techniques only perform well when extremely accurate 
measurements are available. 

In this paper, a novel least squares (LS) algorithm is 
presented to estimate the location of a MS experiencing purely 
NLOS communication with at least one BS by using the TOA, 
AOA, and DS measurements collected at the BS. The 
proposed algorithm consists of two steps: in the first step, the 

location of the scatterers and speed of the MS are estimated 
using LS; in the second step, the location of the MS is 
estimated using nonlinear LS. The velocity of the MS can also 
be estimated using LS in an additional step. The key novelty 
of the proposed algorithm is the system of linear equations 
used to solve for the location of the scatterers and speed of the 
MS in the first step. The layout of the paper is as follows. 
Section II presents the system model and Section III presents 
the proposed algorithm. Section IV presents simulation results 
that demonstrate the performance of the proposed algorithm in 
picocellular, microcellular, and macrocelluar environments. 
The paper is concluded in Section V. 

II. SYSTEM MODEL 
One BS observes N uplink communication signals from 

one MS. The MS is assumed to move at a constant velocity v 
for a period of time NΔt (which is small, where Δt is the time 
between signal transmissions) while the N uplink signals are 
transmitted. Each of the N uplink signals arrives at the BS via 
S distinct paths due to the presence of S scatterers. It is 
assumed that all NS signals undergo a single-bounce reflection 
with one scatterer before arriving at the BS. Here, the term 
reflection can refer to both specular and diffuse reflections. 
Any signals that undergo multiple bounces are assumed to be 
attenuated enough that their contribution at the BS is 
negligible. Hence, there is no line-of-sight communication 
path between the BS and MS. This agrees with many wireless 
channel models proposed in the literature [1]. It is also 
assumed that the clocks on the BS and MS are synchronized in 
time and frequency. The position of the BS is assumed to be 
fixed and known, and the positions of the scatterers are 
assumed to be fixed and unknown. Both the MS position and 
velocity are assumed to be unknown. A two-dimensional 
picture of a possible system is shown in Fig. 1 with S = 3. 
Note that the algorithm can readily be extended to cases with 
more than one BS.  

The BS measures the time of arrival τ, angle of arrival θ, 
and Doppler-shift ς of all NS signals. For notational simplicity, 
let us first look at the measurements obtained from one BS 
and one scatterer. From geometry, the distance between the 
scatterer and BS is given by 
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Fig. 1. Localization scenario with one BS and three scatterers 
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where [xsc ysc]T is the position of the scatterer, [xbs ybs]T is the 
position of the BS, and θ is the mean of the N AOA 
measurements of the signals arriving at the BS after reflecting 
off the scatterer. Cross multiplying the terms in (1) produces  

���� cossincossin bsbsscsc yxyx ���             (2) 

The TOA measurement at time nΔt of the signal arriving at 
the BS after reflecting off the scatterer is given by 

� � � �� � � �� � � � � �2222
bsscbsscmsscmssc yyxxtnyytnxxtnc �����������	
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for n = 0, …, N–1, where c is the propagation speed of the 
uplink signal (3×108 m/s) and [xms(nΔt) yms(nΔt)]T is the 
position of the MS at time nΔt.  

The DS measurement at time nΔt of the signal arriving at 
the BS after reflecting off the scatterer is given by  
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for n = 0, …, N–1, where fR is the frequency of the received 
signal, fT is the frequency of the transmitted signal, and [vx vy]T

is the velocity of the MS. Since the BS and scatterer are both 
stationary, the DS observed at the BS is the same as the DS 
observed at the scatterer. 

III. LEAST SQUARES ALGORITHM 
Utilizing (3), (4) can be written as  
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Substituting (1) into (5), and after some simplification, (5) can 
be written as  
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Subtracting (6) at n = 0 from (6) at n = 1, …, N–1 results in  
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for n = 1, …, N–1. 

Equations (2) and (7) can be combined for S scatterers to 
form a linear model as follows. For scatterer i, define Ai and bi 
as (see (9) on the next page) 
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Also define  
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so that the linear model is given by  
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Note that all of the entries in A besides the entries shown are 
0. From (11), the least squares estimate of the position of the S 
scatterers and squared magnitude of the MS velocity is given 
by 

� � bAAAs T1Tˆ
�

�                             (15) 

Now that the position of the scatterers has been estimated, 
the position of the MS can be estimated at any time nΔt for n = 
0, …, N–1 as follows. The distance between the MS and 
scatterer i at time nΔt is given by  

� � � � � � � �2,
2

, ˆ iscbsiscbsii yyxxtnctnd ������� �	  (16) 

Since the signals experience line-of-sight propagation from the 
MS to the scatterers and estimates of both the scatterer 
positions and distance between the MS and scatterers are 
available, the problem is now that of a conventional TOA 
positioning problem. For the results presented in this paper, the 
authors utilized the conventional iterative technique based on 
Taylor Series expansion [4] around an initial MS position 
estimate equal to the position of the BS.  

In the subsequent simulation results, the iterative technique 
is considered to have diverged if more than 20 iterations are 
required for the 2-norm of the difference in consecutive MS 
position estimates to be less than 1cm. 

Finally, if desired, the scatterer position estimates from 
(15) and the MS position estimates from above can be 

substituted into (4) to solve for the MS velocity using LS. 

IV. SIMULATION RESULTS 
The performance of the proposed algorithm is 

demonstrated through Monte Carlo simulations with 1000 
realizations. The proposed algorithm is compared to the 
algorithm from [2], since it is the only other method that 
utilizes TOA, AOA, and DS measurements in an over-
determined system of equations. The initial position of the MS 
is [xms(0) yms(0)]T = [5000m 5000m]T; and the positions of the 
base station and scatterers are chosen according to an 
independent and identically distributed (i.i.d.) Gaussian 
random variable with mean 5000m and standard deviation 
depending on if the cellular environment is a picocell, 
microcell, or macrocell (see Table I). The velocity of the MS is 
[vx vy]T = [0.6m/s –0.8m/s]T in the picocellular environment 
and [vx vy]T = [10m/s 18m/s]T in the microcellular and 
macrocellular environments. Δt = 50ms and fT = 2.1GHz. 

TABLE I.  CELLULAR ENVIRONMENT 

 σBS σSC 

Picocell 100m 100m 

Microcell 1km 700m 

Macrocell 10km 1km 

 

 Tables II and III show the standard deviation of the 
measurement errors that are required to achieve the accuracy 
mandated by the Enhanced 911 positioning requirement of 
less than 50m accuracy in 67% of positioning attempts [5] for 
1 BS and S = 3 scatterers. Note the following: 

� The aforementioned Enhanced 911 requirement applies to 
user equipment (UE)-based positioning methods, whereas 
the proposed algorithm is a network-based method whose 
Enhanced 911 requirement is less than 100m accuracy in 
67% of positioning attempts. However, the authors feel 
that the more stringent requirements for UE-based 
methods will provide better insight into the feasibility of 
the proposed algorithm for future localization systems 
where higher degrees of accuracy will be desired. 

� In the picocellular environments, the results shown are for 
an accuracy of less than 10m in 67% of positioning 
attempts, since 50m level accuracy in picocells does not 
convey much information about the location of the MS. 
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TABLE II.  MEASUREMENT ERROR, 3 SCATTERERS, N = 100 

 Picocell Microcell Macrocell 

 στ σθ σς στ σθ σς στ σθ σς 

Proposed 
Algorithm 1.3ps 41° 10μHz 60ps 22° 1mHz 50ps 2° 1mHz 

Algorithm 
from [2] 0.6ps 24° 500nHz 20ps 11° 80μHz 20ps 1° 40μHz 

 

TABLE III.  MEASUREMENT ERROR, 3 SCATTERERS, N = 200 

 Picocell Microcell Macrocell 

 στ σθ σς στ σθ σς στ σθ σς 

Proposed 
Algorithm 5ps 57° 50μHz 200ps 28° 7mHz 200ps 2° 3mHz 

Algorithm 
from [2] 2ps 34° 1μHz 90ps 16° 100μHz 90ps 1° 80μHz 

 

TABLE IV.  MEASUREMENT ERROR, 2 SCATTERERS 

 Microcell 

 στ σθ σς 

Proposed Algorithm  
(N = 100) 5ps 5° 200μHz 

Proposed Algorithm  
(N = 200) 20ps 7° 600μHz 

 

 The quantities in Tables II and III are found empirically by 
assuming that only one of the measurements at each time step 
has errors, while the other two are perfect. For each column, 
only the type of measurement stated in row 2 (i.e., TOA, AOA, 
or DS) has i.i.d. zero mean Gaussian noise with a standard 
deviation given by the table entry and the rest of measurements 
are perfect. For example, in the third row and second column 
of Table II, the value of 1.3ps for στ means that the TOA 
measurement must have a standard deviation below 1.3ps in 
order to achieve the desired positioning accuracy, assuming 
that the DS and AOA measurement errors are zero. 

 Table II shows the tolerable measurement errors for N = 
100 and Table III shows the tolerable measurement errors for N 
= 200. Note that the number of measurements N is limited by 
whether the assumptions from Section II are valid (e.g., 
constant velocity, interacting with the same scatterers, etc.). As 
can be seen, the proposed algorithm meets the positioning 
requirement with TOA errors that are more than double the 
standard deviation of TOA errors for the algorithm from [2], 
AOA errors that are almost double the standard deviation of 
AOA errors for the algorithm from [2], and DS errors that are 
an order of magnitude more than the standard deviation of DS 
errors for the algorithm from [2]. Furthermore, using more 
measurements makes both algorithms less sensitive to the 
measurement errors. Finally, both algorithms are very sensitive 
to TOA and DS errors, especially for low speeds. However, 
both algorithms are not sensitive to AOA errors due to the 
averaging of AOA measurements (see page 2). 

 

 

There are two reasons why the proposed algorithm requires 
less accurate measurements than the algorithm from [2] to 
achieve a specific level of accuracy for the MS position 
estimate. The first reason is that in the second step of each 
algorithm (when the problem is that of a conventional TOA 
positioning problem), the algorithm from [2] uses LS whereas 
the proposed algorithm uses the iterative technique based on 
Taylor Series expansion around an initial MS position estimate 
(i.e., nonlinear LS). It has been shown that the LS method has 
lower accuracy than nonlinear LS methods [6]. The second 
reason is that in the first step of each algorithm (when the 
location of the scatterers is estimated), the proposed algorithm 
estimates the position of the scatterers more accurately than the 
algorithm from [2]. For example, in a microcellular 
environment with [vx vy]T = [10m/s 18m/s]T, N = 200, and 
measurement errors on all three types of measurements 
simultaneously (στ = 10ps, σθ = 10°, and σς = 1μHz), the 
proposed algorithm estimation error per scatterer has a mean of 
26.6m and standard deviation of 48.3m whereas the algorithm 
from [2] has a mean of 65.6m and standard deviation of 
548.9m. This poor performance for the algorithm from [2] is 
due to approximately 8% of the scatterer position estimates are 
in error of more than 2km, whereas the largest error for the 
proposed algorithm is 570m. Upon removing the poor 
estimates (i.e., scatterer position estimates in error of more than 
2km), the proposed algorithm still outperforms the algorithm 
from [2]: the proposed algorithm estimation error per scatterer 
is the same as before whereas the algorithm from [2] now has a 
mean of 35.0m and standard deviation of 73.0m. 
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 It should be noted that since the values in Tables II and III 
were obtained assuming two of the three measurements are 
error free, they provide a somewhat overly optimistic view of 
the algorithm’s performance (although they do show that the 
proposed method is better than that in [2]). For example, one 
really needs TOA accuracy better than 1.3ps (third row and 
second column of Table II) in order to achieve the desired 
accuracy when the AOA and DS measurements have errors. 

 In the second set of results (see Table IV), the algorithm is 
evaluated based on what measurement errors are tolerable that 
still satisfy the positioning requirement of less than 50m 
accuracy in 67% of positioning attempts for 1 BS and S = 2 
scatterers. In this case, the algorithm from [2] has poor 
estimation performance and is unable to satisfy the positioning 
requirement even with perfect measurements. The results from 
Tables II through IV show that more accurate measurements 
are required in the case of 2 scatterers when compared to the 
case of 3 scatterers: TOA errors that are less than one order of 
magnitude lower than the standard deviation of the 3 scatterer 
case, AOA errors that are less than one-fourth the standard 
deviation of the 3 scatterer case, and DS errors that are less 
than one-fifth the standard deviation of the 3 scatterer case. 

 Lastly, Fig. 2 gives an example of what measurement 
errors are tolerable when all three measurement errors are 
present simultaneously. In these results, the standard deviation 
of the AOA measurement error is constant at �� = 2° (since it 
has already been seen that the algorithm is not sensitive to 
AOA errors) and the standard deviations of the TOA and DS 
measurement errors are varied. The shaded region represents 
the TOA and DS errors that still satisfy the positioning 
requirement of less than 50m accuracy in 67% of positioning 
attempts for 1 BS and S = 2 scatterers in a microcellular 
environment with N = 200. Notice that all of the tolerable 
measurement errors in Fig. 2 are less than their corresponding 
values in the last row of Table IV, which is expected because 
the presence of all three measurement errors simultaneously 
requires more accurate measurements to achieve the same 
positioning accuracy compared to when only one of the three 
measurement errors is present (as discussed two paragraphs 
earlier). 

V. CONCLUSION 

In this paper, a novel LS algorithm was presented to 
estimate the location of a MS experiencing purely NLOS 
communication with at least one BS by using the TOA, AOA, 
and DS measurements collected at the BS. Simulation results 
were provided to demonstrate the estimation accuracy in 
picocellular, microcellular, and macrocelluar environments. It 
was shown that the proposed algorithm requires less accurate 
measurements than existing comparable methods to achieve a 
specific level of accuracy for the MS position estimate. 
Furthermore, it was seen that a 2-d location estimate can be 
produced with as little as 1 BS and 2 scatterers (or comparably, 
2 BS, each with 1 scatterer).  
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Fig. 2. Tolerable TOA and DS measurement errors (microcell, N = 200,  

�� = 2°)  

Even though the proposed algorithm requires accurate TOA 
and DS measurements, it is the authors’ hope that these results 
will help further research into a robust radio frequency 
localization method in cellular communication systems. As a 
comment on the feasibility of these accurate measurements, 
one can look at the fundamental bound on TOA estimation 
accuracy derived by Weiss and Weinstein, which states that the 
estimation accuracy can improve as the carrier frequency of the 
signal increases if the signal-to-noise ratio is large enough, in 
addition to the time-bandwidth product [7]-[9]. 
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