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Abstract—Interference alignment has proven to be a powerful In recent work, we showed that these high SNR results are
tool in characterizing the high SNR behavior of wireless net ga|so available at finite SNRs for time-varying channels tigto
works. Using this technique, Cadambe and Jafar showed that 5 ey technique called ergodic interference alignmentg8].
the sum degrees-of-freedom for thel/-user interference channel . . ) . D
is M/2 rather than 1 as was originally expected. In recent sentially, each chapnel n_wstance in a time-varying interiee
work, we showed that these gains are not limited to the high channel can be paired with a complement to exactly cancel out
SNR regime. In fact, for the interference channel, each user the undesired signals. Concurrent work by Jeon and Chung
can achieve at least half its interference-free capacity aBny proposed a similar scheme for finite field networks [9].

SNR. The key to this result was a new achievability technique 1, this paper, we extend our results to more general classes
called ergodic interference alignment. In this paper, we etend - - . . .
this technique to include more general message sets. Spegafly, of mes.sage sets mcIudmg the X Channel configuration with
we consider the multicast case where each transmitter has a 2 receivers. We also consider the multicast case where each

message destined for more than one receiver. We also look dtet transmitter has one message and each receiver is inteiasted
X channel configuration for 2 receivers where each transmitter more than one of these messages.
has an independent message for each receiver.

I. INTRODUCTION

Significant progress has been made recently towards the X, Zf Y
capacity of the interference channel. The work of Etkin, @/an w1— & © Dy n
and Tse characterized the capacity region of the two-user Zs
Gaussian interference channel to withinbit [1]. However, X, | v,
extending this result to theé\/-user Gaussian interference  wW2—{ &2 @ Dy |12
channel is more involved than one might originally suspect. H(t)
This is in part due to the possibility of interference aliggmh
[2], [3] which allows the transmitters to exploit the chahne YA
to ensure that all of the interference at any one receivey onl Xum | Y .

: . i ; wy— Eyr @ Dy >

occupies half of the dimensions, leaving the other half fier t

desired signal.

One also has to deal with the fact that parallel interference
channels are inseparable [4], [5]. That is, one cannot a&ggr
code for each channel instance and simply allocate power Il. PROBLEM STATEMENT

across these codes since any variation in the channel COUIq‘here arel/ transmitters andV receivers that communicate
be pot(.entlagy dexplglted (I;OI’ a]}hgnr;?ent. BY egplr?ltlrtl)g htéle\?s across a common wireless medium oveértime steps. We
properties, Cadambe and Jafar characterized the be oGl use a fast fading model wherein the channel coefficients

the M-user interference channel in the high signal-to-nm%ehange at every time step. At tiiethe channel output seen
ratio (SNR) limit [3]. Specifically, they showed that the sunE)y then" receiver is given by:

degrees-of-freedom ié}. Recent work by Motahaet al. has
shown that this is also achievable for fixed channel matidses
well [6]. High SNR results are also available for more involved
message structures such as the X channel framework where

each transmitter has an independent message for eachereceiv o o
2], [71. whereh,,.,, [t] indicates the channel coefficient between:tkie
transmitter and the)" receiver,z,, [t] represents the channel
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Fig. 1. M-user interference channel.
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We assume that at each time step each channel coefficieriiysS,,. In Figure 2, we provide a block diagram of a case with
drawn i.i.d. from a distribution with uniform phase. We atse M = 4 transmitters,V = 4 receivers, and message requests
quire that channel coefficients are independent of one anotl$; = {1,2}, S = {2,3},S5 = {3,4}, andS, = {4,1}.
(although they may be drawn from different distributionid)e

uniform phase condition is critical for our achievable solee X Ztl v
as it guarantees that: wy—| & =2 O——| Dy |y, o
Zs
ib
P(hnm = a) = P(hnm = ae’ ) (2) Wy —| & Xo é Y, Dy |, 13
for all values ofa € C andb € [0, 27). H(t) 7
The transmitters and receivers have causal knowledge of Y f V-
all coefficients. That is, before time each transmitter and w3 —| & =2 &—| D3 |13, 104
receiver is giverh,,,,[t] for all n andm. p
The channel inputs are subject to the usual power constraint 4
wy—{ &, X4 é Ya Dy >y, W1

Fig. 2. Multicast message set faf = 4 transmitters andV = 4 receivers.

1 T
t=1

for someP,, € R,.
We also assume that each additive noise term is i.i.d. acréssX Message Set
time and drawn from a circularly symmetric complex Gaussian |n this special case, each transmitter has an independent
distribution with variancer, z,[t] ~ CN(0,07). message for each receiver. Lef,, denote the message sent
Our goal is to reliably communicate messages from trangom thes" transmitter to the' receiver wherd takes values
mitters to receivers at the highest rates possible. In thstmgom 1 to V. Each message has ratg,,. In Figure 3, we give

general case, each transmitter would have a message idtenglg|ock diagram of an X message set far = 2 transmitters
for each subset of receivers. In this paper, we will onlynd N = 2 receivers.

consider a few limiting cases of this general model. Each

message will be drawn independently and uniformly from the De le v
set{1,2,...,2"R} for some choice ofR. Each transmitter wi1, wiz—| & |F=* L ®—— Dy 111, Wor
has one or more such messages which it mapsiintbannel H(t) 7

inputs with an encoding functiod,,. Each receiver, after Y f V-

observingT' channel outputs attempts to recover its desirath, wao—| & =2 -O—2—| Dy |10, 0o

messages with a decoding functid,.

Definition 1: The rateR is achievable for a given message
if for all e > 0 andT large enough, there exist fixed encoders
and decoders, such that a message drawn affateR —e can
be recovered at all intended destinations with total praitab lII. CHANNEL QUANTIZATION
of error not exceeding. , : ) .

We will use boldface lowercase letters to denote column ©OUr Scheme relies on matching up time indices based

vectors and boldface uppercase letters to denote mattiees. °" the phase and magnitude of the cha_n_nel coefficients. In
h* denote the Hermitian (or conjugate) transposéof order to ensure that most channel coefficients are matched,

We now describe the special cases of message sets. we n.e.ed strong typicality and fqr_this we neeq the chan.nel
coefficients to take values on a finite set. We will accomplish
A. Standard Message Set this by quantizing the channel coefficients with the resotut
In the classical interference channel model, there e determined by our desired gap to the target rate. By taking
transmitter-receiver pairs that wish to exchange mess&@%s finer and finer quantizations, we can achieve the target nate i
w,, denote the message from the" transmitter to them™ the limit.

Fig. 3. X message set fav/ = 2 transmitters andV = 2 receivers.

receiver and let?,, denote its rate. See Figure 1. First, we will threshold the channel coefficients by throgvin
) out any time indices that contain a channel coefficient magni
B. Multicast Message Set tude larger tharwax . This threshold is chosen such that the

Now consider the case where there afdransmitters, each probability that one or more channel coefficients violatanit
with a single message,, with rate R,,, and N receivers one time instant is-.
that want exactlyl, messages each. For simplicity, we will Each channel coefficient is quantized as follows. The com-
assume that all messages are requested by the same nuiplegrplane (up to radiugmax) is divided up intox disjoint
of receivers. (Note that this implicitly assumes tﬁ}% is an rings of equal width. These rings are further subdivided int
integer.) Denote the subset of receivers that want messageequal segments based enangles spaced equally between



0 and 27 wheren. See Figure REF for a diagram. Eaclwhere P(H) is the probability of channel € H under the
segment is a quantization cell for the channel coefficiéitie. channel model. Le14”§ denote the set of alj-typical channel
parameters andn are chosen such that the maximum distaneeatrix sequences.

between any two points in any segmenvisvherer > 0 will Lemma 2 (Csiszar-#ner 2.12): For any i.i.d. sequence of
be specified later. We also assign all channel coefficiertts wehannel matricesH[”!, the probability of the set of alky-
magnitude larger thahyax to an erasure symbol. typical sequencesﬁ,lf, is lower bounded by:
Lemma 1:Given h; € C satisfying|hx| < hmax for k = ™

1,2,..., K, let hy be any other element of the quantization P(A;F) >1-— 5 (9)
cell of hy. For anyay, € C, the following upper bound holds: ATy

For a proof, see [10]. Due to the channel quantization, the si

of H is |H| = (kn + 1)MN.

Ty Z ol @) We will only work with sequences of channel matrices that

arey-typical and declare errors on the rest. This ensures that
Furthermore, ifa; is chosen such thaerK:1 akhk’ > nearly all time indices can be matched up appropriately.

VZszl |ak|, then the fO”OWing lower bound holds: IV. EQUATION COEFFICIENTS

The key to our achievability proof is creating equations

— VZ lak|. (5) of the transmitted codewords at the receivers which can be
solved for the desired messages. Essentially, at welleshos
time indices, all encoders retransmit symbols that weré sen
at an earlier time. This has the effect of giving the decoders
equations with the symbols as the variables and the coefftcie
given by the channel.

First, we assume that all channel coefficients are quantized
as described in Section Ill. In order to ensure that all cleann

k

Proof: First, write eachhy, = hy, + ey, where |ex| < v.
Now, we have by the triangle inequality:

Y

Y]

K coefficients can be appropriately matched, we only consider
+ VZ |ax] matchings between individual coefficients of the same mag-
nitude. Since the phase of each coefficient is assumed to be
Similarly, by the reverse triangle inequality, we have that uniform, all equations will have the same probability.
K K K The goal is to specify a set df equations such that the
Zak(hk +ep) Zakhk Zakek (6) receiver can recover its desired messages. Each receiver is
1 P 1 free to choose its own equations and repeat transmissidys on
K K occur when all receivers see the appropriate equationseThe
> arhe| = vy laxl. (7) equations are fully specified by phase shiff§), (with ¢, =
k=1 1 by default). For ease of analysis, these are restricteck®o ta
m Values on the sefe’® : b = 0, 27”, %,...,W} so that
The above lemma will allow us to show that forsmall they are in correspondence with the quantization cells. We
enough, matching up channel coefficients based on th¥ifité the phase shifts at each receiver for #feequation in
quantization cells has a negligible effect on the overat.ra Matrix form below:
For the remainder of this paper, we will treat all channel

coefficients as if they are quantized. Thus, we can treat them k) pk) (k)
. . . 11 12 1M
as if drawn from a discrete set where the probability of each k) k) (k)
quantization cell is given by the total probability of allasmel k) — | T 2M (10)
coefficients in that cell. By construction, all quantizaticells : :
at a given radius have the same probability. o0 %) o,

We now recall the notion of strong typicality for sequences
of discrete random variables. L& = {h,,,} be the matrix
of channel coefficients which takes values in the Heaind
let HI”! denote the sequence of such matrices Gvehannel
uses. LetN (H|H!"!) denote the number of times the chann
matrix H occurs in the sequendd!”!.

Definition 2: A sequence of channel matricdd[”!, is ~-

We now show how to match up channel matrices based
on these phase shifts. Le&t ©® B £ {a,,,b,m} denote the
Hadamard product oA and B. We divide up thel' channel

es intaK intervals of lengtil’/ K. Using Lemma 2, we have
etli'lat forT large enough, alK intervals will be~-typical with
probability at least(1 — §). By Definition 2, this means that
the number of occurrences of each possible channel matrix in

typical i each interval is bounded as follows:
1
=NHH") - PH)| <y VHeH ®) % (P(H) — ~) < NHHT/K)) < % (P(H) +) (11)



for all H € H. Let 0[¢] be the Kronecker delta function. The follow-
_Each encoder uses a lengily codebookC,, with rate inglemma establishes a worst-case signal-to-interferamal-
R,, generated i.i.d. from a circularly symmetric Gaussianoise ratio $INR) for the channel between, and u,.

distribution with varianceP); — e. Lemma 3:Assume thatbg% and a;’}) are chosen such that
Assume that the intervals argtypical. Each matrix will K a;%gg; = B8[¢—m)] for someB > 0. Then, the AWGN

occur at least: (P(H) — ~) in each interval. During the first channel between symbe} and estimatex,,, has arSINR that
time interval, each encoder transmits a new symbol from i jower bounded by:

codeword at each time steépunless:

2
1) The channel matri¥I[t] contains one or more elements Py (ﬁlhnel vy, ICLS})I)
with magnitude larger thahwax . SINR > PR, PERCTS
2) The channel matriH[t] does not violate the threshold v? (Zk:l | |) Do P+ 07 3 2y lagg P

but has already occurred at leaSt(P(H) — v) times.

_ . Furthermore, ag goes to zero, we have that:
The number of useable time slots is equal to:

T lim SINR > e L (20)

Te=— >  (PH) -9 (12) i Sy SR
H:|hpm|<hmax = n

T MN Proof: First, we lower bound the signal power which is

K (1 =7 = (k™) (13)  slightly diminished due to channel quantization. By Lemma

and we set this to be the length of the codebooks. 1, the signal power is lower bounded as follows:

We then match up used time slots from the first interval 2

K K 2
with time slots in the remainingd — 1 intervals. During P, Zag})hng(bﬁ) > P <ﬁ|hng| —uZ|af§)|> . (2D)
the k" time interval, when the channel matri@*) © H k=1 k=1

occurs, it is matched with the first unmatched time slot fror,‘(]OW we upper bound the power of the remaining interference

the first !nterval that had channgl m_atrH. The encoders due to quantization. Again, by Lemma 1, the power of each
retransmit the symbols from the first interval for all matthe; o fererm - ( at receivem is upper bounded as follows:

time slots. Since are intervals are assumed toykgpical,

all £ (P(H) — ) time indices for each matrix from the first K ? K ?

interval can be successfully matched. D N I (0 +vy |@flkz)|> - (22)
After T' time steps, receiven has access to equations of k=1 k=1

the form: (k)

Finally, the noise terms:,” are each weighted byszé)
in u,e. Since the noise is i.i.d. across time, we get that

M
1) — (1)
Y™ = Z:l frnmTm + 2 (14) 525K 14®)P2 as the power of the sum of the noise.

M |

97(12) _ Z ¢£12721hnmxm —i-sz) (15) The requiremenj[s ong}? _and ¢$Z221 in Lemma 3 can be
= restated as a matrix condition. L&t,, and ®,, be defined as
r 1 2 K
(16) “511) ‘1511) e agn)
1) @ . (K)
M A o an2 an2 a’n2 (23)
uO =3 o) b + 21 (17) N
m=1 (1) @2 . (K)
: : . Apnvr Apnr Ap M
wherex,, are the symbols from a single index in the chosen C ) )
codewords, h,,,, are fixed channel coefficients (up to the ¢>n21 ¢>n22 ¢>n2M
guantization cells), andz,(f) are the noise terms from the B, — ¢>§ll) ¢512) ¢>§U€4 24
matched time indices. n : : . : : (24)
Given these_equati_ons, the rece_iver attempts to recover the (b('K) (b('K) - (b('K)
symbols from its desired by applying linear transformagion L ¥nl n2 nM
For each desired symba}, the receiver forms an estimate:  Assume that receivem wants messages with indices
K l1,0s,....¢0;. Then the following condition is equivalent to
ue =Y all)y® 18) K aWol) = gsle; —m] fori=1,2,...,I:
k=1
I K K 06y —1] 661 —2] --- 8/ — M)]
k) k Ole — 1] Ol —2] -+ O[la— M
= 2_:1 RmTm ;aig gbgﬁzl + l; aig)zflk) (29) AB, - f [ 2. Il 2' ] ' 2 . ]

for some choice o) e C. ey —1] o[ty —2] -+ O[tr — M]



V. STANDARD MESSAGESET Recall that the inverse DFT matrix has the following form:

0 0 .. 0
This setting is often referred to as simply thé/“user wff wljl wl_((K_l)
interference channel.” In previous work, we developed an Wi Wi WK2 Kt
interference alignment scheme that allows each user teeehi w1 — 1 Wl wE? Wi (K-1) (28)
. . . K .
slightly more than half its interference-free rate at &R K.
[8]. For completeness, we repeat this theorem and its proof ' ' o 2
0 —(K-1) —(K-1)
below. Wi Wi T Wi
Theorem 1:The following rates are achievable fdf users ~ Theorem 2:For the multicast message set, the following
with the standard message set: rates are achievable:
P,
1 P, R,, = min EPOO+L+1mW%ﬂH 29
R, = §E {log (1 + 2|hmm|2—2)] (25) neSm L+ 1 & ( ) | On (29)
Im Proof: Without loss of generality, assume that receiver
Proof: Receivern will use K = 2 equations to recoverits 7 iS interested in messages from transmittérs, .. ., L.
desired messages,,. The phase shifts are given By, = 1 (Otherwise, just reindex the transmitters.) To recoversehe
and dﬁ% — 1 for n # m. The messages are recovere§€ssages, the receiver ngeﬂs+ 1 equations: L for thel .
usingal, = a@), = 1. It follows that °2_, alk) k) — messages and one for the interference. The phase coeficient

26[n — m]. Essentially, we subtract out everything except e chosen from the DFT matrix of SI2¥ 1

desired message using the second equation. From Lemma 3 exp 27 DG=DY 4, _ 1 9 L
. . . (k P L+1 9 Sy ety
receiverm can recover the channel inpit,, with SINR,,, no i = ) i
n j2wL(k—1) o
worse than: exp | —fr 7 — ) t=L+1,L+2,....M

and the recovery coefficients are chosen from the inverse DFT
matrix W, scaled byL + 1:

(k) —j2r(0—1)(k-1) f
. = or{=1,2,...,L
By choosingr,~ and = small enough and” large enough, @ne exP( L+1 T
we can guarantee th&tNR,,, is such that we can find a goodypis immediately gives thaA,,®, = (L + 1)I. We can now
code with probability of error at mosj and rate at least  apply L emma3 to show that the resulting channel from each

] P transmitter ha$INR,,, no worse than:

§E [log (1+2|hmm|2a_;n):| — €. (26) SINR., > P, ((L+1)|hng|—(L-‘r1)V)2

M LA DR P (L 1)oE

Since the message from transmitteis multicast to several
receivers, the rate is governed by the worst channel:

Py (2| hanm| — 20)?
SINR,, > .
Sty Pt 202,

Recall also that with probability the channel is not-typical.
Since the total probability of error is less thanwe get the
desired result.

Remark 1:It is also possible to optimize the power alloca- SINRg = min SINR, (30)

. . S L S
tion over time. By water-filling over the channel realizais hoosi q ”ne ‘ hand | h
higher rates can certainly be achieved. However, in thisepa;?y choosingy, 7 andr small énough andfargeé enough, we

we only focus on the rates possible through equal powté?nl?uaraptee thfLNRl llas Sbulih ﬂ;at we cz;m f'mtj agoo? cotde
allocation. See [11] for a study of power allocation for fasitf) all receivers with probability of error at mogtand rate a
fading 2-user interference channels. east

nes, L+ 1
Recall also that with probability the channel is not-typical.
Recall that in this setting there aid transmitters with one Since the total probability of error is less thanwe get the
message each and receivers. AlsoS,, denotes the index desired result. m
set of all receivers that want messagewith |S,,| = L. Let  Note that if we simply extended the scheme from Theorem
wi = e727/X denote thel(™ root of unity and 1efW x be the 1, to cancel out the interference from each desired message

E [1og (1 + (L + 1)|hng|2%):| —e (31

n

VI. MULTICAST MESSAGESET

size K discrete Fourier transform (DFT) matrix: one-by-one, we do not achieve the same rates. Specifidally, i
we have
w% w% wg( w% 1
Wé{ wé{ Wf wé((K—l) 1 1 ... 1 1 ... 1
Wy = | Wk Wk Wi Wi . (27) 1 =1 -+ =1 =1 --- =1

e, = : S : S : (32)

W0 wllgfl w?{(Kfl) wﬁ(Kfl)z -1 -1 ... 1 -1 --- -1



then we only achieve a rate of Proof: We will show that it is possible to design the
phases so that both receivers see a DFT matrix with indepen-
Ry = min ! E [1og <1 + 2|hnl|2£§):| . (33) dent columns for the desired messages and the same column
net L+1 On for undesired messages. Choose the phases as follows:

VII. X M ESSAGESET 6% — exp (ﬂﬁj(vﬁr_ll)k) (40)
Each transmittern has an independent messagg,, for
. . ) (k) J2r Mk

each receiver . Unlike the previous two cases, we cannot 0,0 = (M—|— 1 > (41)
hope for the channel to generate an independent coefficient
for every message. Transmitters must artificially sepatatie §’f,i =1 (42)
messages by premultiplying them by phases. This leaves us (k) —ji2n(m — Dk
with fewer variables to work with to align the interference 2m = ©XP (M—-‘rl) (43)
at every receiver. As a result, we are currently only able to,, , )
provide a scheme for the case with = 2 receivers. eta = exp(j2m/(M +1)). We get thamB, is equal to:

For simplicity, we assume each transmitter splits its power L1 .- 1 1 L L
equally between its messages,; and w,,;. The phase It aM=1 oM QM oM

rotations at the transmitter for the" equation are given by
95,’3 andef,f%. This results in the following channel input:

1 oM ... Oé(M.—l)M aM2 az.\ﬂ az.\ﬂ
Xr(f) 9(@Xm1 + H(k)X (34) andB; is equal to:
1 | 1 1 1 e 1
It is also convenient to represent these phases in matnix:for 1 1 -+ 1 oM aM-1 a
1 1 1 . . . .
o o () S : oo
92 9(2) 9(2) 1 1 -+ 1 oM gMWM-1) .. M
_ In 2n (35) ) ) ]
m : : . : : Now, receiversl and2 can treat this as a multicast problem
H(K) G(K) 9(}() _and choose\ ;| to b_e the firstM columns of the size\l + 1
M inverse DFT matrix andA, to be the lastM columns.
We are aIso free to choose the phases provided by el llowing the remaining steps in the proof of Theorem 2 geld
channel¢nm The receivers see equations of all transmlttege desired result. u
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