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Abstract

We explore the degrees of freedom (DoF) of three classes of finite state compound wireless networks in this paper. First, we
study the multiple-input single-output (MISO) finite state compound broadcast channel (BC) with arbitrary number of users and
antennas at the transmitter. In prior work, Weingarten et. al. have found inner and outer bounds on the DoF with 2 users. The
bounds have a different character. While the inner bound collapses to unity as the number of states increases, the outer bound
does not diminish with the increasing number of states beyond a threshold value. It has been conjectured that the outer bound
is loose and the inner bound represents the actual DoF. In the complex setting (all signals, noise, and channel coefficients are
complex variables) we solve a few cases to find that the outer bound — and not the inner bound — of Weingarten et. al. is tight.
For the real setting (all signals, noise and channel coefficients are real variables) we completely characterize the DoF, once again
proving that the outer bound of Weingarten et. al. is tight. We also extend the results to arbitrary number of users. Second, we
characterize the DoF of finite state scalar (single antenna nodes) compound X networks with arbitrary number of users in the real
setting. Third, we characterize the DoF of finite state scalar compound interference networks with arbitrary number of users in
both the real and complex setting. The key finding is that scalar interference networks and (real) X networks do not lose any DoF
due to channel uncertainty at the transmitter in the finite state compound setting. The finite state compound MISO BC does lose
DoF relative to the perfect CSIT scenario. However, what is lost is only the DoF benefit of joint processing at transmit antennas,
without which the MISO BC reduces to an X network.

Index Terms

Capacity, compound broadcast channel, compound X channel, compound interference channel, degrees of freedom, interfer-
ence alignment.

I. INTRODUCTION

The idea of interference alignment for wireless networks has generated much interest due to the remarkably high capacity
potential found in recent works by the application of this concept. Most of these works assume perfect — and sometimes global
— channel knowledge at the transmitters. It is not known whether these results will be robust to channel uncertainty, at least
to the extent that it is fundamentally unavoidable in wireless networks. Since many of the recent theoretical insights related to
interference alignment emerge out of the degrees of freedom (DoF) perspective, a natural question is to explore the robustness
of the DoF results to channel uncertainty at the transmitters.

It is well known that the MIMO point to point channel and the MIMO multiple access channel do not lose any DoF
due to the lack of channel state information at the transmitters (CSIT). Evidently, this is because the combination of joint
processing of all received signals and perfect channel state information at the receiver (CSIR) is able to compensate for the
lack of CSIT. However, for most other MIMO networks the DoF are not believed to be robust to channel uncertainty at the
transmitter. Consider, for example, the MIMO broadcast channel with M antennas at the transmitter and N;, No antennas at
the two receivers. With perfect channel knowledge this channel has a total of min(M, Ny + N3) DoF [1], which is the same
as with perfect cooperation at the receivers. However, in the ergodic time-varying i.i.d. Rayleigh fading case for example,
it is known that with no CSIT, the MIMO broadcast channel loses DoF to the extent that time-division between users is
optimal [2] for all points in the DoF region. For the two user MIMO interference channel with M;, M, antennas at the
two transmitters and Ny, Ny antennas at their corresponding receivers, the DoF with perfect CSIT are characterized in [1] as
min(M; + Ms, N1 + Na, max(M, N3), max(Ma, N1)). With no CSIT the loss of DoF is characterized in [2]. Interestingly,
the loss of DoF is shown to depend on the relative number of antennas at the transmitters and receivers. For example, if the
transmitters have at least as many antennas as their desired receivers, M; > Ni, Ms > N, then DoF are lost to the extent
that simple time-division between the two users achieves all points in the DoF region. On the other hand, if the receivers
have at least as many antennas as their inferfering transmitters, i.e. N1 > My, No > M then there is no loss of DoF due
to the absence of CSIT. As in the multiple access channel, concentration of antennas at the receivers allows the benefits of
joint signal processing under perfect channel knowledge, which is sufficient to offset the limitations of no CSIT for the entire
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DoF region. However, for most networks where the antennas are not disproportionately located on the receivers — such as
networks of single antenna nodes — the DoF penalty due to the total lack of CSIT can be quite severe. For example, under the
i.i.d. fading assumption (independent identically distributed across all dimensions), any distributed network of single antenna
nodes has only 1 DoF in the absence of CSIT. This is because all received signals are statistically equivalent and therefore any
receiver can decode all the messages. Since a receiver with only 1 antenna can decode all messages, the sum DoF cannot be
more than 1. The DoF loss due to lack of CSIT is very significant for larger networks because with full CSIT these networks
have been shown to be capable of much higher DoF. For example, an interference network with K transmitter-receiver pairs
is shown to have % DoF in [3], and an X network with S source nodes and D destination nodes is shown to have g -5[1)3—1
DoF in [4]. Evidently, the transmitters’ ability to exploit the channel structure to selectively align signals — the key to the DoF
of interference and X networks — is lost when CSIT is entirely absent.

While perfect CSIT is an overly optimistic assumption, the complete lack of CSIT is overly pessimistic. The collapse of DoF
in the total absence of CSIT, while sobering, is not a comprehensive argument against the potential benefits of interference
alignment. Hence the need to investigate the behavior of DoF under partial channel knowledge is important. Two kinds of
approaches have been followed in this regard.

The first approach investigates how the quality of CSIT should improve as SNR increases, in order to retain the same DoF
as possible with perfect CSIT. A representative work that takes the first approach is [5] where the two user MISO BC is
investigated under the assumption that the channel vector of one user (say user 1) is known perfectly but the channel vector
of the other user (user 2) can take one out of two values. The angular separation € between the two possible channel vectors
of user 2 is chosen as a measure of the channel uncertainty and it is investigated how 6 should diminish as SNR approaches
infinity in order to retain the full (two) DoF possible with perfect CSIT. It is shown that sin?(f) = O(SNR™") is required to
achieve two DoF in this setting. Other related works that follow this approach include [6]-[8].

The second approach seeks the impact on DoF of a fixed amount of channel uncertainty that is independent of SNR.
References [9], [10] take this approach for the two user MISO BC. While [9] assumes channel uncertainty over a space of
non-zero probability measure under time-varying channel conditions, [10] investigates a finite state compound channel setting
where a specific channel state is drawn (unknown to the transmitter) from a finite set of allowed states and the chosen state
is held fixed throughout the duration of communication. As large as this set may be, its finite cardinality restricts the channel
uncertainty at the transmitter to a space of zero measure. While the two settings are quite different, the conclusions arrived at
in [9] and [10] bear striking similarities. For example, with M = 2 antennas at the transmitter, the best outer bound on the
DoF in both works is equal to %. In both works it is conjectured that this outer bound is loose in general. Lapidoth et. al. [9]
conjecture that the DoF in their setting should collapse to 1. Remarkably, Weingarten et. al. [10] show the achievability of %
DoF when each user’s channel can be in one of two states'. However, as the number of possible channel states for either user
(or both users) increases, Weingarten et. al. [10] also conjecture that the DoF in their setting should collapse to 1. Our main
contribution in this paper is to settle the latter conjecture in the negative.

A. Overview of Results

We first consider two user MISO compound BC with 2 antennas at the transmitter in the complex setting, i.e., all signals,
noise and channel coefficients are complex variables. Two conjectures have been made for this setting in [10]. The first
conjecture implies that if user 1’s channel vector has only one state, while user 2’s channel is drawn from a finite-cardinality
set consisting of no less than 2 non-degenerate states, then the DoF strictly decrease as the cardinality of the set of possible
states for user 2 increases. The second conjecture implies that if both users’ channels are drawn from disjoint finite-cardinality
sets of non-degenerate channel vectors, each with cardinality no less than 2, then again the DoF strictly decrease as the
cardinality increases. As the first result in this paper, we disprove both conjectures by showing that if the number of possible
states increases from 2 to 3, the DoF remain the same. The key to this result is linear (based on beamforming/zero-forcing
over extended channel symbols) interference alignment with asymmetric complex signaling [12]. In addition, we make use of
the interference alignment schemes used for the SIMO interference channel in [15], which turns out to be the dual/reciprocal
network for the compound MISO BC. An interesting outcome of this duality perspective is to clarify the role of alignment of
vector spaces at the transmitter instead of the receivers.

While our interference alignment scheme based on linear beamforming and asymmetric complex signaling is able to show that
the DoF are unchanged as the number of possible states increases from 2 to 3, it does not provide tight DoF characterizations
as the number of states continues to increase. There are two key pieces of the puzzle in solving the compound setting with
arbitrary number of states, and these pieces come from a combination of ideas introduced in [3] and [18].

1) How to simultaneously satisfy an arbitrarily large (but finite) number of alignment constraints — the CJ08
Alignment Scheme
In the compound setting as the number of channel states increases, each new state introduces new alignment constraints.

ITo put this result into perspective with [5], note that this is achieved without the need for diminishing angular separation between the channel vectors
as SNR approaches infinity. Evidently the argument for sin?(6) = O(SNRfl), presented in [5], is contingent on the premise that the same DoF should be
achieved as possible with perfect CSIT.



We must simultaneously satisfy these increasing number of alignment constraints without losing DoF. As it turns out, this
problem is essentially the same as the challenge in achieving 1/2 DoF per user for the interference channel with arbitrary
number of users, that is solved in [3]. The ability to satisfy an arbitrarily large number of alignment constraints without
loss of DoF is a key feature of the asymptotic interference alignment scheme introduced by Cadambe and Jafar in [3]
(in short, the CJO8 alignment scheme). After all, as we keep adding users in the K user interference channel, each new
user introduces more alignment constraints as the signals of all previously existing users should align at the new users’
receiver. Yet, the CJO8 alignment scheme is able to asymptotically satisfy all these alignment constraints without further
loss in DoF. Most importantly, the CJO8 scheme provides a general mechanism for satisfying an arbitrary number of
simultaneous alignment constraints that has been applied in many settings, such as X networks [4], MIMO interference
networks [15], cellular networks [22], and even to network coding applications such as the distributed storage exact repair
bandwidth problem in [23], [24], or the multiple unicasts problem in [25]. It turns out the same CJO8 alignment scheme
works for the compound setting as well. The only caveat is that the scheme seems to rely on time-varying channels,
whereas the present problem is limited to constant channels. This leads us to the second piece of the puzzle.

2) How to achieve interference alignment when the channels are constant — the MGMK Rational Dimensions
Framework
Several recent works in [13], [14], [16], [17] have established that for constant channels the vector space alignment
techniques do not suffice and some form of lattice alignment in signal levels is needed. This research avenue recently
culminated in the work of Motahari et. al. in [18] where a comprehensive framework (in short, the MGMK framework)
was introduced for achieving interference alignment over constant channels. A key insight in this framework, based
on the Khintchine-Groshev theorem from diophantine approximation theory, is that integer lattices scaled by rationally
independent scalars® are almost surely separable. The number of DoF that can be carried in each rational dimension
is inversely proportional to the total number of rational dimensions occupied by the signal. Interference alignment
in the MGMK framework corresponds to minimizing the rational dimensions occupied by interference. There is an
interesting analogy between rational dimensions in the MGMK framework and signaling dimensions represented by
linearly independent vectors in vector space alignment schemes. Most importantly, this analogy allows an application of
the CJOS alignment scheme within the MGMK framework to achieve interference alignment over constant channels.

The CJO8 alignment scheme and the MGMK rational dimensions framework are the two key ideas combined in this paper to
find the DoF of compound wireless networks. It is also worthwhile to point out some interesting limitations of these approaches
that are inherited by the results in this paper.

First, note that while CJO8 alignment scheme can simultaneously satisfy an arbitrarily large number of alignment constraints,
it cannot satisfy an infinite number of alignment constraints. As a consequence, the results in this work are also limited to
finite state compound setting, i.e., the number of possible states for each user may be arbitrarily large, but must be finite. The
DoF remain unknown for the compound setting over an infinite number of states, and in particular, when the states are drawn
from a continuum.

A second limitation comes in the form of the almost surely characterization of the DoF. It is known from [14], [18] that the
setting with all rational coefficients loses DoF in the K user interference channel. Intuitively this can be interpreted as follows.
The CJO8 scheme in its original context relies on infinite channel variations in time to align interference almost perfectly.
The MGMK framework requires infinite channel variations in the decimal representation of the channel coefficients. Rational
numbers, because they have either terminating or recurring decimal representations, do not allow an infinite diversity in their
decimal representation. However, irrational numbers, with infinite non-recurring decimal representations allow infinite diversity,
much like the infinite time diversity exploited by [3]. Another limitation of this approach is that while we know the DoF in the
almost surely sense, we do not have an explicit characterization of the DoF for any given value of channel coefficients. This is
because the Khintchine-Groshev theorem at the heart of the MGMK framework, holds in the almost surely sense and does not
apply to specific values. The lack of an explicit characterization also makes it difficult to appreciate how such a scheme may
be applied in practice. In this regard, the first set of results based on linear beamforming and asymmetric complex signaling
are important because they provide explicit characterizations and are based on simple linear precoding schemes.

We conclude this section by summarizing the results obtained in this paper by combining the CJO8 alignment scheme with
the MGMK rational dimensions framework. In particular, we characterize the DoF of 2 user MISO compound BC with M
antennas at the transmitter and with an arbitrary number of possible channel states associated with each user. In addition, we
show that for the K user MISO compound BC with M antennas at the transmitter, % DoF can be achieved for an
arbitrary (but finite) number of possible states associated with each user, which is proved to be optimal if each user has at
least M possible channel states. The achievability is based on the M x K compound X channel. Since % is the outer
bound for the compound X channel, we establish the optimal DoF of the compound X channel as well. This result indicates
that with enough channel uncertainty, the finite state compound BC — regardless of the number of users or transmit antennas
— loses the DoF benefits of joint signal processing at the transmitter. From the DoF perspective, this makes the finite state

2A collection of real numbers is rationally independent if none of them can be written as a linear combination of the other numbers with only rational
coefficients.
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Fig. 1. 2 User Compound Broadcast Channel with J; = Jo = 2

compound MISO BC equivalent to a finite state compound X channel. Moreover, the finite state compound X channel does
not lose any DoF compared to the perfect CSIT scenario (non-compound setting). Thus, the DoF of the compound MISO BC
end up being equal to the DoF of the X channel obtained by separating the transmit antennas. Similar to X networks, we find
that K user interference networks also do not lose DoF in the finite state compound channel setting.

Finally, a subtle but important issue here is the application of the results to real versus complex settings. While, like most
linear beamforming schemes, the CJO8 Alignment scheme in its original form works for both real and complex settings, within
the MGMK rational dimensions framework it could so far only be applied when all variables are restricted to take real values.
This is an important limitation which limits our results in Section III to only real settings. Therefore it is remarkable that a
recent result in [26] has shown that the rational dimension framework can be applied to complex settings as well. This important
breakthrough allows [26] to extend the results of this work to the complex setting as well. In addition [26] also addresses
other settings not addressed here. Specifically, for the K user MISO compound BC with M antennas at the transmitter, it is
shown that when M = K, if one user has at least M possible channel states and all other users have only one channel state,
the optimal DoF are M — 1 + ﬁ [26].

We present the system model in the next section. The main results are presented as theorems in Section II, III, IV and V
along with the main ideas needed for the proofs. The detailed proofs are presented in the appendix and the conclusions are
summarized in Section VI.

II. CoMPOUND MISO BROADCAST CHANNEL - COMPLEX SETTING

A compound MISO broadcast channel consists of a transmitter with A/ > 1 antennas and K single antenna receivers. The
channel vector h!*! associated with user k is drawn from a set 7, with finite cardinality Jj,. To avoid degenerate cases, we
assume the channel states are generic, e.g., the coefficients are drawn from a continuous distribution. Once the channel is
drawn, it remains unchanged during the entire transmission. While the transmitter is unaware of the specific channel state
realization, the receivers are assumed to have perfect channel knowledge. The transmitter sends independent messages W[
with rates R[*! to receiver k € {1,2,..., K}, respectively. A rate tuple (R[l],R[Q], . ,R[K]) is achievable if each receiver is
able to decode its message with arbitrary small error probability regardless of state (realization) of the channel. The received
signal of user k corresponding to channel state index j; is given by

k k )
y][-k] (n) = hg.k]x(n) + zj[-k] (n) ke{l,...,K} jre{l,...,Jx} (1)
hyz] = [hyz]l, ey hyi]M is a 1x M channel vector between the transmitter and receiver k under state j; where ji € {1,...,Ji}.
x = [z1(n),...,x M(n)]T is an M x 1 transmitted complex vector at time n and satisfies the average power constraint

E [HXHQ] < P. z][]z] represents independent identically distributed (i.i.d.) zero mean unit variance circularly symmetric complex
Gaussian noise. The total number of degrees of freedom d is defined as
RY ... 4+ RIK]

= Flgnoo log P @

A two user compound broadcast channel with M = 2,.J; = Js = J = 2 is shown in Figure 1.

Remark: The compound broadcast channel is equivalent to a broadcast channel with common messages. This can be seen by
considering different states as different users. Now instead of a K user compound broadcast channel, we have a J; +-- -+ Jg
user broadcast channel with K common messages, one for each group k,Vk € {1,..., K}, with Ji users.

A. Degrees of Freedom of the Complex Compound MISO BC

The degrees of freedom of the complex compound MISO BC are studied by Weingarten, Shamai and Kramer in [10]. The
exact DoF are found for some cases and conjectures are made for more general scenarios. The achievability of the conjectured
DoF is established in [10]. We start with the first conjecture, re-stated here in the terminology of our system model.



Case l1: J1 =1, Jo=J>M

Conjecture 1: (Weingarten et. al. [10]) Consider a complex compound BC with K = 2 users, M antennas at the transmitter,
and J; =1, Jo = J > M possible generic states for users 1,2 respectively. Then the total number of DoF is 1 + % almost
surely.

Consider the MISO BC with 2 antennas at the transmitter. The case of perfect CSIT corresponds to J; = Jy = 1. In this
case it is easy to see that 2 DoF can be achieved by zero forcing at the transmitter. Specifically, the transmitter beamforms
to user 1 in a direction orthogonal to the channel vector of user 2, and beamforms to user 2 in a direction orthogonal to the
channel vector of user 1. Since neither user sees interference, they are able to achieve 1 DoF each.

Now, let us introduce some channel uncertainty with J; = 1, J, = J = 2, i.e., user 1’s channel is perfectly known to the
transmitter but user 2’s channel can take one out of two known values. In this case it is clear that the transmitter can still
choose a beamforming direction to user 2 that is orthogonal to the known channel vector of user 1. However, it is not possible
to pick a beamforming vector for user 1 that is orthogonal to both the possible channel vectors of user 2. This is because
the transmitter has only 2 antennas and the two possible channel vectors of user 2 span the entire two dimensional transmit
space available to the transmitter. It is shown by Weingarten et. al. [10] that the best thing to do in this setting, from a DoF
perspective, is to choose the beamforming vector for user 1 to be orthogonal to the first possible channel vector of user 2 for
half the time and then choose it to be orthogonal to the second possible channel vector of user 2 for the remaining half of the
time. In this manner, regardless of his state, user 2 is able to see an interference free channel for half the time, thus achieving
0.5 DoF. At the same time, user 1 sees no interference from user 2’s signal and is able to achieve 1 DoF. Thus a total of %
DoF is achieved. Following the same idea, one can achieve 1 + # DoF for general values of M, J. Interestingly, when .J

is equal to M, [10] shows that this is optimal. Thus the compound BC loses DoF relative to the perfect CSIT setting. For
M—

J > M it is conjectured that 1 + Tl is still optimal. Note that if this conjecture were to be true, this would mean that the
DoF of the MISO BC collapse to 1 as the number of channel states of either user increases.

To disprove this conjecture, we provide a specific counter example in the following theorem.

Theorem 1: For the complex compound MISO BC with K = 2 users, M = 2 antennas at the transmitter and J; = 1,
Jo = J = 3 generic channel states for users 1,2 respectively, the exact number of total DoF = %, almost surely.

Since 1 + % = % < % in this case, Conjecture 1 is disproved by Theorem 1. Interestingly, Theorem 1 indicates that the
total number of DoF does not decrease even as the number of possible channel states for user 2 increases from 2 to 3. The
reason we are able to achieve more than the conjectured DoF in this case, can be attributed to interference alignment schemes
inspired by recently developed insights on asymmetric complex signaling [12], and a reciprocity/duality relationship with the
interference alignment problem for SIMO interference channels [15] that offers a clear perspective of interference alignment
at the transmitter.

Remark: Theorem 1 is interesting for two reasons — because it disproves Conjecture 1, but also because this is accomplished
through only linear beamforming schemes which are highly desirable for their simplicity. Unfortunately this simplicity comes
at a cost as linear schemes do not extend to the setting where the number of possible states continues to increase. As mentioned
in the introduction, as the number of alignment constraints increases, the need for asymptotic interference alignment becomes
evident [3]. This can be accomplished either over time-varying/frequency-selective channels as originally proposed in [3] or in
a similar fashion over constant channels using the rational dimensions framework introduced in [18], as we show in Section
III. Further, while the rational dimensions framework [18] was originally limited to the setting with only real variables (as
assumed in Section III in this paper), the work in this paper is followed very recently by a fundamental breakthrough in [26]
which makes it possible to extend the results of Section III to the complex setting as well. In addition, this makes it possible
to generalize the results in Theorem 1 to the setting where K = M and one user has at least M possible channel states while
all other users have only one channel state [26]. In this case, the optimal DoF are M — 1 + ﬁ

Asymmetric complex signaling involves reducing the complex setting to a real setting by treating a complex number as
a two dimensional vector with real elements. In this setting, the scenario of Theorem 1 can be seen as a transmitter with 4
antennas, while each receiver has two antennas. Very importantly, this mapping to the real setting introduces some structure in
the channel as complex channel coefficients are translated to quaternionic matrix forms. Because of this structure the proof of
Theorem 1 involves some subtleties that may distract from the main concept behind the interference alignment. For simplicity
of exposition, we defer the fine details of the proof to Appendix A and highlight the main concepts in this section. Specifically,
in the following explanation we ignore the special structure of the channel matrices and treat them as generic MIMO channels
between a 4-antenna transmitter and 2-antenna receivers.

As mentioned before, the 2 user compound MIMO BC is equivalent to a MIMO BC with two common messages, one for
each of the two groups. Group k£ = 1,2, consists of J; users corresponding to Jj states of user £ in the compound BC, and
the users in the same group need to decode the same message (see Figure 2). Since there is only one receiver in group 1, we
omit the index j; and replace jo with j for simplicity. In addition, we use H[l],HE-Q] to denote the channel matrix from the
transmitter to user 1 (group 1) and receiver j in group 2, respectively.

Consider first, an alternate achievable scheme for the case of J; = 1,Jo = 2. We let the two receivers in group 2 use

arbitrarily picked combining column vectors v[f] and v[22], respectively, along which they require interference free reception
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Fig. 2. 2 user compound MIMO BC with J; =1,J2 =2and J; =1,J2 =3

in order to achieve 1 DoF for their desired message. In order to protect these group 2 receivers, the transmitter sends user 1’s
message along the directions orthogonal to v[1 I H[2] and v [ T 22]. Since the transmitter has 4 antennas — i.e., a 4 dimensional
transmit signal space — it is able to find a two dlmenswnal subspace that is orthogonal to the protected dimensions of user
2. This allows 2 real streams to be sent to receiver 1 that do not interfere with the chosen directions of any of the receivers
in group 2. On the other hand user 2’s message will be sent along the null space of H!. Since this is a rank 2 matrix, it
also has a two dimensional null space along which user 2’s message can be transmitted. However, because each of group 2
receivers have chosen only one receive dimension, only one interference free stream is sent. Thus, a total of 3 interference
free streams are delivered (2 streams to user 1 and 1 stream to every receiver of group 2). Since these are real signals, the
total DoF achieved is %

Now consider the case J, = 3. Suppose the third user in group 2 chooses a combining vector vz[f] for its interference-free
desired signal dimension. Now in order to protect the chosen d1mens1ons of rouF 2 receivers, the signals for user 1 should be
transmitted orthogonal to the three 1 x 4 vectors [12]TH[12} , [Q]TH[2] [2 THY . Without alignment these three vectors will
span a three dimensional space that needs to be protected from user 1’s 51gnal, leavmg only 1 dimension at the transmitter to
send user 1’s message. However, we wish to allow user 1 to still access 2 interference-free dimensions. To achieve this goal, we
need to make these three vectors span only a two dimensional vector subspace as seen by the transmitter, i.e., the three vectors
should be linearly dependent. Equivalently, three column vectors H[12]Tv£2] , H[;]Tvg], H[32]Tvz[))2] should be linearly dependent.
Since H[Q]T H[2 T and H[ IT" are three 4 x 2 generic matrices, the column spaces of any two of the three matrices only have
null intersection, almost surely. In other words, any two of H[Q]T m,H[QQ]Tv[;] and H?]TVE] cannot be aligned along the
same direction. Therefore, we align the vector H:[s] v:[f] in the space spanned by H[12]Tv[12] and H[Q]T [2] . Mathematically,
we have

BTV € span ([HETVE HZTVE) @)

The above alignment is the key to achieving more than the conjectured DoF in this case. Whereas most interference-alignment
schemes [3], [4], [11], [12] align interfering dimensions in a one-to-one fashion, this is impossible in this case as pointed
above. What is needed instead, is an alignment of an interfering dimension within the space spanned by several others, which
is initially suggested in [10]. As it turns out, this problem bears a striking resemblance to the interference alignment scheme
used in [15] for the MIMO interference channel where the interference vectors from one interferer are aligned in the space
spanned by the interference vectors of other interferers.

To illustrate the concept with an example, let us consider a 4 user many-to-one interference network with 2 antennas at each
transmitter and 4 antennas at each receiver (see Figure 3). We claim user 1 can achieve 2 DoF and other users achieve 1 DoF
simultaneously. Let HU?l denote the 4 x 2 channel from transmitter i to receiver j, VI! denote the 2 x 2 beamforming matrix
for transmitter 1 and vl? denote the 2 x 1 beamforming vectors of transmitter i = 2,3, 4. Choose v[* randomly and let

[ VE } _ [0 H[w]}’lHuzx]Vw — HO € span ([E02vE HO9VE)) @
v

Since receivers 2 to 4 are interference free they can decode their own message successfully. Now consider receiver 1. The
spaces spanned by the column vectors of H'? and HI'3! only have null intersection. Thus the interference from user 2 and
3 together occupies 2 dimensions — i.e., it does not align. For the same reason, the interference from user 4 can also not be
aligned within the one dimensional interference from user 2 or from user 3, individually. However, the interference from user
4 is aligned in the 2 dimensional subspace space spanned by interference from user 2 and 3 together. Thus, receiver 1 sees
4 — 2 = 2 interference free dimensions for its intended signal vectors. Comparing Figure 4 with Figure 3, the only difference
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Fig. 3. 4 user many-to-one interference network with 2 antennas at transmitter, 4 antennas at receiver
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Fig. 4. 2 user compound broadcast channel with 4 antennas at transmitter, 2 antennas at receiver, and J; = 1,J2 = J =3

is that the signal spaces are aligned at the transmitter for compound broadcast channel while they are aligned at the receiver
for many-to-one interference channel. In other words, from the viewpoint of signal vector alignment, this two user compound
broadcast channel is a reciprocal version of the many-to-one interference network.

Using the insights from the above reciprocity, the solution of the alignment problem in (3) is immediately obvious. It is
accomplished by setting

VL e ) T )
2] —[H1 H; } H;™ v (5

The remaining details of the proof — including the impact of channel structure in this case — are presented in Appendix A.
Finally, note that the converse is trivial here because % DoF are already shown to be optimal for Jo = 2 and DoF cannot
increase with increasing channel uncertainty.

Case2: T =Jo=J>M

The second case captures the setting where the channel states of both users are unknown to the transmitter.

Conjecture 2: (Weingarten et. al. [10]) Consider a complex compound BC with K = 2 users, M antennas at the transmitter,
and J; = Jo = J > M possible generic states for users 1,2 respectively. Then the total number of DoF is 21—27}\]4“’ almost
surely.

For the case that J = M, this conjecture is shown to be tight in [10]. Note that the collapse of DoF to unity as J increases,
also evident here, is already implied by Conjecture 1.
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An important observation here is that the achievability of the 2J72711]1+1 DoF for J > M already requires interference

alignment and is quite non-trivial. In fact this is the first application of the concept of interference alignment outside the 2
user X channel. We explain the need for interference alignment as follows.

Consider a complex compound MISO broadcast channel with K = 2 users, 2 antennas at transmitter, 1 antenna at each
receiver, and J; = Jo = J = 3 fading states. It is shown in Theorem 7 of [10] that a total of m = g DoF can be
achieved in this case. This is done by coding over 5 consecutive time slots to achieve 3 DoF for each user. With 5 time slots,
the original 1 x 2 MISO channel h[7 I'is converted to a 5 x 10 MIMO channel H[ ! but the channel has a block diagonal

structure, i.e. H[ 1= =I5xs ® h! ‘], where ® indicates the Kronecker product operatlon For fading state j;, € {1,2,3} of user

ke {1,2}, a 5 x 3 linear combining matrix ng] is used whose column vectors are respectively chosen from 3 columns

of a 5 x 5 identity matrix for user 1 and DFT matrix for user 2 such that as seen by the transmitter the space spanned by
column vectors of H[lk]TV[lk] H[Qk]TV[Qk] Hgk]Tvgk] has 7 dimensions (see Figure 5). In other words, from the transmitter’s
point of view, the total number of dimensions to be protected for user k£ is equal to 7. Since the transmitter has access to
10 dimensions, it can send 3 data streams to each user along directions orthogonal to the dimensions occupied by the other
user. Thus, each user can get 3 interference free data streams and a total of g DoF is achieved per channel use. Note that

if Vyz], Jr € {1,2,3} k € {1,2} are generated randomly, the column space spanned by [:—I[lk]TV[lk} H[Qk]TV[Qk] HL’”TVQ’“]}
would have 9 dimensions. Therefore, interference alignment is the key to the achievable scheme of [10].

It turns out, this is not the most efficient interference alignment scheme. The following theorem disproves Conjecture 2
through another counter example.

Theorem 2: For the complex compound MISO BC with K = 2 users, M = 2 antennas at the transmitter and J; = Jy =
J = 3 generic channel states for each user, the exact number of total DoF = %, almost surely.

Since % = g < %, Conjecture 2 is disproved by Theorem 2. Once again, Theorem 2 indicates that the total number
of DoF does not decrease as the number of possible channel states J for each user increases from 2 to 3.

The proof of Theorem 2 is based on asymmetric complex signaling over multiple channel uses and is deferred to Appendix
B. Except for the detailed nuances required to deal with the channel structure imposed by channel extensions, the essence of
the proof follows from the same interference alignment ideas outlined in the previous section for Theorem 1.

Theorem 1 and 2 present only specific counter examples to disprove Conjectures 1 and 2. In both cases the DoF are shown
to remain unchanged as the number of possible states for one or both users is increased by one. From these results it is still
not clear what happens as the number of states continues to increase. As mentioned in the introduction, the problem with
extending the results above lies with the limitations of the linear interference alignment approach when channel values are
held constant. Next, we will find complete DoF characterizations using lattice alignment schemes in the real setting, i.e., all

channel coefficients, signals and noise terms are real variables.

III. CoMPOUND MISO BROADCAST CHANNEL - REAL SETTING

We consider the real compound broadcast channel for which the channel input-output relationship is similar to the complex
case but with the channel, input signal and noise terms restricted to real values. In the real setting, the total number of degrees



of freedom, d, is defined as

M ... RIK]
d— lim ot H ©)
P—o0 %log P

Note that in the previous section, we solved the interference alignment problem for the complex compound BC only by viewing
the complex variables as two dimensional real vectors. Therefore it may not be clear why the real setting should be considered
separately. The answer lies in the structure of the channel. Translating the complex setting into the real setting, as mentioned
before, imposes a special structure on the channel because complex scalar coefficients get replaced with quaternionic matrices.
However, in this section we will assume generic real channel coefficients, i.e., the channel coefficients are drawn from a
continuous distribution.

A. Interference Alignment in Rational Dimensions

It is well known that a multi-dimensional signal space provides multiple independent signalling dimensions. By commu-
nicating along linearly independent (beamforming) vectors, different data streams can be separated. Moreover, in a multiuser
communication network where interference exists, linear independence between desired signal and interference can be used
to separate them as well. The number of DoF is essentially equal to the number of interference free dimensions. Thus, to
maximize the achievable DoF, we should minimize the dimension occupied by interference. This is the idea of linear interference
alignment, which is exploited to align interference in signal space provided by spatial/time/frequency dimensions [3], [4].

For a network with real constant channel coefficients and single antenna nodes, the notion of signal level as a dimension
is very useful. Alignment in this dimension is achieved through multi-level lattice codes, e.g. [14], [16]-[18]. Recent work
by Etkin and Ordentlich in [14] and by Motahari et. al. [13], [18] shows that interference alignment can be exploited in
signal scale dimension based on the notion of rational independence. In this case, different data streams are multiplexed using
rationally independent coefficients. In fact, rationally independent coefficients in scalar channels play the same role as linearly
independent vectors in vector channels. They serve as distinct directions along which several data streams can be carried
simultaneously and can be exploited to separate interference and desired signals as well. In addition, similar to the case in
signal space, we can determine the number of DoF by simply counting the number of interference free rational dimensions.
Instead of providing 1 DoF per dimension in the signal space, in an m dimensional rational space each dimension can carry
% degrees of freedom if certain conditions are satisfied. Intuitively, this is because for a 1 dimensional signal space, only 1
DoF is available, and hence each rational dimension can carry % DoF.

Next, we summarize the conditions in [18] under which each data stream can achieve % DoF in interference networks to
multiuser wireless networks where m denotes the maximum number of rational dimensions received among all receivers. As
in [18], we denote a set of monomials in the form of A h3? - - hi~ as G(h), where a4, ..., «, are nonnegative integers and
hi,...,h, are real numbers drawn from a continuous distribution. Note that all members in G(h) are rationally independent
almost surely.

Consider a multiuser wireless network with real channel coefficients where there are S transmitters and D receivers. Each

transmitter may have a message for each receiver. For any ¢ > 0, transmitter ,Vi € {1,2,...,S}, generates D, independent

1—e 1—e . .
data streams by uniformly picking up integers from interval (— P2+ P2(m+9 ). Essentially, each data stream carries %

DoF. Then these data streams are multiplexed by rationally independent numbers Vig, Vi1, ..., Vi(p,—1) which serve as distinct

directions. In order to satisfy the power constraint, the signal is transmitted with a scaling factor A = AP 2tm+9 where X is
a constant. Now, suppose at receiver j, there are L; desired data streams received along directions Vj’o, Vj’17 RN Vj’( L,—1) and
interference data streams are received in a L;- dimensional space over rational numbers with a basis Ujo, Uj1, ..., Uy Ly-1)-

In other words, there are L;- effective interference data streams along directions Uy, Uj1, - - -, Uy L1y Each data stream can

almost surely achieve a rate ﬁ log P + o(log P) and hence % degrees of freedom where m is the maximum number of
rational dimensions received among all receivers, i.e., m = max; L; + L;-, if following conditions are satisfied:

1) Vio, Via, ..., Vi(p,—1) are distinct members of G(h).

2) j’o, j’l, .. "le(Lj—l)’ Ujo,Uj1, .. .,Uj(L;_,l) are all distinct.
3) One of V;O’ jll, ey V;‘/(Lj—l)’ Ujo, Ujl, ey Uj(L;.—l) is 1.
Note that the first condition ensures that Vjo, Vi1, ..., Vi(p,_1) are rationally independent and the second condition ensures that

the desired signals and interference are rationally independent so that they can be separated. Along with the first and second
condition, the third condition can be used to show that the distance between any two points in the receive constellation grows
with P [18]. Thus, at high SNR, the message can be decoded with arbitrary small error probability. In addition, as in [18],
if none of Vi, Vjj,..., Vj’(Lrl), Ujo,Uj1, .- -, Uj(L;,l) is 1, then #ﬂ degrees of freedom can be achieved for each data
stream.

We can see that to maximize the achievable DoF, the key is to minimize the dimensions of the space spanned by interference.
Note that here the space denotes the set of all real numbers that can be represented as linear combinations of rationally

independent numbers (bases) with rational coefficients. 1deally, we wish to align interference from different users perfectly
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with each other. For example, if the interference received at one receiver from the ith user is along members of h;V;, Vi €
{1,..., N}, we wish to align them as span(h,Vy) = span(haV3) = --- = span(hx'V ) where span(A) denotes the space
spanned by columns of A. However, it turns out that such alignment is infeasible in general. In fact, similar problem appears
in vector space alignment for interference networks and wireless X networks as well [3], [4]. Fortunately, as shown in [3],
[4] alignment is feasible if we allow a negligible fraction of interference terms not aligned perfectly. Due to the similarity
of spatial dimensions and rational dimensions, the vector space alignment schemes can be directly translated into alignment
schemes in rational dimensions. We present the idea in the following lemma.

Lemma 1: Suppose T4,T5, - -- ,Tx are real numbers drawn from a continuous distribution. For any n € N, we can construct
a 1xn® vector V whose entries are rationally independent and a 1 x (n+1)" vector U whose entries are rationally independent
as well, such that the following relations are satisfied almost surely.

span(71V) C span(U)
span(7>V) C span(U)

span(TnV) C  span(U)

Proof: Let us construct two sets V and U with cardinality n™ and (n + 1), respectively, as follows:

y = H T2 (o, ... an) € {1,2...,n}Y (7)
i=1,..,N
U = H T2 (o, ..an) € {1,2...,n+ 1} (8)
i=1,...,N
Since T1,T5,--- ,Tx are drawn from a continuous distribution, the elements of V are distinct monomials almost surely.

Therefore, they are rationally independent. Similarly, elements of {/ are rationally independent almost surely. Let sets of
columns of V and U be equal to sets of V and U, respectively. It can be easily seen that such construction satisfies all
conditions stated above. [ ]

Note that the span of a vector here represents the set of all real numbers that can be represented as linear combinations of
the elements of the vector with rational coefficients.

It is important to note that the construction of V and U requires the commutative property of multiplication of numbers 7;.
For vector space alignment schemes in interference networks and wireless X networks [3], [4], T; are diagonal matrices which
satisfy the commutative property of multiplication as well. Notice that as n — oo, }Z—l ~ 1. This implies that these two sets
are asymptotically perfectly aligned.

B. Degrees of Freedom of Compound Broadcast Channel

In this section, we first consider the 2 user compound broadcast channel with J; and J» states at each user, respectively.
First, according to the relationship between J; and M, we partition the J; and Js plane into four distinct regions as illustrated
in Figure 6. It can be seen that in the first region R where J; < M and J, < M, each user can achieve 1 degrees of freedom
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[10]. This can be done by transmitting a data stream along a beamforming vector orthogonal to channels of the other user.
Thus, in this region, each user achieves the same degrees of freedom as non-compound broadcast channel. In other words, no
degrees of freedom is lost due to multiple states at each user.

Next we consider regions Ry and R3 in which the number of states for at least one user is no less than A/ while the
other user has less than M states. We establish the total number of degrees of freedom for these two regions in the following
theorem.

Theorem 3: For the real compound broadcast channel with M antennas at the transmitter, 2 single antenna users with
J1 <M and Jo > M or J, < M and J; > M, the exact number of total degrees of freedom is 1 + % almost surely.

Proof: The outer bound follows from [10]. Due to symmetry, let us consider the case when J; < M and Jy > M. We
will show user 1 can achieve 1 DoF while user 2 achieves % DoF. First, note that when Jo = M, this can be achieved
using zero-forcing at the transmitter with symbol extensions [10]. Now consider J, > M. For simplicity, let us consider the
case when M = 2, J; =1 and Jo = 3. The proof for the general case can be generalized in a straightforward manner and
will be presented in Appendix D. We need to show that user 1 and 2 can achieve 1 and % degrees of freedom, respectively.
Note that the linear alignment solution presented previously for the complex channel does not apply here, with generic real
channel coefficients.

As mentioned before, we can determine the number of DoF by counting the number of interference free rational dimensions.
In particular, in a total of m dimensions at the receiver, each interference free dimension provides % DoF. Now user 1 achieves
1 DoF and user 2 achieves % DoF. This implies that a total of 2 rational dimensions is available at each user. In addition, user
1I’s desired signal should occupy 2 interference free dimensions and user 2’s desired signal should occupy 1 interference free
dimension. To achieve this, the transmitter sends 1 data stream carrying % DoF to user 2 in a direction orthogonal to the one
channel of user 1. It sends 2 rationally independent streams to user 1, one from each of the transmit antennas (no cooperation
is needed between antennas), with each stream carrying % DoF. These streams are rationally aligned at each of the 3 receivers
(states) of group 2 (user 2). Thus, user 1 only sees his desired 2 streams, each with % DoF for a total of 1 DoF. Each of user
2’s receivers sees 1 rationally aligned stream from user 1’s signal and 1 rationally independent stream for his own signal, for a
total of % DoF. Note that while such scheme requires perfect alignment which is not feasible in general, it provides an intuitive
understanding of how to align interference and the achievable scheme we present in the following. The only difference is that

we use asymptotic alignment mentioned in Lemma 1.

Message WU intended for user 1 is split into 2 sub-messages denoted as Wlm and WQM. 1[1] is encoded into n® data
streams denoted as Xﬁj, ke{l,...,n%}. WQM is encoded into n% data streams denoted as X;j, ke {1,...,n%}. Message
for user 2 denoted as W2l is encoded into n® independent data streams denoted as X ,[f], ke {1,...,n%}. For any € > 0, let

C= {x cx €ZN [—P%i:#f) : P2<"1z;16>}} where m,, =1+ (n + 1)% 4+ n®. In other words, C denotes a set of all integers

in the interval {—Pﬁ,PﬁJ Each symbol in the data stream is obtained by uniformly i.i.d. sampling from C.
Essentially, each data stream carries —— degrees of freedom.

A data stream mgl] ,Vie {1,2}is obt;ined by multiplexing data streams X}E,Vk € {1,...,n%} using a 1 x n% vector V, i,
:cgl] = VXEH, where V = [V7,...,V,6] and XEH = [Xi[}], ey XZ.[:L]B}T. Note that all elements of V are functions of channel
coefficients which will be designed to align interference. A data stream z[2! is obtained by multiplexing X ,Lz], ke{l,---,n%

T
using a 1 x n® vector G, i.e, z?) = GX[?!, where X[ = {X}Q],...,X[ﬂ .Let G = [Go G3 - Ggﬁ} where G is

nb

a randomly generated real number which is independent with all channel coefficients. After scaling with a factor A, z[? is
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%

transmitted with a beamforming vector V[2 and z
transmitted signal is

is transmitted from the ith antenna as illustrated in Figure 7. Thus, the

x=A (v[%m + X[”) )

where X[ = [x[ll] x[Ql]]T and V2 with unit norm is orthogonal to the channel of user 1. Thus, no interference is created at
user 1. A is a scalar which is chosen such that the power constraint is satisfied, i.e.,

BIIP) = £ [4(VEa 1 x0)" 4 (VB 4 x0)]
2

- (el o] 2 6]

< A% (|G| + 2||V|?) Pmete
N——
k2
< P (10)
]. mp+2e—1
— A = XP2<Jf+e> (11)

Let us first consider user 2. The received signal at receiver 2 under state jo is given by

y = A(nl (VB X))

J2

A(BPIVIE 2 g pPixy 4 P
N——

B2
J2
2]/ 2 1 2 1 2 .
= A (n ex® o nl v vy 2B v € 1,2,3) (12)
where hi] = [hi]l hz]Q]. In order for desired signal X2 to get n% interference free dimensions in a total of 1+ (n+ 1) +n®

dimensional space, we align all interference into a (n + 1) dimensional subspace which is spanned by the members of a
1 x (n+1)% vector U:

span(hi]iV) c span(U), j»€{1,2,3} i€ {1,2} (13)

From Lemma 1, we construct V and U yvith rationally independent members to satisfy above equations. Since G is generated
independently with U, members of hi] G and U are all distinct and none of them is equal to 1. Thus, user 2 can achieve
m degrees of freedom regardless of the realization of the channel almost surely. As n — oo, + degrees of freedom
can be achieved.

Now consider user 1. Since there is no interference at user 1, all data streams are received interference free and along
elements h[ll]V and h[Ql]V where hEl] is the channel coefficient from the ith antenna to user 1. It can be easily seen that

members of h[ll]V and h[QI]V are all distinct since V is independent of hEl]. In addition, none of them is 1. Notice that

there are a total of 2n® data streams. Since each stream carries m degrees of freedom, user 1 achieves a total of
6 .
14—(&% DoF almost surely. As n — oo, 1 DoF can be achieved. ]

As in the complex setting, this is a surprising result. Intuitively, the DoF will decrease as the number of states associated
with the user increases. However, Theorem 3 shows that if one user’s states are less than M and regardless of the number of
states associated with the other user, 1 + % DoF can be achieved. Thus, in regions Ro and Rg, there is only a fraction of
ﬁ DoF lost due to multiple states at users.

Next we establish the degrees of freedom for /R4 by solving a general case, i.e., a K > 2 users compound broadcast channel
where each user has no less than M states. The result is presented in the following theorem.

Theorem 4: For the real compound broadcast channel with M antennas at the transmitter, X single antenna users with
Ji > M,i€{l,...,K} states at user i, the total number of degrees of freedom is Mﬂ‘g{il almost surely.

Proof: The achievable scheme is based on M x K compound X channel discussed later in Theorem 5. Since the compound
X channel is a restricted form of the MISO BC (the transmit antennas are separated in the X channel), achievable degrees of
freedom for the X channel are also achievable for the BC.

For the outer bound, we consider the case where J; = 1 and J; = M,i € {2,--- , K}, since adding more states for each
user results in more constraints and hence cannot increase the rates. The bound is obtained for a degraded broadcast channel

by providing receiver 1 to K — 1 with all received signals for all realizations. Let yl!) = {ygl] e yg\l/][} denote the received
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signals for all realizations of user 4. For an auxiliary random variable U, U — x — (y!, y, ... ylK]) — ( . ,yEfﬂ),
forms a Markov chain. From Theorem 3.1 in [21], we have
RM 4 REI 4. RIFZU < [(xyyl y B B (14)
RF < 1) vie{1,... M} (15)
First consider (14).
I(x;yt, vyl y ) (16)
= Iy HNU) + I(x; Y,y yE= g,y KD
< 16y MU) + oflog P)
M
= Y Iy ™, L U) + olog P)
j=1
M
K] [K K K] [K K
= > (L Uy = T U %)) + o(log P)
j=1
® ) IK] K]
< (h(y; '|U) = h(y; U, x)) + o(log P)
j=1
M
= > 1xyMU) + o(log P) (17)
j=1
where (a) is due to the fact that from y!®], (x, 51 y? ... y[E=1) can be reconstructed with a negligible uncertainty at
high SNR. (b) is due to the fact that conditioning reduces the entropy and given x, then ng], cee ng] are independent. Adding
up all inequalities in (15), we have
M
MRI <N 1(Us 555 (18)
j=1
Now adding (17) and (18), we have
M
RW ... 4 RIK-U 4 pMRIET < (I(U; ) 1y |U)) + o(log P)
j=1
M
= 3 (16 + 1)) + oftog P)
j=1
M
= Z I(x; yj[vK]) + o(log P)
j=1
M
< > log P + o(log P) (19)
By symmetry, Vm € {1,..., K — 1}, we have
M
RY 4 ...y g1 4 prgpl 4 glmtl) ooy RIKD < ) log P + o(log P) (20)
Adding up all such bounds, we have
K
(M+K-1) (R[1]+'~~+R[K]) < log P + o(log P)
MK
S RU ... 4R < = _logP+o(logP 21
+t+ S ST R-1) og P + o(log P) (21)
Therefore,
R 4+ ... 4 RIK] MK
Al o4 gl&l = g < 22
et e slog P T M+ K-1 @2)
|

Thus we have shown that the DoF of the (real) finite state compound MISO BC do not collapse to 1 as the channel
uncertainty (number of possible states) increases. What is lost is only the DoF benefits of joint processing at the transmit
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antennas, without which the MISO BC reduces to an X network. Note that for large M this loss also disappears. In other
words, for large M, the MISO BC with K users and arbitrary number of states at each user, can achieve Mfll{il ~ K DoF
which is the maximum DoF possible with perfect CSIT.

IV. CoMPOUND X CHANNEL

The M x K wireless compound X channel consists of M transmitters and K receivers. Transmitter ,Vi € {1,..., M}
sends an independent message W (¥ with rate RI* to receiver k,Vk € {1,..., K}. Thus, there are a total of M K messages in
the network. Let us denote the channel coefficients associated with receiver k, Vk € {1,..., K} as a vector (h[’“], N AL ])

which is drawn from a finite set J; with cardinality Jj. In addition, we assume the channel coefficients are drawn from a
continuous distribution. Once the channel is drawn, it remains fixed during the entire transmission. While the transmitters are
unaware of the specific channel state realization, the receivers are assumed to have perfect channel knowledge. We say the
rate tuple (R[“]7 ..., RIEM ]) is achievable if all messages can be decoded with arbitrarily small error probability regardless
of the channel realizations. In this paper, we mainly consider the real compound X channel. The received signal at receiver
k under state jj is given by

M
g = STRFIL G e 1 ) ke {1, K (23)

Ik
i=1

where hg’f:] and 2! represent the real channel coefficient and transmitted signal, respectively. Transmitter i satisfies the power

constraint £ [(I[i])Q] < P. z][ﬁ] is the additive white Gaussian noise (AWGN) with zero mean and unit variance. The total
number of degrees of freedom, d, is defined as
RO ... 4 RIKM]
d= lim = F (24)
P—oo 5 log P

A two user compound X channel with 2 states at each user is shown in Figure 8.

A. Degrees of Freedom of Compound X Network

We establish the total number of DoF for real compound X network in the following theorem.
Theorem 5: For the real compound M x K X network with Jj states associated at the kth receiver, the total number of
degrees of freedom is % almost surely.

Proof: For the non-compound X network, [4] shows that the total degrees of freedom cannot be more than %
Since compound X network has more decoding constraints, the outer bound for non-compound X network is also an outer
bound for the compound X network. Next, we provide an outline of achievable scheme for 2 x 2 user X network with 2 states
at each user. The detailed proof for general case is provided in Appendix E.

Intuitively, the achievable scheme is as follows. Both transmitters send 2 independent data streams, each carrying % DoF for
a total of % DoF. These data streams are sent along directions such that at each receiver regardless of channel realizations , two
interfering data steams intended for the other receiver are aligned along the same direction, while two desired data streams are
rationally independent with the interference. Thus, each receiver sees 1 rationally aligned interference stream and 2 rationally
independent streams for its own signal, for a total of % DoF. Based on this intuitive understanding, we present the achievable
scheme as follows, which uses asymptotic alignment.

The message from transmitter i € {1,2} to receiver k& € {1,2} denoted as W is encoded into n* independent
data streams. Let X J[kz] denote the symbol of jth data streams from transmitter ¢ to receiver k. For any ¢ > 0, let C =

{:c rx€ZN [—Pﬂé;iﬂ,P%’:ié)}} where m,, = 1+ (n + 1)* 4+ 2n*. Each symbol in the data stream is obtained by

uniformly and independently sampling C. Essentially, each symbol carries % degrees of freedom.

(k1]
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At transmitter i, Vi € {1,2}, the intended signal for user k& is obtained by multiplexing different data streams using a vector
VIl After scaling with a factor A, the transmitted signal is

2l = A(V[1]X[1“+V[2]X[2i]) ie{1,2) (25)

‘ . , T
where X*1 = Xy”]Xg”] . ~X7[l]ff]} and VIF = Vl[k] Vz[k] . --VTEIX] Vk € {1,2}. The encoding at the transmitter is
illustrated in Figure 9. A is a scalar which is designed such that the power constraints are satisfied, i.e.,

N2
E [(mm) } <P Vie{l,2) (26)
N\ 2 1—c 2
E {(IM) ] < AP Y IV < P 27)
k=1
Let \? = Zi:l |VI*||2 which is a constant, then
A2pmnii)? < P (28)
1 mp—142e
=4 = XP 2(mn t+e) 29)
The received signal for the first state at receiver 1 is given by:
2
NUN S SRy
i=1

- A ( PV Iy Py 002 g p My R 21y p [y 2 (22 ) + 2

desired signal interference

In order to get 2n* interference free dimensions for desired signal in a total of 1 + 2n* + (n + 1)* dimensional space, we
align all interference into a (n 4 1)* dimensional subspace spanned by members of Ul

span (h[lll]Vm) C span (Um) (30)

span (h[lm]V[Q]) C span (Um) (€2))
Similarly, for the second state at receiver 1, we have following alignment conditions:

span (h[;l]Vm) C span (Um) (32)

span (h[zm]V[Q]) C span (Um) (33)

By symmetry, the alignment conditions for user 2 are
span <h£22]Vm) C span (Um) (34)
span (h?ﬂv[l]) C span (Um) i€{1,2} (35)



Fig. 10. 2 User Compound Interference Channel with J; = Jo = 2

From Lemma 1, we can construct VI, V21, U and UR to satisfy those equations. As a result, all interference is received
along members of Ul and U at user 2 and 1, respectively. It can be seen that members of V[ and V2 are distinct
and rationally independent. Notice that members of V! and Ul! depend on hEQQ] and h?l], Vi € {1,2} while members of
V2 and U depend on h£12] and hEH]. Thus, all the desired data streams are received along distinct directions from the
interference and none of them is 1. Thus, each message can achieve W degrees of freedom almost surely regardless
of channel realizations. As n — 0o, each message achieves % degrees of freedom for a total of % degrees of freedom. [ ]
Remark: Theorem 5 also establishes the total degrees of freedom for the real M x K wireless X network with constant channel
coefficients are % almost surely. Since this is a special case of compound X network when each user has only one state.
In addition, this indicates that the finite state compound X channel does not lose any DoF compared to the non-compound

setting.

V. COMPOUND INTERFERENCE CHANNEL

A K user compound interference channel consists of /K transmitter and receiver pairs. Each transmitter sends an independent
message Wl vk € {1,..., K} with rate R[] to its receiver. Channels associated with receiver k are denoted as the vector
(hE1 ... hIKKT) which is drawn from a finite set J;, with cardinality Ji. In addition, we assume all channel coefficients are
drawn from a continuous distribution. Once the channel is drawn, it remains fixed during the entire transmission. While the
transmitters are unaware of the specific channel state realization, the receivers are assumed to have perfect channel knowledge.
In this section, we consider the real compound interference channel. The received signal at user k& under state j; is given by

K
i = SR G e (1, ), Ve e {1, K} (36)
=1

where y[i], hg-]zi] and " represent the received signal, channel coefficient and transmitted signal, respectively. Transmitters

J
satisfy the power constraint E[(z[1)?] < P. zj[t] is AWGN with zero mean and unit variance. We say a rate tuple (R[], ... RI%])
is achievable if each receiver can decode its message with arbitrarily small error probability regardless of the state (realization)
of the channel. The total number of degrees of freedom, d, is defined as

RO 4+ ... 4 RIX]

d= li 37
P slog P 37)

A two user compound interference channel with 2 states at each user is shown in Figure 10.

A. Degrees of Freedom of Compound Interference Channel

Similar to compound X channel, K user interference networks do not lose DoF in the finite state compound channel setting.
We present the result in the following theorem.

Theorem 6: The degrees of freedom for K user real compound interference channel with finite states at each user are %
almost surely.

Proof: The proof is provided in Appendix F. [ ]
Remark: Note that if we view different states associated at each receiver as different users which require distinct messages
from the corresponding transmitter, it is equivalent to an interference broadcast channel which models the downlink of cellular
network. Specifically, consider a cellular network with M cells in each of which there are K users. Then using similar

interference alignment schemes used for compound X channel, a total of ?g—fl DoF can be achieved.



Note that the results for real K interference channel can be easily extended to the complex case. This can be done by viewing
real and imaginary dimensions as two independent users. As a result, a user with complex channel coefficients is converted
to a two user real interference channel. Thus, instead of a K user complex interference channel, we obtain a 2K user real
interference channel with some dependence among channel coefficients in the network. Now using the interference alignment
scheme on the real interference network, all interference can be aligned at each receiver. Note that all beamforming directions
are monomials with variables of all distinct cross links. Since the direct links are distinct with all cross links, the directions
of desired signal are distinct of all interference after scaling with the direct channel, and thus the desired signal is rationally
independent with all interference. Thus, a total of K real DoF, and hence % complex DoF can be achieved. Similarly, the
compound complex interference channel also has % DoF almost surely. However, it is difficult to make the same case for the
complex compound X channel using a similar approach as in the compound interference channel. A recent result in number

theory can be used to extend the results for real compound X channel and MISO BC to the complex settings [26].

VI. CONCLUSION

This work was motivated by the need to resolve the remarkable contrast between optimistic results that advocate structured
codes based on the high DoF that can be achieved with perfect channel knowledge, and pessimistic conjectures that claim that
without perfect channel knowledge the DoF collapse to unity. The strongest pessimistic conjectures were made by Weingarten
et. al. in the finite state compound channel setting for the MISO BC. In this work we settle these conjectures in the negative,
thereby showing that in the finite state compound channel setting, the DoF results based on structured codes are robust to
channel uncertainty at the transmitters.

In retrospect, it is perhaps not too surprising that the finite state compound channel setting does not lose DoF. For example,
consider the K user interference channel. Within this channel, consider the signals sent by transmitter 1 and 2. In order to
achieve the full % DOoF, it is clear that these signals must align at receivers 3,4, --- , K. Clearly, as K increases, i.e., more
and more receivers are added, bringing new channels into the picture, the signals from transmitter 1 and 2 must be aligned at
these new receivers while still maintaining alignment at the previously existing receivers. While it may be surprising at first to
find out that this can be done, it has already been shown in [3]. The compound network setting offers a very similar challenge.
Whatever alignments are needed, it must be achieved for not just one state but for an arbitrary (but finite) number of states.
In the K user interference channel example above, if we think of the channels to receivers 3,4, --- , K as multiple states for
the same user, it is clear that the alignment is robust to the number of states.

The key to the robustness of DoF in the finite state compound setting is the same as the key to the % DoF of the K user
interference channel — unbounded bandwidth expansion, or equivalently unlimited resolution in time, frequency, space, or signal
level dimensions. As the alignment problem becomes more and more challenging, whether by increasing the number of states
in the compound setting or by increasing the number of users in the K user interference channel, greater and greater bandwidth
(equivalently, resolution) is needed to achieve partial alignment. In the time-varying/frequency-selective K user interference
channel the bandwidth expansion refers to the need to code over increasingly larger number of symbols. Thinking of these
symbols as frequency slots, we call this a bandwidth expansion. Similar bandwidth expansion (equivalent to the unbounded
resolution of propagation delays) is observed in the line of sight alignment schemes found in [19], [20]. Interestingly, when
we think of signal level as a signaling dimension, the unbounded bandwidth expansion or unlimited resolution essentially
corresponds to the infinite precision knowledge of the channel coefficients. With this infinite precision, we have an infinite
number of signaling level dimensions along which interference can be aligned regardless of the number of states.

While the DoF are not entirely lost in the finite state compound setting, it is intriguing that the benefits of transmitter
cooperation are lost. In other words, the MIMO benefits of vector space alignment are lost. This observation may indicate the
distinct character of alignment schemes over vector spaces and signal levels. It is notable that inspite of a variety of results on
these different alignment approaches, it has not been possible so far to unify them into a common framework to understand
their collective synergies and individual limitations.

Finally, in the current line of work, the most important issue that remains unresolved is the robustness of DoF characterizations
to compound networks with infinite states or a continuum of states. In this regard, the conjecture of Lapidoth et. al. [9] is
most relevant, as is the recent work on the DoF of the two user MIMO interference channel [2]. The overarching observation
is that the best outer bounds known so far are not able to distinguish between channel uncertainty at the transmitters over
a finite set of states or over a continuum of states. To prove the pessimistic hypothesis, if indeed the DoF collapse to unity
with channel uncertainty over a continuous (non-zero measure) channel space, then better outer bounds are needed that can
distinguish this setting from the finite state compound setting. On the other hand, to prove the optimistic hypothesis, that the
DoF are indeed resilient to channel uncertainty over a continuum, then a much finer understanding of statistical interference
alignment is needed. In either case, settling this issue will have a profound impact on our understanding of both the capacity
limits of wireless networks as well as the robustness of these limits.

APPENDIX A
PROOF OF THEOREM 1

Proof: The converse is shown in [10]. The achievable scheme is interference alignment with asymmetric complex signaling.



Consider the received signal at user k under state jj in a single time slot.
k]

ygﬁ] h[k]x—kz[ . (38)
By viewing complex variables as two dimensional vectors, the received signal can be written as

[k] k] k] k] %] Refay} k]
l Rey. } ] lRe{h "} —Im{n! kl} Re{h! kz} ~Im{h! k2}] Im{z;} Re{zi} ] | 39)

Im{y"} Im{h"} Re{h)"} Im{A",}  Re{n),} | | Re{w2} Im{z"}

Im{l’g}
yllax1 HF2x4 ~— z2lox1
ik Ik x:4x1 Tk

Thus we convert the original 1 x 2 complex MISO BC to a 2 x 4 real MIMO BC with a special structure in the channel
matrices. On this new real channel, therefore, we need to show the achievability of a total of % X 2=3DoF. Dueto J; =1
in this network, we omit the channel state index of user 1 and replace jo with j to denote the state of user 2.
The transmitter sends 2 independent data streams .I‘[ll] and a:[21] to user 1 along with beamforming vectors u[ll] and u[21],
respectively. In addition, we use the beamforming vector ul?! to carry the message intended at user 2. Mathematically, we have
<l — ol el — [ul! of] [ %, 1 £ U, o)
2

%2 = PRl (41)

Thus the transmitted signal vector is x = x4 i[z], and the received signal vectors at two users, denoted as y[ I and y[ ]

respectively, can be written as
ylI = Hlx + 21, (42)
y£-2] me + z[ ] (43)

At the state 7 of user 2, we use a 2 X 1 combining vector v[ Vo get one interference free dimension. Thus, the signal vectors
of user 1 and user 2 under state j after linear combination can be represented as

rll 2 1 = gyl | gty 4 0 (44)

TJ[Z} _ V£_2]Ty£_2] _ VE_Q]THE_Q]U[Q] 2 4 V?]THJZ Ul 4 v[2]T [2] (45)

In order to decode the desired signals without interference at both users, we need to zero force the second term (interference
term) of the two equations as shown above. Thus, our goal is to design U[l],u[z],v?]7 J € {1,2,3} such that following
equations are satisfied.

w27 g . (#0)

UTggl27T 21 _ ;
{U” HITVE 0, je{1,2,3)
Since UMT is a 2 x 4 matrix which has a 2 dimensional null space, the first condition implies that HEQ]T ?] lie in the null space

of UMT that has only two dimension. Therefore, the dimension of the column space of [H[ 1% [2] H[ % [2] Hg % [21} cannot be

21T [2 ]T [2] H[2]T [2 ]}

larger than 2. Since the column spaces of H[ 1T and H5"" only have null intersection, the matrix [H has

rank 2 almost surely. Therefore, we need to align Hé Ty [2] into the space spanned by H[Q]Tvm and H[QQ]TV[QQ]. To achieve

this aim, we first generate vg?] randomly, then let
[ ] -1
[ by ] LRk il s (AR S )

Once interference is aligned, we can find 2 linearly independent beamforming vectors of Ul!l for user 1 that are orthogonal to
the column vectors of H[12]Tv£2] H[22]Tv[22]
such that both users are free of interference.

What remains to be shown is that at any receiver, the desired signal vectors after linear combination are linearly independent
among themselves.

First, consider the desired signal after linear combination at user 2 under state j which is given by vi2 ]TH?]U[ Izl We

and 1 vector ul? for user 2 which is orthogonal to the column vectors of H!!T

only need to show u[z]THEQ]T ?] # 0. Note that ul? can be arbitrarily chosen as any vector orthogonal to the column vectors
of HUT, Thus, u2THZH v [2]
since HMT ,Hg. T are 4 x 2 matrlces generated i.i. d and the column spaces of HIIT H[2]T only have null intersection almost
surely.

= 0 implies that H[2]T [2] lies in the column space of HUT, This, however, cannot be true



Second, we consider the desired signal of user 1 which is given by HUMNx. To separate two data streams carried by
x[, HMUM or equivalently UMNTHMT should be a full rank matrix, i.e., any column vectors of H7 does not lie in the

null space of UM, Recall that U is chosen such that UMT [H[IZ}TVEQ] H[QQ]TV[;]] = 0. Thus, to show HIU” does not lie

in the null space of UMT, we only need to prove the following matrix has full rank.

HUT BV EPTVE) (48)
Since hm,h[lz]7 h[22] are three 1 X 2 complex vectors generated i.i.d., we are able to find two non-zero complex coefficients
a1, as such that

EEEE N N e (49)

where
ar = det ( [hMT W7 /det ( (BT nET

(50)
as = det ( [hT nUT]) /det ( (BT nPT

Considering the mapping from the complex channel to a real channel, the matrix H!* can also be linearly represented by
H[lz], H[22]. That is,

HUT = HITA, + HPT A, (51)
where A,,, m € {1,2}, is a 2 X 2 real-valued rotation matrix obtained from a,,. That is,

_ Re{an,} Im{an}
Am = [ “Im{ay} Refay) } ' (52)

-1
Since [H [QTTH[QTT has full rank almost surely, substituting (51) into (48) and multiplying [ [12TTH[22]T] to the left hand side
of (48) do not change the rank of (48). Therefore, we just need to prove the matrix

2
A, O VB |’

or equivalently to prove the following matrix has full rank almost surely:

I ArVE o
2% 2 . [2] . (54)
ngg O A2 V2
Recall that
viZ 21T 21T L eq2T. [2] B, v’
b | = [Hl H; } Hy vy = ) (55)
AP Bovy

where B, By are both 2 x 2 full rank matrices in the form of

_ Re{b,,} Im{b,,}
B = 7Im{b } Re{b } me {172} (56)

by = det ([n§"" nIT]) / det ([ BT BT ), b = det (BT BET]) /det ([0 ET).

Therefore, our aim is converted to show that the following matrix has full rank almost surely.

L., A7'Byv 0
i 2] (57
ngg (0] A2 BQVS
where
_ Re{bm/am} Im{by/am}
Amle: , meA{l,2
—Im{bm/am} Re{bim/am} {1.2} (58)

bnfan = et (B2 0] ) et ([BOI7 BET]) b = det ([T 7] ) /e ([0 m0IT] ).

Since all the channel vectors are generated i.i.d., A7 B is not a scaling version of A5 B, almost surely. Now we let A be a
2 x 1 linear combination vector and \{, Ay be two linear combination scalar coefficients. If the matrix (57) has full rank, the
following equations should have only zero solutions:

1 2] A
a2 ABvE 9 | =0 (59)
IQ><2 O A2 B2V3 /\2
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Equivalently we can rewrite it as,
_ 2 - 2
{ AT'BivEN, = ASTBov N, (60)

—A;'ByvIN, =

The first equation implies that Alelv:[f} and A5 1B2v:[32] are along the same direction. However, this is not true since A;'B;
is not a scalar version of A5 'By almost surely, and also (A7 'B;)~'A;'B; has no real eigenvectors. Thus, the only solution
to (60) is Ao = A3 = 0 and A = 0. Therefore, all the column vectors of (57) are linearly independent almost surely. In other
words, (57) is a full rank matrix almost surely.

Overall, a total of 2'5—1 = % DoF can be achievable almost surely. |

APPENDIX B
PROOF OF THEOREM 2

Proof: The converse follows from [10]. The achievable scheme is still interference alignment with asymmetric complex

signaling.
Consider the 3 consecutive time slots,

k

yﬁ,}(?m) x(3n) 24 (3n)

Man+1) | =Lyxsoh | x@Bn+1) | + [’z] 3n+1) | . 61)

iy | e Lt || i L
~—————————

3x1 6x1 3x1

Thus we have a 3 dimensional complex signal space, or equivalently, a 6 dimensional real signal space.

Re{y ) ( n)} T [ Relzi(3n Re{z[ ](3n)}
Im{yik (3n)} Re{h%]]j 1 Im{hl[?g Inﬁxig?mﬁ Irn{sz] (3n)}
Re{yl) (3rt1)} | =Ts5 ® ng;f { iizf Re{za(3n)} Re{z““](3n+1)} . 62)
: Im ka . f :
Im{yj[i] (3n42)} I {h 2t R {h Im{z2(3n+2))} Im{z][i] (3n42)}
Slk] Hy 612 ¥(n):12x1 Sl¥]
5 (n):6x1 7 (n):6x1

After mapping from a complex channel to a real channel, we can treat it as a MIMO channel with 12 and 6 antennas at the
transmitter and each receiver, respectively. Note that this mapping also introduces a block diagonal structure into the MIMO
channel matrix. Therefore, we need to show the achlevablhty of a total of x 2 x 3 = 8 DoF for this real channel.

The transmitter sends 4 data streams to each user. Let ub, k € {1, 2} m € {1,...,4} denote the 12 x 1 beamforming
vector for the m-th data stream of user k. Then the intended signal for user k£ can be represented as

k
4 55[1 ]
% = Z ulklzkl — [u[lk] u&k]} : £ ylkxk (63)
m=1 (k]
Ty

and the transmitted signal vector is X = x4+ %Pl Let Vyz] denote the 6 x 4 linear combining matrix at user k under state
7k to achieve 4 interference free dimensions, then the signal vector after linear combination is

Jk Jk ]k
In order for each user to see a clean channel, we need to zero force the interference terms, i.e.,
ulTHEIVE —0 gy e {1,2,3),
T 1]T 1] : (65)
URTH; "V, =0 ji€{1,2,3}.

Note that H[lk]T, H[zk]T

are two 12 x 6 matrices. Since the column spaces of H[lk]T and H[Qk]T only have null intersection
almost surely, [H[lk]TV[lk} H[Qk}Tng]] has rank 8 almost surely. Since a 4 dimensional interference free space of the other user

should be protected, we align Hgk]TVQk] into the column space of {H[lk]TV[lk] H[Qk]TV[Qk]] To achieve this goal, we generate
ng] randomly, and let

viH RIT o [B]T] L ya [k T~ [k
[Vm =[BT H] EEV. (66)
3
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Once interference is aligned, we can find 4 linearly independent beamforming vectors to determine U¥! for user k such that
it sees a clean channel.

What remains to be shown is that at any state of each user, the desired signal vectors after linear combination are linearly
independent among themselves. Without loss of generality, we show this for user 2. The same argument applies to user
1 due to symmetry of the signaling scheme. Consider the desired signal vector term of user 2 under state jo after linear
combination regardless of the noise, i.e., V[Z}TH[ ]U[z]x[zl It is equivalent to a 4 x 4 MIMO channel, and the matrix

U2 ]TH[2]TVU should have full rank almost surely if user 2 can decode its message successfully. Again, since we have

UulAT [Hm V[l] H[ Ir V[ ]] = 0, our aim can be converted to prove the following 12 x 12 matrix has full rank almost surely.

{HQ”TVQ” YTV HPTVE ;€ (1,2,3). 67)

Next we will prove that this is true for the state fg = 3 and jo = 1, and the same argument applies to jo = 2.
First consider js = 3. Due to structures of H it can be easily seen that Hg] linearly depends on H[ll], H[l] Thus we can

find two non-zero scalar complex coefficients al, ao such that

HYT =m"A, + HITA, (68)
where
_ Re{a,,} Im{an}
I e R A (©9)

ay = det ([h[Q]T ]) / det ([ hil” h[;]TD . ap = det ([h[l”T h[;]TD / det ([h[ll]T h[;]TD .

—1
Again since H[lllT H[QI]T has full rank, substituting (68) into (67) and multiplying {H[ll]T H[QI]T] to the left hand side
of (67) do not change the rank of (67). Therefore, we need to prove the matrix

vil o AVl
) ) (70)
O V, AyV;
or equivalently the following matrix has full rank almost surely:
Arvl oV
_1y ] R 7D
(0] AV, V3
Recall that
Vil W7 7] Ty _ | BiVy)
vl | [Hl H, } H; " Vy = B,V (72)
2 2V3

where B1, By are both 6 x 6 full rank matrices in the form of

B Re{b,,} Im{b,,}
Bm - I3><3 o2y Im{bm} Re{b } ) m e {172} (73)

by =det [ 03] ) et ([0 B[ )b = et ([ BT ) /e ([0 nt])

Therefore, our aim is converted to show that the following matrix has full rank almost surely.

(74)

A7'B, VY o) v
o) A;'By v v

Since all the channel vectors are generated i.i.d., the probability of Al_lBl being a scaling version of A B, is zero. Let
A1, A2, A3 be three 4 x 1 linear combination vectors. If the matrix (74) has full rank, then the following equations should only
have zero solutions:

_ 2 A
AllBl VE] (0] V:[,,] )\1 0 (75)
(0] A;B, vl v ° ’
g D2Vg 3 A3

Equivalently we can rewrite it as,

{ ~AUBVYIN = VI, (76)

—A;' By, = VB
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This implies that the vector ng])\g lies in the intersection of column spaces of V?], Alele[)}] and Aj 1Bng]. Mathe-
matically, we have

V:[;])\g € (span (V:[f]) M span (Al_lBlVgl])) N (span (Vf[f]) M span <A2_1B2V:[31]>> (77)
= V?] Az € span (ng) M span (Al_lBlVél]) M span (A;lBgV:[,,H) . (78)

Since Vgl] is generated randomly, it can be easily seen that the rank of matrix {Alelvg} Ay 1B2V:[31]:| is 6 almost

surely. Thus the intersection of two column spaces of Al_lBlVgl] and Ay 1B2Vg1] has 4 +4 — 6 = 2 dimensions. Recall
that V?] is also chosen randomly and independently with A7 'B;, A; !By and Vi[),l], we can conclude that span(Vz[f]) and

span(Al_lBlVgl]) N span(A; 1B2V[31]) only have null intersection almost surely. Hence A3 = 0. Substituting it back to (76),
we have

AM=X=A=0. (79)

Therefore, (74) is a full rank matrix almost surely.
Second we consider jo = 1. Following the similar analysis, we just need to show the following matrix has full rank almost
surely:

c;'B, vl o vl
Syl 2 (80)
o) c;'B,vl i
where
_ Re{cn} Im{cy,}
Cm - IS><3 ® —Im{cm} Re{cm} ’ m e {1a 2} (81)
c1 = det ({h[f]T h[;]TD / det ([h[ll]T h[;]TD . ey = det ([h[ll]T h[f]TD / det ([h[ll]T h[;]T]) .
Recall again how we generated V[IQ]:
[2] —1 [ 2]
Vi 21T gy[2)T 217/[2] D.V;
= |H H H; V= 82
[ vi2 ] { 1 2 } | D,V (82)

where Dy is a 6 x 6 full rank matrix in the form of

. Re{dl} Im{dl}
Dy =l ® —Im{d1} Re{dl} (83)

dy = det ([0 BET]) /et ([h?]T b)),

Substituting V[12] = Dle[f] into (80), and multiplying [Izx2 ® Dl]_1 to the left hand side of (80) does not change its rank.
We thus just need to show

[ D;'C;'B, VY o) A% 1 54

o D;'c;'B, VY v

has full rank almost surely. This can be easily seen to be true since span(V[32] )ﬁspan(Dl_lCl_lBlV:[;l])ﬁspan(Dl_lcz_lBgVE])
is only the null vector almost surely.

Overall, we can achieve a total of (% +3)5=73 DoF almost surely. |
Remark: Note that the similar alignment scheme does not work if we apply it with symmetric signaling to the original complex
channel with 3 channel extensions. The reason is that even though signals can still be aligned at the transmitter, the desired
signal are aligned at the receiver as well. To see this, consider (78) which can be also obtained in this case. However, here V;[;”
and VE] are two 3 x 2 complex matrices. A, and B,, turn out to be in the form of A,,, = a,,I3x3 and B,,, = b,,I5x3, hence
A 'B,, become scalar versions of the identity matrix. This implies that the intersection of column spaces of AlelVE] and
Az_lBngl] always has 2 dimensions. Thus, span(VéZ]) N Span(Al_lBlvgl]) N span(Angng]) always has 1 dimension.
In other words, we can always find a non-zero vector A3 to satisfy (78) so that (74) is not a full rank matrix. Therefore, the
signal vectors at its intended receiver are linearly dependent among themselves and each user fails to decode its message.

4)1 4
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APPENDIX C
SOME EXAMPLES OF THE COMPLEX COMPOUND MIMO BC

In Section II, we study some cases of the complex compound MISO BC. The achievable schemes we use to prove Theorem
1 and Theorem 2 are both interference alignment with asymmetric complex signaling. By viewing a complex number as a
two dimensional real vector, we have shown that the complex MISO channel can be treated as a real MIMO channel but
the channel matrix has a special rotation structure. For the achievable scheme of Theorem 2, we also consider the channel
extension such that the channel has a block diagonal structure. If the channel has no such special structures, i.e., each entry
of the channel matrix is generated i.i.d., the complex compound MISO BC model would become compound (generic) MIMO
BC model. Let us consider two examples of the complex compound MIMO BC.

Example 1. For the complex compound MIMO BC with K = 2 users, 4 antennas at the transmitter, 2 antennas at each
receiver, and J; = 1, Jo = J = 3 generic channel states for user 1,2 respectively, the exact number of total DoF = 3, almost
surely.

Example 2. For the complex compound MIMO BC with K = 2 users, 6 antennas at the transmitter, 3 antennas at each
receiver, and J; = Jo = J = 3 generic channel states for each user, the exact number of total DoF = 4, almost surely.

In fact, with asymmetric complex signaling mapping and multiple channel extensions, the channel models in Theorem 1
and Theorem 2 are same as Example 1 and Example 2, respectively, except for the special channel structures. Using the same
alignment scheme, we are able to achieve the DoF stated in two examples above. If J increases from 3 to 4, can we still
achieve the same DoF with linear alignment scheme? The following two examples will answer this question.

Example 3. For the complex compound MIMO BC with K = 2 users, 4 antennas at the transmitter, 2 antennas at each
receiver, and J; = 1, Jo = J = 4 generic channel states for user 1,2 respectively, a total of 3 DoF can still be achieved,
almost surely.

Example 4. For the complex compound MIMO BC with K = 2 users, 6 antennas at the transmitter, 3 antennas at each
receiver, and J; = Jo = J = 4 generic channel states for each user, a total of 4 DoF can still be achieved, almost surely.

Comparing Example 1 (Example 2) with Example 3 (Example 4), the same DoF are achieved when J increases from 3 to
4. The difference of the achievable schemes between the case J = 4 and J = 3 starts from how we choose Vz[f]. Due to the
similar analysis for Example 3 and 4, we only show the achievability for Example 4.

In the model of Example 4, the transmitter still sends 2 data streams to each user. In the previous J = 3 case, we generate

ng] randomly. In the case of J = 4, however, we choose ng] in a different way. Let ng],z’ € {1,...,4} denote four 3 x 3
matrices which are determined by
B[k] . . —1 X
B[lk’] _ {H[lk]T H[Qk]T] H:[Sk]T, (85)
2
By’ T 7] " T
W | = [T P ET (86)
B,
Then we let
span (Bg’ﬂvgﬂ) — span (Bg’ﬂ]vﬂf}) : (87)
span (BLHVEC]) = span (B[Zk]V:[f]) . (88)
Thus we obtain
span (Vg’“l) — span (BQ’“]*1B[3’“]BL’“1*13[2’€]V§€]) . (89)

This implies that we can choose two eigenvectors of B[lk}_lng]BLk]_lB[Qk] as the column vectors of ng]. After determining

V:[gk], we also determine other combining matrices.

vt = BV, (90)
vl = BYIVE, 1)
vl = BiTBHVE 92)

It can be easily seen that all column vectors of Hgk]TV,[k] , HLMTVEC] are aligned in the column space of [H[lk]TV[lk] H[gk]TV[Zk] .

Thus the dimension of H[lk]Tng] Hgk]TV[Qk] Hg“]Tng] HLHTVW is 4 almost surely. Therefore, we can choose beamform-
ing vectors such that no interference is caused at each user.

Similar to the proof in the case J = 3 and due to symmetrical analysis for user 1 and user 2, we only need to prove the
following matrices are full rank almost surely if desired signal vectors are linearly independent among themselves at each user.

J2

[TV YTV EETVE) e g a) @)
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Notice that VE is designed independent with H[ll] and H[Ql]. In addition, V[ll] and Vgl] are independent with Hfj Since all
channel matrices do not have special structure, (93) has full rank almost surely.

Remark: In the case J = 4 of the compound MIMO BC, Vék] is determined by the eigenvectors of B[lk]legk]BLk]le[Qk].
Applying the same scheme to the compound MISO broadcast channel model in Theorem 2, we can see that B[lk} , B[Qk], B gk], Lk]
all become rotation matrices. Thus B[lk]legdBLk]*lB[Qk] which is also a rotation matrix does not have real eigenvectors almost
surely. The same achievable scheme, therefore, is not applicable to the complex compound MISO broadcast channel in Section

IT due to the special channel structure.

APPENDIX D
PROOF OF THEOREM 3
Proof: Message WU intended for user 1 is split into M sub-messages denoted as Wim, i e {l,...,M}. Wi[l] is
encoded into n' data streams denoted as X i[i], Vk € {1,...,n"'} where I' = Jy,M. The message for user 2 denoted as
Wl is encoded into (M — 1)n' independent data streams X2, Vk € {1,---,(M — 1)n'}. For any € > 0, let C =

{x cx €ZN {—Pﬂé;if) , P2<":16>} where m,, = 1+ (n+1)I' + (M —1)n'". In other words, C denotes a set of all integers

in the interval {—Pm , P67 |, Bach symbol in the data stream is obtained by uniformly and independently sampling
from C.

A data stream xgl] is obtained by multiplexing Xi[,i]7 Vie{1,2,...,M}, Yk € {1,...,n"} using the same 1 x n! vector
V. Note that all elements of V are functions of channel coefficients which will be designed to align interference. A data
stream z[? is obtained by multiplexing X,[f], Vk e {1,---, (M —1)n"} using a vector G. Let G = {Go, G3,..., GéMfl)nF}
where GGy is a randomly and independently generated real number. In addition, members of G are rationally independent.
Mathematically, we have

r

1 = S vl =vxl vie{1,2,..., M} (94)
k=1
(M—1)n"
= N ehxP = GxP. (95)
k=1
T T
where V.= [V; - Vo], X!V = [Xi[i] Xi[:l]r} , and X2 = [XP] X([?\]/I—l)nr} . After scaling with a factor A, (%

(1]

is transmitted with a beamforming vector V2! and x;

antennas). Thus, the transmitted signal is

is transmitted from the ¢th antenna (no cooperation is needed among

x—=A (V[z}xm n Xm) (96)
T
where X!l = [x[ll] e xg\l/” and V2 with unit norm is chosen such that no interference is caused at user 1, i.e.,
n'vi2 =0 vj e {1,..., 01} 97)

where hgll] is the row channel vector of user 1. A is a scalar which is chosen such that the power constraint is satisfied, i.e.,
E[|x|?] = E [A(me[?] + XINT AV XU])}
= (B [@2)?] + B[]+ + B[@)?))
A2 (|G + M| V[2) PRt

AQ
< P (98)
1 my +2e—
A < $P e (99)

Let us first consider user 2. The received signal at receiver 2 under state jo is given by

yih = Anl (VB X))

J2 J2
_ A( hi]vm] 212 4 hi]X[l]) + Zg[i]
—

[21
hjz

= A (hﬁ]'(;xm R vy thVXR)) 22 gy e {1, 1) (100)
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[2] p2..

Jj21
(n4+ 1T d1mensi0nal space, we align all interference into a (n -+ 1)I' dimensional subspace which is spanned by members of
a vector U:

where h; . hz]M} . In order to get (M — 1)n!" interference free dimensions for user 2 in a total of 1+ (M — 1)n! +

span (hi}kV> C span(U) Vje{l,---,Jo} ke{l,2,...,.M} (101)

From Lemma 1, we construct sets ¥V and U as follows:

y - I1 (hi]k> Va2 € {1,2,...,n) (102)
Jo€fl,e, Job ke 1,2, .M}
2] | s
U = II <h72k> Val? e {12, n+ 1) (103)

j2€{1,...,J2},k€{1,2,.... M}

The sets of column vectors of V and U are chosen to be equal to the sets V and U, respectively. After interference alignment,
the effective received signal is

y? = 4 (hf ax 4 U)—(m) + 202 (104)

where each element of the column vector X[! is the sum of all interference along the same direction and is an integer. Since

members of G are generated independently with U, all members of h[ G and U are distinct, but none of them is equal to

1. Thus, regardless of the state at user 2, 1+(n-4§11\)4f-:217\1/1—1)nr

Now consider the received signal at user 1 under state ji:

DoF can be achieved. As n — oo, % DoF can be achieved.

y£11] — h[l]X + Z[l]
= An! [1] + 2
= A (s -.-+h[3Mx[;;)+z;?
= A vx el V) 42 e (105)
where hgll] = hg-ll]l e hg-ll}M] It can be easily seen that all elements of h[ ) 1V, hg }QV h[-ll}MV are distinct since members

of V do not contain hgll]

Mn"
> 1+(M—-1)n"+(n+1)T

L hR]M. In addition, none of them is equal to 1. Thus, regardless of the channel realization at

receiver 1

DoF can be achieved almost surely. As n — oo, 1 DoF can be achieved. [ |

APPENDIX E
PROOF FOR THEOREM 5

Proof: For simplicity, we derive an achievable scheme for the X network where each user has the same number of states.
In general, different users have different numbers of states, i.e., Jj, states at receiver k. We can add randomly and independently
generated states at each user such that each user has J = maxy, Ji,Vk € {1,..., K} states. Thus, each user has the same
number of states. Note that all channel states are generic. It can be easily seen that a scheme which works on this compound

channel also works on the original compound X network where different users have different numbers of states.
The message from transmitter 4,Vi € {1,..., M} to receiver k,Vk € {1,..., K} denoted as W* is encoded into n"
independent data streams where I' = M (K — 1)J. Let X; ki denote the symbol of jth data stream from transmitter ¢ to

receiver k. For any € > 0, let C = {x tx €N { Pt P2<mn+e ” where m,, = 1+ Mn' + (K —1)(n+1)L'. In other
words, C denotes a set of all integers in the interval [—P2<mn+<> , Pz(mn+6) ] Each symbol in the data stream is obtained by
uniformly i.i.d. sampling from C.

At transmitter ¢, the intended signal for receiver k is obtained by multiplexing different data streams X J[kl] Vi ed{l,...,nl}
using a 1 x n' vector V¥, After scaling with a factor A, the transmitted signal at transmitter 7 is

gl = AZZV X1 (106)

k=1 j=1

A (VMX[“] T +V[K]X[K“) ief{1,2,..., M} (107)
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Fig. 11. Interference alignment at receiver k under state jg
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, N T
where X[k = [X{kl]X£k1]~~XT[LkFZ]} and VIF = [Vl[k] VQ[k]~-~V7£I§]} Vk e {1,...,K}, i € {1,...,M}. Ais a scalar

which is designed such that the power constraints are satisfied, i.e.,

E {(x“]ﬂ <P

which can be bounded as
1\ 2 1—c K
E {(ﬂ”) ] < APrae Y VP <P
k=1
Let A2 = 3% | VI¥]|2 which is a constant, then
A2panii)? < P

1 mp—142e

= A = —P20mnto
A

The received signal at receiver k under state j € {1,...,J} is given by:

[k] _ [ki]_[i
Y = Zh f[

_ (Z h[kz VIRIx k] Z h[kl x4 Z h[k2]V X2 4

1#£k £k

£k

desired signal interference

In order to get Mn' interference free dimensions in a total of 1 + Mn' + (K —

interference into a (K —1)(n+1)" dimensional subspace which is spanned by members of UM, ... U= ylk+

(108)

(109)

(110)
(111)

. Z RlEMI [y [1M] ) j[k]

1)(n + 1)' dimensional space, we align all

Thus, we choose following alignment equations at receiver k under state ji : Vi € {1,..., M}

span (hg»’zi]V[l]) C  span (Ul)

span h;lzi]V[k*” C span (U[k*”)
span hg-]zi]V[’““] C span (UFF1)

span (h;ﬁi]V[K]) C  span (UX])

This alignment scheme is illustrated in Figure 11. As we can see, hyzi]V[l]

h[ki]v[kfl] h[ki}v[k+1]
Tk 7 Ik !

UlEl,

(112)

h[ki]v[K]
0k

corresponding to the ¢th row in Figure 11 are interference from transmitter ¢ at receiver k under state ji. From another
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perspective, corresponding to each column in Figure 11, all interference along with V[l is aligned with Ul where r €

{1,...,k—1,k+1,..., K}. We can rewrite all above interference alignment conditions as,
[rily/[k] %] . .
span(thV > C span(U ) rke{l,...,K}, r#k, ie{l,....M}, j-€{l,...,J}. (113)
From Lemma 1, we can construct sets VI and U*], Vi € {1,..., K} as follows:
e\ I
T Jr 3
Yl — H (hjr ) Vo € {1,2,...,n}
re{l,...,K}, r#k, i€{l,...,.M}, jr-€{1,....J}
o\ alrd )
uM = I1 (hg.’f]) Tooval e (1,2, 0+ 1)

re{l,...K}, r#k, i€{1,...M}, jre{l,....J}

The sets of column vectors of V¥ and Ul¥! are chosen to be equal to the sets VI* and /[*], respectively. Note that VI*I and
U have n' and (n + 1)' elements, respectively, where I' = M (K — 1).J.
After aligning interference, the equivalent received signal is

M
i = A VIR LS Ul ) (114)
i=1 1%k

where each elements of column vector X! is the sum of all interference along the same direction.
Now interference is aligned. In order for each data stream to achieve % DoF, it remains to show that all elements of

hg-]zl]V[k],hgiz]V[k], . .,hg-]zM]V[k] and Ul . Ul gkt UK are distinct. First, since hy;i] is not contained

in members of V¥ elements of hyzl]V[k], hBiQ]V[k], .. .,hBiM]V[k] are distinct. In addition, U VI # k does not have

hg-lf],i € {1,2,..., M} while it is contained in VI and U], Therefore, they are all distinct. Since none of them is equal to
1, the total number of degrees of freedom is

MKn"

d = 115

1+ Mnt +(K-1)(n+1)T (115)

almost surely. As n — oo, d = % |

APPENDIX F

PROOF OF THEOREM 6

Proof: The message from transmitter 4 to receiver ¢ denoted as W is encoded into n' independent data streams where
P=(K-1)(J1+...+Jkg). Let X ][7] denote the symbol of the jth data stream from transmitter <. For any ¢ > 0, let

C=3z:z€ZN [—P?Wi;;e) , P?lel;le)} } where m,, = 1+ (n 4+ 1)¥ + n'. In other words, C denotes a set of all integers
in the interval {fPQ(m;jr@ ,P2<m;1‘> } Each symbol in the data stream is obtained by uniformly i.i.d. sampling from C.

For transmitter ¢ € {1,...,K}, the transmitted signal is obtained by multiplexing different data streams X J[-i],‘v’j €
{1,...,n"} using the same 1 x n'" vector V. Note that all elements of V are functions of channel coefficients which will be
designed later. Then, the transmitted signal is

o =AY vx] (116)
j=1
= AvXll je{1,2,... K} (117)

) I AT
where X[ = [X {”Xg] - XT[Z]F} and V = [V; Vo---V,r]. A is a scalar which is designed such that the power constraints
are satisfied, i.e.,

E [(M)T <P (118)

Since

VI[P <P, (119)

B {(xm)Q] < A2pas
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we have

1 My —142¢

= MPW (120)

The received signal at receiver k under state jj is given by:

K
k] _ [kd] [4 [k]
Y = Z hjk x[] + Z i
i=1

A

= A ( ' GRS & ) + 20 (121)
" %k

desired signal

interference

In order to get n! interference free dimensions for the desired signal in a total of 1 +n' 4 (n + 1) dimensions, we align all
interference into a (n + 1)I'" dimensional subspace spanned by members of a 1 x (n + 1)!" vector U:

span (hyil]V) C span(U)

span hyz(k_l)]v C span(U)

(122)
span hg’Z(HI)}V C span(U)
span (hyzK]V> C span(U)
Equivalently, the above alignment equations can be rewritten as
span (hg.’j]v) c span(U) i ke {1,... K}, i#k jre{l,... Ji} (123)
From Lemma 1, we can construct V and U as follows:
iy o ,
V = I1 (hyjf]) ©ovalfl e 1,2, ) (124)
i k€{1,.., K}, itk i €{1 .., Tk}
(k]
_ (ki]\ ik [Ki]
U = (hjk ) Vol e (1,2, 0+ 1) (125)

Gke{L,. K} itk jr€{L, 0 i}
The sets of column vectors of V and U are chosen to be equal to the sets V and U, respectively. Note that V and U have
n' and (n + 1) elements, respectively, where I' = (K — 1)(J; + ...+ Jx). Now after interference alignment, the received
signal is equivalent to
gl = 4 (VX 4 UK 2 (126)

Jk

where X is a (n + 1)U x 1 vector and each element of X is the sum of interference along the same direction. Note that
elements of U do not contain h[k k] while elements of h[kk]V have. Therefore, all elements of h[kk]V and U are distinct.

Ik Jk
.. . . r
In addition, none of members of hy}ik]V and U is equal to 1. Thus, each user can achieve Hrﬁj:w DoF regardless of
channel realizations almost surely. As n — oo, each user can achieve % degrees of freedom almost surely. [ ]
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