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Abstract— Recent results establish the optimality of interfer-
ence alignment to approach the Shannon capacity of inter-
ference networks at high SNR. However, the extent to which
interference can be aligned over a finite number of signallig
dimensions remains unknown. Another important concern for
interference alignment schemes is the requirement of globa
channel knowledge. In this work we provide examples of iterdve
algorithms that utilize the reciprocity of wireless networks to
achieve interference alignment with only local channel knwledge
at each node. These algorithms also provide numerical indids
into the feasibility of interference alignment that are not yet

The capacity-optimal achievable scheme  within
o(log(SNR)) is shown to be the interference alignment
scheme. Interference alignment on thé user interference
channel refers to the idea of constructing signals in such a
way that they cast overlapping shadows over one half of the
signal space observed by each receiver where they comstitut
interference, leaving the other half of the signal space fre
of interference for the desired signal. This approach Hevea
that the cake-cutting view of spectrum allocation between

co-existing wireless systems is fallacious. This is beeaus
the result implies that everyone gets “half the cake”, hence
defeating the purpose of the cake-cutting perspective.

|. INTRODUCTION Interference alignment schemes are presented in [1] in the

The recent emergence of the idea of interference alignmd@m of closed form expressions for the transmit precoding
for wireless networks has shown that the capacity of wiseleg1atrices. However, these solutions suffer from three 8igni
networks can be much higher than previously believed [1§ Ti§ant drawbacks. Firstly, these closed form expressionsineq
canonical example of interference alignment is a communicgobal channel knowledge which can be an overwhelming
tion scenario where, regardless of the number of interferepverhead in practice. Secondly, closed form solutions have
every user is able to access one half of the spectrum free fr@RlY been found in certain cases. In general, analytical-sol
interference from other users [1]. For the Gaussian interfee tions to |nterference_a_ll_gnmen_t problem are c_ilfﬂcult toaibt
channel with K interfering transmitters-receiver pairs with@nd even the feasibility of interference alignment over a
each transmitting and receiving node havingantennas each, limited number of signalling dimensions is an open prob-
and with random, time varying channel coefficients drawl§m- Thirdly, the results of [1] are meaningful only at high

from a continuous distribution, reference [1] characesithe SNR, and to the best of our knowledge, their performance
network sum capacity as at low/moderate SNR is unknown. In this paper we explore

distributed numerical interference alignment algorithios

KM log(SNR) + o(log(SNR)) (1) (partially) address these drawbacks. In particular we giesi

2 numerical iterative interference alignment algorithmsiakih
so that the capacity per user (i.e, transmitter-receivé) (& accomplish the objectives listed below for theuser Gaussian
H log(SNR) + o(log(SNR)). Here SNR is defined as thejnterference channel with arbitrary number of antennasieh e
total transmit power of all the transmitters in the netwotken  transmitter and receiver.
the local noise power at each receiving node is normalized
to unity. The o(log(SNR)) term, by definition, becomes
negligible compared tdog(SNR) at high SNR. Therefore
the accuracy of the capacity approximation in (1) approsche
100% at high SNR. Since the capacity of a single user with
M antennas at both the transmitter and the receiver, in the
absence of all interference i log(SNR) + o(log(SNR)), *
the main result of [1] may be summarized as:

“At high SNR, every user in a wireless interference network®
is (simultaneously and almost surely) able to achieve axipro
mately (withino(log(SNR))) one half of the capacity that he Note that unlike [1], the algorithms designed here are pre-
could achieve in the absence of all interferefice. sented in the context of the interference channel, where

available in theory.

Os(SNR) =

« Require only local channel knowledge at each node.
Specifically, each receiver is assumed to know only the
channel to its desired transmitter and the covariance
matrix of its effective noise (consisting of the AWGN
and the interference from all other users).

Provide numerical insights into the feasibility of align-
ment, in particular, with limited signalling dimensions.
Improve the performance of interference alignment algo-
rithms at low/moderate SNR.



different users can have different number of antennashEgrt
unlike in [1], the numerical algorithms do not necessardy r
quire frequency-selectivity. In fact, the algorithms aesidned
to obtain insights into the limits of interference alignrhém
such cases which have not been studied in earlier works.
We propose iterative algorithms that take an altruistic a
proach to interference management and utilize only thel loca
side information available naturally due to the reciprpaif
wireless networks. The two key properties can be summarized
as follows. h
« Altruistic Principle: Unlike selfish approaches studied
in prior work where each transmitter tries to maximiz@ig. 1. Interference alignment solution for the three user antenna case.
his own rate by transmitting along those signalling diThe arrows in the red indicate the direction of the interfese
mensions where his desired receiver sees the least in-

terference, we follow an unselfish approach where each . ] ]
transmitter primarily tries to minimize the interference tvoidance algorithms [4], [18]-[20], each transmitteedrito

unintended receivers. It must be noted that this principl® What is best for his own receiver, i.e., each transmitter
is a cognitive approach, since, in cognitive radios, one 8fl0cates its power in a manner best suited for his desired
the fundamental goals of design is avoiding interferenégCeiver. With interference alignment each transmittezstr
at the unintended receivers [2], [3]. The altruistic princito minimize the interference he causes to other receivers.
ple is found to lead to interference alignment, and is thdde interference alignment schemes in [1], [21]-{23] show
capable of approaching network capacity at high sNRihat for interference networks, the “do no harm” approach is
« Reciprocity: For a given transmitter, learning how mucHnuch more powerful, and is in fact capacity-optimal within
interference is caused at unintended receivers can félog(SNR)), than the “help yourself” approach of interfer-
quire too much side information, and is one of th&NCe avoidance and iterative waterfilling schemes.
key challenges for cognitive radio systems. However, From a game-theoretic perspective, interference avoganc
this information is naturally available because of th@nd iterative waterfilling algorithms lead to a stable opiega
reciprocity of the channel for networks where two-wap0int commonly known as the Nash equilibrium. At Nash
communication is based on time-division duplex operé'«qu”'br'um there IS no incentive for any user to umlgli@/ra
tion with synchronized time-slots. Due to reciprocity, th€hange his transmit strategy. Interestingly, interfeecabign-
signalling dimensions along which a receiving node se@ent is not a Nash equilibrium point if the goal of each user
the least interference from other users are also the safhd0 maximize his own rate. Fig. 1 shows the interference
signalling dimensions along which this node will causalignment solution for th& user interference channel, where
the least interference to other nodes in the reciproc@®ch user has two antennas. Notice that interfering signals
network where all transmitters and receivers switch roledl€ co-linear at each receiver while the desired signal may

We next review some optimization approaches for interfef®t P& exactly orthogonal to the interference - a price paid
ence networks in existing literature for interference alignment. It can be easily observed that

the interference alignment solution is not a Nash equilitori
point. Fixing the transmit strategy for users 2 and 3, the

st strategy for user 1 is to chooag such that his signal

o ) ) . be
The optimality of interference alignment schemes at hi % orthogonal to the interference at receiver 1. Although

SNR IS mteregtlng be_cause thesle_z schen;es trgat all '"T?_derbthis strategy is good for user 1, it will destroy interferenc
as noise and require no mu ti-user etect|on: Achieval éﬂ nment at receivers 2 and 3. Thus Fig. 1 clearly hightight
schemes based on treating interference as noise have t}ﬁgn : :

explored extenswely over the _Iast decadej Prom'”e”_t amolithnment and the selfish strategy of iterative waterfillorg
these are the interference avoidance and iterative wétegfil ;.o .t o0 o avoidance. Thus interestingly, in the cdsite
algorithms where each transmitter acts selfishly to align it-_ <ot interference nétwork ,vvitM antennz;\s at each node
transmissions al.ong those directions where its desw&dv_mc the optimal solution at high SNR is not a Nash equilibrium,
sees the least interference [41-[9], and netwqu dgallty af?ldicating the latter’s inefficiency in interference netk®.
proaches [10}-[17] that are based on the reciprocity of theIterative schemes have also been used to implicitly achieve

wireless propagation channel. interference alignment on tHeuser X channel in [24]-[26].
) ) - However, for the2 user X channel interference alignment

A. Interference Avoidance and lterative Waterfilling can be explicitly achieved with roughly the same amount

Iterative algorithms are commonly used for various reseurof channel knowledge as required by the iterative schemes,
allocation problems, such as interference avoidance and\viithout the need for an iterative process [21]. The itemtiv
erative waterfilling. However, the philosophy of interfece schemes of [24] are specialized for theiser X channel and
alignment is quite distinct from both iterative waterfitlimand generalizations t&X networks and interference networks with
interference avoidance. With iterative waterfilling/iriegence more than2 users are not straightforward.
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B. Network Duality Remark: It must be noted that the reciprocal network is

Another approach taken in prior work is to exploit the duaf theoretical apparatus constructed, since it is useful for

ity relationships enabled by the reciprocity of the propaga de\{elop|_?g numeTcaIflrt'lr:erferr]en_ce Iallrg]nmerllt_ algor?hlfl;ia;e
channel. For example, network duality ensures that the safﬁg'ptrocl' y propert.y of de T'gslc?j ¢ alnne 'Slf Ltj.se L; ram
set of signal to interference and noise ratios (SINRs) can B[ﬁlc ca pzrspec 'VS Im 1S ”Su e lm\E)sm:n ation }Enal
achieved in the original and the reciprocal network with thidthms, as discussed later N ect|or_1 -D. However, t €-algo
same total transmit power [10], [11]. Network duality is dse“thm_S can be re_Ievant, fo_r nstance in che_cklng the fefityibi
in [11], [12] to minimize the total transmit power require f all_gnment (discussed in the next. sec'qon), even when the
to support a feasible rate vector. Reciprocity of propagati ph’)\/lsma! cha\rllvnels dolnot satisfy rfeC|proc||ty. ;
channels is used in [13] for optimal frequency allocation otation: We use lower case for scaiars, upper case for
problem vectors and bold font to denote matrices,, represents the
§ th : i .

In this work we provide examples of iterative algorithm§l t(_:olusmn_lofl moatrlx A.' Lo r((ejptre§eg_ts tth?h;/ld |]c\i[ent|ty

to achieve interference alignment on wireless interfegeng 21 X- Simiarty, Daz.v 1S used 1o ndicate X iV Z€ro

. . i
channels. These algorithms combine elements of all theeaboU]at_”X' -It-r{‘?] denotes t?e tr?jc: (I):f thﬁ m"gtf( aln(;A |slt?e
mentioned approaches, especially [24] and [13]. conjugate transpose of matix. Finally, € = {1,2,---, K}

is the index set ofX users.

Il. SysTEM MODEL IV. INTERFERENCEALIGNMENT OVER LIMITED
Consider thek -user MIMO interference channel where the DIMENSIONS - AN OPEN PROBLEM
k! transmitter and receiver are equipped witf*! and N [*! References [1] and [22] present interference alignment

antennas respectively. Note that the antennas could eireschemes that are constructed over symbol extensions of time
SymbOI extensions in time or frequency as well. However, varying channels. It is shown that by usil‘wg Symb0| exten-
the antennas correspond to symbol extensions over ortadgagions the degrees of freedom achieved per dimension agproac
dimensions (time, frequency slots) then the channel netricgrbitrarily close to the theoretical outerbound, therebsale-
will have a diagonal structure. The channel is defined as: ||Sh|ng the degrees of freedom of time-varying interfee=nc
K and X networks. However, the extent to which interference
Y (n) = ZHW] (n)XW(n) + z¥ (), Vkek can be aligned over limited number of dimensions remains
=1 an open problem. As a consequence, the maximum number
of degrees of freedom that can be achieved through alignment
rof interference signal vectors is not known in general. Note
’\?Hat interference alignment can also be accomplished mger
of signallevelsrather than signal vectors by using structured
codes (multilevel and lattice codes) as shown in [27], [28].
channel coefficients between transmittend receivek. The However, in th!s work our focus_|s on .|nterfere-nce align-
transmit power at transmittéris E[[| X2 = PIU. m_ent through signal vectors. We flr_st review the _mterfeeenc
alignment problem and the reciprocity property of intezfare

For the K user interference channel defined above, we als
alignment.

define a_reuprocal (_:hannel, where the role of transmltt_ersl_et d¥ < min(M, NIM) | ¢ K denote the degrees of
and receivers are switched. For every variable on the caign} ;
reedom for usek’s message.

channel, the corresponding variable on the reciprocal mélan Precoding at Transmittett et VI be and ¥ x 4% matrix

is denoted with a left arrow on top. The reciprocal channel is . .
defined as: P P whose columns are the orthonormal basis of the transmitted

signal space of usér. Mathematically, the transmitted signal
vector of userk is given by:

where, at the:'” channel usey ¥l (n), ZI¥ (n) are theN ¥ x 1
received signal vector and the zero mean unit variance i
larly symmetric additive white Gaussian noise vector (AWG
at receiverk, X (n) is the M x 1 signal vector transmitted
by transmitter/, and H*I(n) is the NI¥ x MU matrix of

K
YW m) =Y BMm)XU(n) + ZW@n), vkek
=1

— —
where, at then'® channel use,Y [¥(n), ZI¥(n) are the = " dlF]
MU x 1 received signal vector and the zero mean unit 2)
variance circularly symmetric additive white Gaussianseoi Each element of theil*! x 1 vector X represents an
vector (AWGN) at receivet: which is equipped withV/!*l  independently encoded Gaussian codebook symbol with power
antennasX 'l(n) is the NI x 1 signal vector transmitted by % that is beamformed with the corresponding vectovdf..
transmitter/, and H*(n) = HIM(n) is the M x NI Remark:For interference alignment and the achievability of
matrix of channel coefficients between transmitierand the degrees of freedom, it suffices if the beamforming vector
receiver k. The transmit_powers at transmittér on the VIk), U* are linearly independent. However, we assume
reciprocal channel is [BX[||> = PU. The channel use the beamforming vectors are orthonormal in the formulation
index n is henceforth suppressed to avoid cumbersomadove. Note that this does not affect the feasibility of rifete
notation. ence alignment, and it naturally leads to the iterative i@tlym

to be presented in this paper.

dlkl
. . . Plkl
M ZV@] X _ g M <o —Idm)
d=1



Interference Suppression at Receivieet Ul¥! be anN¥ x if there exist transmit precoding matricdsl*! and receive
d* matrix whose columns are the orthonormal basis of theterference suppression matricei :
interference-free desired signal subspace at reckivene k"

(K] . prlF] (%] klty [kl —
receiver filters its received signal to obtain: VM < d™, VEIVE =14m )
Ukl . NI ql*] Ul ylkl — L (10)
v _ ylklty 3) ’
such that
If interference is aligned into the null space Gf*! then the I .
following condition must be satisfied: UMTH™IVIL = Ogiwi g, Vi # k- (11)
UMHEEIVD — 0.y £k @ rank(UMTHIFIVI) - =y, vk e K (12)
rank(U[k“H[k’ﬂV[k]) — (5)

The solution to the feasibility problem is not known in
In other words the desired Signals are received throuﬂHa genera]_ In other words, given a set of random|y gener-
d*! full rank channel matrix ated channel matrices and a degree-of-freedom allocation
T 2 gkl vk (d,dP, ... 4K, it is not known if one can almost surely
find transmit and receive filters that will satisfy the fed#ip
while the interference is completely eliminated. The dff@c conditions. The distributed interference algorithm deped
channel for usek is then expressed as: in this paper will be useful in obtaining numerical insights
(k] ] into this open problem.
(6)
whereZ" ~ N (0451 %1, I ) is the effectivell*) x 1 AWGN
vector at receivek. The rate! achieved on this channel is:

VAU < b

PE e B. Reciprocity of Alignment
R log [T + WHW]HW” @) procity of Allg
A 10g(PH) 1 o(log(PHY) 8) An interesting observation from the problem formulation

above is the duality relationship between interferencgnali
Thus, di*! degrees of freedom are achieved by ukeThe menton a given interference channel and its reciprocalrmilan
sum rate achieved over the interferenc}g channel is the Sumainedgswiiching the direction of communication. Spec
of the rates achieved by all the users, 'E RI¥. Similarly, ically, Iet_V[’f], Ul denote the transmit precoding filters and
— the receive interference suppression filters on the recgbro
K channel. The feasibility conditions on the reciprocal afeln
> d* is defined to be theotal number of degrees of freedomare:

KiGk — I (13)
HITH =1, (14)

nchi VI . NI o glk)
achieved over the channel. VI NP gttt
Remark:The interferer_u_:e alignment co_nditio_ns of (4),(5_) are T . sk o .
equivalent to the condition that the desired signals aeslily

independent of the interference (as stated in [1], [21])s@e such that

—
U
—
U

this, first consider the case where (4), (5) hold. Then, note UUItHUKY K — 00 qin, Vi £k (15)
that Ul¥ is a matrix whose column-span contains the entire e e
null-space of the interference at receiver Therefore, if, at fank(U[k”H[kk]V[k]) = dy, VkeK (16)

receiverk, certain desired vectors are linearly dependent with - -

the interference, thei/*] would null those desired vectors Suppose we se¥ ¥l = Ulkl Ukl = VI*. Then the feasibil-
and the matrixUFHF V5 would have less than a full ity conditions on the reciprocal channel become identc#hé
rank of dl¥! contradicting (5). Thus (4),(5) imply that theoriginal feasibility conditions. Thus, the following obsation
desired vectors are linearly independent of the interfegencan be made:

Conversely, if the desired vectors are known to be linearly Reciprocity of Alignment: Since the feasibility condi-
independent of the interference, thei*! can be chosen to tions are identical, if the degrees of freedom allocation
be precisely the null space of the interference at recdiver (4l', ¢l ... dl¥]) is feasible on the original interference
ensure that (4),(5) are satisfied. network then it is also feasible on the reciprocal networkda
vice versa). Interference alignment on the reciprocal rinte
ference network is simply achieved by choosing the transmit
filters and the receive filters on the reciprocal channel as

Given the channel matricdd "] k, j € K, we say that the the receive filters and the transmit filters (respectiveffjhe
degrees of freedom allocatidal'l, d?), - - - | d51) is feasible original channel.

A. Feasibility of Alignment

Reciprocity of alignment is a key property used for dis-
11t must be noted that, the rate in (8) is normalized in time fieduency ib dp . ); 9 li | y 'ph P g ibedth
(i.e., number of symbols used), babt by the number of spatial dimensions tributed Interterence alignment algorithms, describedhe

(i.e., antennas). next section.
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Fig. 2. Pictorial representation of the iterative inteefeze alignment algorithm where the receive directions atanized to minimize interference power
at the receivers. Each link (arrow) represents a MIMO chianftee transmit power per node B in both directions.

V. DISTRIBUTED ALGORITHM FOR INTERFERENCE is given by:
ALIGNMENT — P S p—

70U = Tr [U[J]TQ[J]U[J] (19)

In this section we construct distributed interferenceralig

ment algorithms for the interference channel with multipleVhere

antenna nodes and no symbol extensions. Continuing with (_ K -

the system model of Section IV, this implies that the rele- = > —mr H HUK VMV FTE A (20)

vant interference alignment feasibility condition is (Mbile k=1,k#j

(12) is automatically satisfied. Basically, (11) requiréstt is the interference covariance matrix at receiyer

at each receiver, all interference is suppressed, leaving aThe iterative algorithm alternates between the original an

many interference-free dimensions as the degrees of freedciprocal networks. Within each network only the recesver

allocated to that receiver. update their interference suppression filters to minimimsrt
Since we are interested in distributed algorithms, we stactal leakage interference.

with arbitrary transmit and receive filteN!*, Ul*l and itera-  Step I: In the original network, each receiver solves the

tively update these filters to approach interference aligmm following optimization problem.

The quality of alignment is measured by the power inléeak-

age interferenceat each receiver, i.e. the interference power

remaining in the received signal after the receive interiee . o )

suppression filter is applied. The goal is to achieve interfee I_n other words, _re.ce_|vdf chooses its |r_1terference suppression

alignment by progressively reducing the leakage interfeee filter U[k] to minimize the leakage interference due to all

If the leakage interference converges to zero, then iremte undesired transmitters. Thée*! d|meq3|onal rece|v_ed signal

alignment is feasible. subspace that contains the least interference is the space
The total interference leakage at receiverdue to all SPanned by the eigenvectors corresponding taithesmallest

undesired transmitters & k) is given by: eigenvalues of the mterferenpe covariance mafi¥!. Thus,

the d*! columns of Ul*! are given by:

min U] (21)
U N ik, UUTRE=T,

[kx] (k1T kI 7Tk

= {U @ } 0 Ul = wlQ™), d=1,-,d" (22)
where . . . -

p . \év:](;rli Sutdﬁ]]e;]sv aﬁﬁi cc:flgenvector corresponding to t
P L _ .
QM = Z WHWVMVWHWH (18) Step II: The second step is identical to the first step, but

J=Li7k performed in the reciprocal network. Consider the reciproc

is the interference covariance matrix at recelider network obtained by reversing the roles of the transmitieds

Similarly, in the reciprocal network, leP¥ > 0 be the the receivers. The transmit precoding matrices in the recip
power constraint at transmittér Then, the total interferencerocal network, V[’“ are the receive interference suppression
leakage at receiver due to all undesired transmitters # j) matricesU!*! from the original network that were determined



in Step I. Each receiver in the reciprocal network solves tHg™*. Sincer,, = =01 il

following optimization problem. the top of this page.

, we have equations (29),(29) on

—.
min T 7] (23)
Tll:MUlxdll, TUITW=I ot UI[I21]in i I, = - Umm i Z][k*
Similar to Step |, theill columns of Ul are given by: K
TU (U f = > [mm I M}
. =vaQY], d=1,---.d (24) [k]

The receive interference suppression filters in the recgdro
network are then used as the transmit precoding matrices

K <=
Pkl
- i JFA]
= 2 {?}hﬁll }

in the original network, and the algorithm returns to Step k=1
l. The iterations continue in this manner until the algarith In other words, given the values &0 j € {1,2,--- K},
converges. Step 4 minimizes the value df, over all possible choices of

The iterative procedure is summarized in Algorithm 1. AU &k € {1,2,
pictorial representation is shown in Fig. 2. the value ofI,,.
The weighted leakage interference associated with transmi

Algorithm 1 Iterative interference alignment terj is

, K}. In particular, Step 4 can only reduce

—

1: Start with arbitrary precoding matrice¥/l : MUl x Bk

. plil K - o .
dUl, vulvUlt =1, i) T Z WTr U[kHH[meV[mH[kmU[kJ}
2: Begin iteration k=1 - i
3: Compute interference covariance matrix at the receivers: p[_[a]] Z P[L]]Tr V[k]Tﬁ[jk]Tﬁ[j]ﬁ[j]Tﬁ[jk]V[k]}
K . dl d L
Qi = 3 PYL ki Ul it il k=1
dll pUl K Pk [ 1a €= 1 =[] = 10 €= 17 =1
j=T.j#k TZ T U[J]TH[Jk]V[k]V[k]Tku]TU[J]}
4: Compute the interference suppression matrix at each re- dj‘ k=1 d .
cewver: _ P[_[?  [TUQU G|
ULZ] :Vd[Q[k]]a d= 1 ad[k] dv

5: Reverse the communication direction and'8ét! = U, Therefore the value o7 computed in Step 7 to minimize
6: Compute interference covariance matrix at the new ré& i also minimizes/”). Sincel,, =YK Y itis easily

ceivers: seen that Step 7 can also only reduce the valuéwomece

o K Pl _ ey the value ofl,, is monotonically reduced after every iteration,
QY = Z WH[J AUV UL convergence of the algorithm is guaranteed.
k=1,k#j For the convergence of the algorithm, the valuerot! can
7: Compute the interference suppression matrix at each R any arbitrary positive value. In generdat, &M is a design
ceiver: parameter, and its choice so that the sum-rate (or any other

metric) is optimized is an open problem.

The following observations summarize the intuition behind

the iterative algorithm.

1) Dimensions along which a receiver sees the least inter-
ference from other nodes are also the dimensions along
which it causes the least interference to other nodes in
the reciprocal network where it functions as a transmitter.

2) The weighted leakage interference is unchanged in the
original and reciprocal networks if the transmit and

We now show that the algorithm must converge. The proof receive filters are switched.

also highlights the intuition behind the algorithm. Remark: While the algorithm minimizes leakage interfer-
We define a metric called the weighted leakage interferenerce at every iteration and is guaranteed to converge, con-
(WLI) as in equations (25),(26) at the top of the next pageergence to global minimum is not guaranteed due to the
We show that each step in the algorithm reduces the valoen-convex nature of the interference optimization proble
of WLI. Since WLI is bounded below by zero, this impliesNumerical results for the performance of the algorithm are
that the algorithm must converge. Note that an interferenpeesented in the next section.
alignment solution corresponds to WAI.
The WLI associated with receivek can be written as B. Distributed Implementation of the algorithm
(27),(28) at the top of the next page. Therefore the value of The reciprocal property of the wireless channels, combined
Ul¥l computed in Step 4 to minimizél**] also minimizes with the fact that the interference covariance matrices can

ﬁﬂzyd[a[ﬂ]’ d=1,---,d"

8: Reverse the communication direction andéét = U[*,
9: Continue till convergence.

A. Proof of Convergence



‘P IK]

K K
I, = le Wﬂkﬂ (25)

k=1j=1,j#k
- ¥ P PI_ [U[kHH[meV[mH[kmU[k]} (26)
FICRP
k=1j=1,j#k
— )
pl - K plil R,
[x]  _— 1 ° i AR = (LXIRVAVIR VARINR = ILFIRR gl
s D) mer[U HFIVUIVITH U} 27)
i=1i#k
— —
P K] P K]
_ P Tgmtorigk] — P ke
= g {U QMU }— O (28)

be naturally learnt at the receivers, enables a distributdtht interference alignment makes no attempt to maximize
implementation of the above algorithm. For example, camsidthe desired signal power within the desired signal subspace
step3 of the algorithm. While the covariance mati@*! is a In fact the algorithm described above does not depend at
function of all the channels and transmit pre-coding ves;torall on the direct channel¥I/**! through which the desired
this matrix can, in fact, be estimated by receiderin a signal arrives at the intended receiver. Therefore, wHike t
distributed manner. In particular, when the signal trat@di interference is eliminated within the desired space, nepert

by the transmitter is as given in (2), the signal received abmbining gain (array gain) for the desired signal is olsdin

receiverk can be expressed as with interference alignment. While this is optimal as all
% _ signal powers approach infinity, it is not optimal in general
Pl Tk : : .
Y — Z = gk UIE gk at intermediate SNR values. Therefore other algorithms may
= dv be designed which will perform better than the interference

. . _ alignment algorithm at intermediate SNR values.
If receiver k£ is aware of the effective channel from trans-

mitter . HFVI¥  then the receiver can learn the ef- In this section we consider one such natural extension of
fective covariance matrixQ¥! from Y*! using a channel the interfgence alignment algorithm where the receiverfilt
training phase. For example, if during a sufficiently lond’"*) and U"l are chosen to maximize SINR at the receivers

j instead of only minimizing the leakage interference. While
tpgre is no loss of generality in assuming orthogonal priecpd
vectors for the streams sent from the same transmitter as far
1 ) as interference alignment is concerned, orthogonal piegod

T NTH vectors are in general suboptimal for SINR optimization. We
Yl — dP[_;H[kklv[k]X _IN[k]) and averaging over the therefore no longer assume that the columnsVof! (the

training phase. Further, if the physical channels gainisfgat transmit precoding vectors) are mutually orthogonal. Vé® al

. ; . . - ' i (k] ifi ini
reciprocity, then the transmitters can Iefafﬁ’“] in a similar identify the columns ofU -to be Fhe specific combining
gctors for the corresponding desired data stream, so that

manner over the reciprocal channel in step 6. Therefore, fél | h | either. With th heatli
implementation of the algorithm, the receivers are reguiré -Y 3¢ not necessarlyortt}?gona either. tr,[l these freotl
definitions, the SINR of thé'" stream of thek'" receiver is

to learn the effective channel of the desired transmitted a

the covariance matrix of the interference. This reduces the UEHH[’“’“]VE]VE”HV“’“”UE] Pkl

overhead as compared to the analytical solution of [1], wher ~ SINRu = R %] kT (29)
) , U BIU d

all the receievers require knowledge of thé K — 1) channel *l *l

matrices representing the interfering links in theuser in- where

terference channel. It must be noted that while the recifyroc

training phase, the training sequenc@ﬂ,j = 1,2,3,

are chosen to be independent zero-mean unit-variance i
Gaussian sequences, thad!*! can be estimated at re-
ceiver k by evaluating (Y[’“] — %HW]V[HYM
(k]

K q dl
of the wireless channel enables a distributed implemeamtati BF  — Z P_m H[’W'JVEVETH[’””
the algorithm is relevant, from a theoretical perspectaxan =1 db! i1
in cases where the wireless channel is not reciprocal. Ih suc Pl T
scenarios, the reciprocal channel maybe used as a thedretic - WH[ ]V*z Vi HMIT 4 Ty (30)

tool for examining the feasibility of interference alignnie
The unit vectorUES] that maximizes SINR is given by

C. Max-SINR Algorithm W (B[kl])_l H[kk]v[j]

The algorithm presented above seeks perfect interference x I (B[kz])*lﬂ[kk]v[j] ”' (31)

alignment. In particular it seeks to create an interference
free subspace of the required number of dimensions, thafThe steps of the iteration are given in Algorithm 2.
is designated as thdesired signal subspace. However, note



Algorithm 2 Max-SINR algorithm 4) An achievable scheme with users orthogonalized, with

1: Start with anyV* . MK x d@l*| columns of V¥ are equal time sharing for the users, and with powér per
linearly independent unit vectors. node.
2: Begin iteration 5) The rate of the single-user channel, i.e., the rate of the

3: Compute interference plus noise covariance matrix for 2 x 2 MIMO channels.
B! for streami at receiverk according to (30)Y k € 6) The greedy interference avoidance algorithm of [29].

{1,2,--- ,K},1e{1,2, - ,d[k]}_ 7) Isotropic transmission, where each transmitter sehds

4: Calculate receive combining vectdi&" at receiver: ac- streams of equal power without regard to the channel
cordingto 31)¥ k € {1,2,--- ,K},l € {1,2,---,d*}. information. . . _

5: Reverse the communication direction and use the receiv8) Random beamforming vectors with selection - Each user
combining vectors as precoding vectofg:*! = UMK, generates a beam randomly, and transmits along the gen-
VEke{l,2- - K} erated beam. A number of such solutions are generated

6: In the reciprocal network, compute interference plus-mois ~ and the maximum rate achieved among these random
covariance matrixB ! for streaml at receiverk, V k € solutions is plotted. The number of solutions is equal
{1,2,--- K}, le{1,2,---,dM}. to the number of iterations used by the distributed algo-

7: Calculate receive combining vectori;_J[’j], V k € rithms, so that algorithms of (roughly) equal complexity
(1,2,- K},l€{1,2, - d[k]}. * are compared. Note that as the number of solutions

used increases, this strategy would approach a brute-force
search over the entire space based on the Monte-Carlo

8: Reverse the communication direction and use t[@ receive
combining vectors as precoding vectofg!*! = U,

VEke{l,2,--- K} philosophy.
9: Repeat until convergence, or the number of iteratiod1e performance is measured by the sum rate achieved over
reaches a limit defined earlier. the interference channel, i.e., the sum of the rates adthieye

the 3 users, measured in bits per channel use. Further, it must
be noted that the number of spatial dimensions (i.e. angnna
Remark: It must be noted that the distributed implementdD @l the nodes is equal to two, in all the systems listed
tion explained previously is the context of Algorithm 1 isal above. The degrees of freedom advantage of certain aclgevab
applicable for the Max SINR algorithm. schemes such as the theoretical solution of [1] over others

Remark: Intuitively, for the Max-SINR algorithm, the powerSUCh as orthogonalization is due to interference alignment

chosen in the reciprocal network must be comparable to tEEO”t]_ the_ F:'O:c of Fig. ?’l’_ I cantbe (sje(,a\; thgtht??e dl'sm_tt)#ted
power in the original network. This is because, if the povrer frerative interierence alighment an ax- aigorrthms

the original network is high (as compared to the noise pQWe’?erform very close to the theoretical solution at high SNR. |

the performance of the system is limited by interference a @r?culat\r, ?hotrlr?lgorl;thmls ach|eyed§m ?Imcizt Itd tehntlc;;;:afty
optimal solution should align the interference. Howevag t scaiing 1o the theoretical case, indicaling that they aehan

) . : optimal 1 degree for each user, or equivalentlytcal of 3
power in the reciprocal networlP is chosen to be small as .
. degrees of freedom over the channel. More importantly, the

“§itributed algorithms provides significant benefits oves t
orthogonalization over the entire SNR range considereid. It
expected that the interference alignment algorithms otdapa
orthognalization at high SNR because the latter only aesiev
/3 degrees of freedom per user, or equivalently a tote of

beamforming directions at its receivers virtually ignarim-
terference since it operates in a noise limited regime.&sihe
receive beamforming directions in the reciprocal netwa a
the transmit beamforming directions in the original networ

this would lead to a suboptimal solution overall. Note tha .
this intuition does not necessarily apply to Algorithm s egrees of freedom over the channel. However, the plot of Fig
ure 3 is particularly interesing becuase the iterative NBHXR

noise is ignored in the algorithm. An analytical treatmeht o . L o
. — ) : algorithm significantly outperform orthogonalization aatl
the choice of P, as mentioned before, is an open problem.

interference avoidance even at moderate and low SNR. We
next explore the application of the algorithm for verificati
VI. PERFORMANCERESULTS AND APPLICATIONS of feasibility of interference alignment.

Consider the3 user interference channel where each node . .
is equipped with2 antennas and all channel coefficients are- Feasibility of Interference Alignment
i.i.d. zero mean unit variance circularly symmetric comple While the iterative algorithm is useful for circumventing
Gaussian. As shown in Fig. 1 with interference alignmenheathe need for global channel knowledge, it can also be used
user achieves$ degree of freedom. In Fig. 3 we compare thé& check theoretical feasibility of interference alignréor

performance of the following achievable schemes a given number of streams per user. Wet!l, d?l, - - - M)
1) The distributed iterative interference alignment aigon  d€NOte the number of trg[rkl]smlt st[;]eams of the users. Forgperfe
(Algorithm 1 of the previous section). interference ahgnm.eﬁz:j:1 A1Q _] = 0 at receivert where
2) The distributed Max-SINR algorithm (Algorithm 2 of the;[A] denotes thejth smallest eigenvalue oA. Note that
previous section). ijl Aj [Q!*] indicates the interference power in the desired

3) The centralized theoretical closed form solution of [1]. signal space.
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Fig. 3. Performance of the decentralized interferencenaient algorithm Fig. 4. Percentage of interference power in desired sigratesas a function
for the three user two antenna case. of the total number of data streams in the network.

Using the algorithm, we plot in Fig. 4, the percentage of
interference in the desired signal space versus the totabeu
of transmit streams in the network. The fraction of intezfere
in the desired signal space of receiveis defined as

Symbol extensions over orthogonal dimensions produce
structured (diagonal or block diagonal) matrices for which
both conditions (12) and (11) are non-trivial. To see this, w
Z‘;fl )\j[Q[k]] first note that the iterative algorithms aim to align inteefece
fr[T’Cl]' (32) since the focus on designing precoding and nulling vectors
) ) _ ) ) to minimize the total interference leakage. In other words,
When the fraction of interference in desired signal space tifey focus on findingv!", U satisfying (11). When the
zero (within numerical errors), then interference aligntie  \j;\MO channel is considered without channel extensions; the
feasible, but novice-versa Fig. 4 suggests that interferencey|| the elements of the channel matrices are randomly and
alignment is feasible on the four user interference channghiependently generated from continuous distributiond an
with 5 antennas at each node when each transmitter sepgggition (12) will also be satisfied with probability 1. Ehi
two streams. Note that a non-zero interference leakage Whghecause the direct channel matri#%*! do not appear in

the number of beams is increased does not necessarily imghndition (11). So the choice of transmit and receive filters
the infeasibility of interference alignment. This is besauour VIH UMk e K to satisfy (11) does not depend on the
numerical algorithm does not necessarily converge to aaglolyjirect channel matriceE**. Since H** is independent of
optimum. Ther_efore, whileT the upperbound on the degreespfk]’U[k] and all its elements are randomly generated from a
freedom for this network id0, the plot suggests that atleastgntinuous distribution (i.e. it lacks any special struejuthe

8 degrees of freedomd(!) = di* = dPl = d¥ = 2) can product matrixUK"HI*I'VI¥] has full rank with probability
be achieved without channel extension. Similarly for the # Thus, for random MIMO channels without time-extensions,

antenna case, the plot indicates that interference alighmg (11) can be satisfied then (12) is automatically satisfied
is possible for atleast a total df streams in thed user amost surely as well.

interference network with onlyl antennas at each node,

while the degrees of freedom outerbound8is While the However, if time-extensions are considered then the cHanne
results of this section clearly illustrate the benefits efdtive matrices may have a diagonal or block diagonal structure and
algorithms, there are cases where these iterative algwitire (12) cannot be taken for granted. For instance, consider a
not applicable. We describe such cases in the next sectionscenario where all nodes hateantenna and a two symbol
extension is chosen. Over a channel with two-symbol exten-
sions, all inputs and outputs afedimensional vectors, and

_ ) _ S the channel is & x 2 diagonal matrix - the diagonal property
The iterative algorithms are not effective in finding in&¥ f the matrix arising from the fact that we do not model inter-

ence alignment solutions for channels which require symbg}mbm interference. Thus each matE&/* is of the form
extensions. It must be noted that long symbol extensions are

in general required to achieve the optimal degrees of freedo HUk — { hi 0 }
for time-varying channels with single-antenna nodes. &her 0 hy
fore, the algorithms are specifically not applicable for(SISNSO’ let d* = 1 so thatU* and V!
interference channels, even though they are time-varying. \actors. Now if

reason behind the inapplicability of the iterative algumis Ul - { 1 }
may be understood as follows. 10

Pk =

VIIl. L IMITATIONS OF THE ITERATIVE ALGORITHMS

Kl are4 x 1 column
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VI = { 0 ] virtual MIMO system. Consider an interference relay channel
1 with three sources, three destinations and a half-dupley re
then, even though the non-zero entriestbf*) are indepen- (node0) as shown iq Fig. 5. Recall that in the absence of
dent of U¥l andVI*, the value ofUKITHI*IVI¥ is equal to relays this network is shown to approach the upperbound
0 and therefore does not have the desired rank dhis issue ©f 3/2 degrees of freedom per orthogonal dimension in the
is also discussed in Section IV-D of reference [1] to show tf$ymPptotic limit of infinitely long symbol extensions [1].
necessity of arbitrarily long symbol extensions for inteence However, we show that with relays only a two time slots
alignment. are required to achieve the outerbound, B¢2 degrees of
A second case where a similar problem arises is in Mim&eedom. . _

channels with symbol extensions and constant (i.e. not-time Consider the following two slot protocol. In the first slot,
varying/frequency-selective) channel co-efficients. @e this the relay is silent and the received signal at destinafias
consider ak user interference channel with antennas at 91ven by

each transmitter and receiver, where a two symbol extension 3. _ _
is chosen. Since a two-symbol extension is chosen, thesnput yP(1) = > rU1(1)2l(1) + 200(1), j=1,2,3 (33)
and outputs ard dimensional vectors. Further, without inter- i=1

symbol interference, the channel matrid¢#s*! are4x4 block The received signal at the relay can be expressed as
diagonal matrices of the form,

3
hi1  hio 0 0 1/[0](1) = Z h[OZ](l)IM(l) + Z[O](l)
H[]k] — th h’22 0 0 i=1
0 0 hi hi2 In the second slot, the relay transmits a scaled versiors of it
0 0 hor hao received symbol while souraggransmitsz!”! (2). The received
Also, let d* = 1 so thatU™ and V¥ are 2 x 1 column signal at the;j*" destination node in the second slgt €
vectors. Now if ) 1,2,3)
3
uk— |1 y(2) = hb2) x1(2)+nb%(2)8y % (1) +2V(2) (34)
1 i=1
1 Let Y1) — [ylil(1) yl1(2)]7 and X1 = [0 (1) 2[1(2)). In
1 other words, the two inputs and the two outputs correspandin
v | 1 to the two slots are combined and expressed as two dimen-
.| sional vectors. On observing (33),(34), it can be noted that
1 the dependence of the outpuitd’!, j = 1,2, on the inputs

XUl i =1,2is linear so that, we can combine them to obtain

H kk i . .
then, even though the non-zero entries " are inde- ., equivalent vector representation as

pendent of U and V¥, the value of UFTHIFVIH js
equal to0 and therefore does not have the desired rank. of
Thus, in general, the applicability of the iterative algioms
is limited in cases where the channels may have some special
structure. Due to these difficulties, it is not trivial to app Where ) Pl (1
the numerical interference alignment algorithms to casiéis w HUY = { R (2) 07 (1) h[jg@) }
symbol extensions. Since the interference alignment isoisit

for SISO channels require symbol extensions, the design axitd 0

application of numerical interference alignment algorighifor Zl] — [ o Z[O] (1) ] } )
the SISO case is an important open problem. In the next pR72(2)20(1) + 291(2)
section, we describe an alternate (analytical) technigue -t

overcome the interference alignment feasibility issuengis |t must be noted that, while arbitrarily long symbol exten-
relays. sions are used in [1] in most cases, for the MIMO three user

interference channel, finite symbol extensions are sufficla
particular, if the number of antennas at each node is equal to
(or any even number), then symbol extensions are not regjuire
Now, the above equations imply that, over two time slots,
In this section, we give an example of how long symbdhe relay network reduces to a three user MIMO interference
extensions may be avoided by the use of relays. Note that [ZBlannel with (non-diagonal) structure on the channel matri
has shown that relays cannot increase the degrees of freed®inte the channel matrix is non-diagonal (unlike symbol
for time-varying wireless networks. However, as we show iextensions in the absence of a relay) it is easy to verify that
this section, relays can be very useful by reducing the sizewhen the channels are random and independent of each other,
the signalling space over which interference alignmentlan a multiplexing gain of% is achieved with probability. The
accomplished. The key idea is to employ relays to createadvantage of this scheme is that it requires only two tinogssl

3
yll = Z H xl L 7] (35)
i=1

VIII. | NTERFERENCEALIGNMENT WITH LIMITED
DIMENSIONS USING A RELAY
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Fig. 6. Performance of the interference alignment schemitfs time slot
extension for the three user interference channel.

Fig. 5. Interference relay channel
and time-varying nature of the channel interference aligmm
over certainX channels. It must be noted that we need the

to achieve3/2 degrees of freedom per time-slot, whereas ighannel to be time-varying (or frequency-selective) incase.
the absence of the relay, we simply have theser SISO This is because, if the channel is not time-varying, therheac
interference channel which requires arbitrarily large bem channel matrix is & x 2 lower triangular matrix with identical
of time-slots [1]. diagonal elements. That means that the veffior1]” is the

In Fig. 6 we plot the performance of the interferenc@nly _eigen vector for all the chanr_wel matrices, z_;md th_en the
alignment schemes for the case of time extensions. For gfdution of [1] would not be applicable (See discussion in
interference alignment scheme with relay, the transmitgrowS€ction IV-D in [1]). However, with the time-varying charise
per node isP. That is, the three transmitters and the relay haghifferent channels have different sets of eigen vector$ wit
a total power of4P. The transmit power for the Orthogonaprobablhtyl _and th(_a solution of the MIMG-user interference
scheme where only transmitter is active at a time4je. channel [1] is applicable here.
The interference alignment scheme without relay achieves a
multiplexing gain of 4 in 3 time slots [1]. Here transmitter IX. CONCLUSION
1 sends two streams while transmitters 2 and 3 send onene developed a distributed numerical approach to inter-
stream each. The transmit power per strean®iadding up ference alignment in interference channels to complement
to 4P for the scheme. We can also increase the numbertak recently developed analytical approaches [1]. Interfe
time slots for channel extension to improve the multiplgxinence alignment is found to be achievable through iterative
gain. However it requires very higl to outperform the algorithms based on network reciprocity and the "minimize
orthogonal scheme. It can be seen that adding an extra rejlagrference to others” approach. Numerical comparisons t
helps in achieving the multiplexing gain of in two slots. orthogonal schemes, simultaneous transmission schendes an
Further the performance improves at loiv as well. The selfish interference avoidance schemes show that the kenefit
performance of the algorithm can be improved by optimizingf distributed interference alignment algorithm are digant
the power allocation at the relay. Simulations reveal that tand close to the theoretical predictions. Further, theritlyns
application of iterative algorithms for the interferendennel provide insights into the feasibility of alignment, whetest
with relays lead to poor performance, even as comparalletical results are not available, particularly in casémne
to orthogonalization. While the fundamental reason fos ththe number of signalling dimensions are limited. In genexsl
poor performance is not clear, the distributed nature of tigitigating interference is the fundamental problem of Veiss
algorithm in combination with the lower-triangular natwe networks, the 'do no harm’ approach based algorithms have
the matrices seem to lead to infeasible interference akgmmenormous applications in wireless networks.
solutions which satisfy (11), but not (12). The paper leads to several interesting open problemslyFirst

It must be stressed that the main idea behind the interferetitere are several algorithmic aspects of the problem that
alignment scheme with the relay is to show that there aremain to be investigated, such as the rate of convergence
benefits in employing relays in making alignment feasiblas the network size increases. The convergence of the Max-
with limited signalling dimensions. The idea of using redaySINR algorithm is also an open question. Secondly, while the
to enhance the feasibility alignment schemes has also bedgorithms are applicable in certain cases, they are ndicapp
extended toX channels in [30]. In particular, the referencédle when the channels have a diagonal/block-diagonalflowe
shows that the relay obviates the need of frequency selgctitriangular structure. This means that the numerical irtsighe



not applicable in channels where time-extensions are U$es. [20]
development of humerical algorithms for these cases resnain
an open problem. Finally, the paper motivates a more thdroug,
investigation of the idea of using relays to simplify aligem
schemes. In particular, the example described in this paper
mes. . . el
restricts itself to the3-user time-varying/frequency-selectiv
interference channel. The paper opens the question of eheth
and to what extent, relays can simplify alignment schemes#3!
larger interference channels, or in channels which areimett
varying/frequency-selective. Partial results in thisedtion [24]
[30] for X channels suggest that this is promising direction
of research. 25]
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