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Abstract— In this paper, we propose a new decoding algorithm
for quasi-orthogonal space-time block codes (QOSTBCs) which
achieves near Maximum Likelihood (ML) performance while
substantially reducing the decoding complexity. We show that
for a system with rate r = n;/T, where ns is the number of
transmitted symbols per 7' time slots; the proposed algorithm
decomposes the original complex-valued system into a parallel
system with n; 2 x 2 real-valued components, thus allowing for a
simple decoding of one real symbol at a time. For a square QAM
constellation with L points (L-QAM), this algorithm achieves
full diversity by properly incorporating two-dimensional rotation
using the optimal rotation angle and the same rotating matrix
for any number of transmit antennas (N > 4). We show that
the complexity of this algorithm is linear with the number of
transmitted symbols n,, and is independent of the constellation
size L.

I. INTRODUCTION

Space-time block-codes (STBCs) from quasi-orthogonal de-
signs achieve high symbol transmission rates compared to
orthogonal STBCs. However, the Maximum Likelihood (ML)
decoding of QOSTBCs is more complicated. Specifically, a
joint detection of two complex symbols is required for a full-
rate QOSTBC system with N = 4 transmit antennas, or 3/4-
rate system with NV = 8. For the full-rate system with N = 8§,
four complex symbols are jointly detected to obtain the ML
solution [1], [2]. Unlike the OSTBCs, the decoding complexity
is no longer linear, but rather, increases exponentially with NV,
i.e., O(L"N/?) where L is the size of the L-QAM constellation
(1], [3].

Targeting the decoding complexity, a number of algorithms
were proposed in the literature attempting to reduce that
complexity [4], [5]. In [4], a decoding algorithm was proposed
whose complexity is O(LN/4). Despite the fact that this
complexity is lower than that of the conventional algorithm, it
is still exponential in N and will increase rapidly as L becomes
large. Minimum decoding complexity (MDC) for the class of
QOSTBCs whose ML decoding requires only a joint detection
of two real symbols was proposed in [5]. An algebraic
structure for the code was constructed to guarantee that every
complex transmitted symbol is orthogonal to all other complex
symbols, but the in-phase and quadrature components within
the same complex symbols need not be orthogonal. Sphere
decoding (SD) [6]-[9], on the other hand, was proposed as a
low complexity algorithm for the detection of QOSTBCs [3].

The ML metric of QOSTBCs is written into two independent
Euclidean norms in [3], making it possible to apply SD to
operate on each independently, thus reducing the decoding
complexity. Complexity of SD has been widely studied in [7],
[10], [11]. In the sequel, we will compare the complexity of
our algorithm with those discussed above in detail.

In general, QOSTBCs do not achieve the full diversity
provided by the channel. One way to provide full diversity
using QOSTBC:s is to choose half of the transmitted symbols
from a signal constellation set .4 and to choose the other half
from a rotated constellation set e/? 4 where ¢ is the rotation
angle [1], [2], [12]. Another way is to use multidimensional
rotated constellations as discussed in [4], [13], [14].

Our new decoding algorithm is based on Sorted QR decom-
position (SQR) [15] of the real-valued lattice representation
for the class of QOSTBCs discussed in [5]. In [15], SQR
was proposed as part of a simple decoding algorithm for that
special kind of STBCs called layered space-time codes (LST)
[16]. In spite of the simplicity of the algorithm presented
in [15], it is not applicable to QOSTBCs and, furthermore,
it will not be able to achieve full diversity. In this work,
making use of the real-valued representation, we show that
the detection can be performed independently considering only
one real symbol at a time. Moreover, full diversity is achieved
by properly incorporating two-dimensional rotation which is
performed using the same rotating matrix for arbitrary N.
This becomes possible by an appropriate grouping of the
complex transmitted symbols. We discuss the performance and
complexity results for our proposed algorithm, and compare
them with conventional ML detection [17], those in [4], [5],
and sphere decoding [3].

II. QOSTBCS AND SYSTEM MODEL

Consider a MIMO system with N transmit and M receive
antennas, and an interval of 7' symbols during which the
channel is constant. The received signal is given by

[p
Y =4/ =CyH
NCN +V

where Y = [y/|ryar is the received signal matrix of size
T'xM and whose entry y/ is the signal received at antenna j
attime ¢, t =1,2,..., 7,5 =1,2,...,M; V = [v]]rxn is
the noise matrix; and C' = [ci]r«x is the transmitted signal

(1)
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matrix whose entry ¢! is the signal transmitted at antenna i
at time ¢, t =1,2,...,7,1=1,2,...,N. H = [h; j]nxm
is the channel coefficient matrix of size N xM whose entry
h;; is the channel coefficient from transmit antenna ¢ to
receive antenna j. The entries of the matrices H and V are
independent, zero-mean, and circularly symmetric complex
Gaussian random variables of unit variance; and the parameter
p is the signal-to-noise-ratio (SNR) per receiving antenna.

In this paper, we consider the class of QOSTBCs for which
decoding pairs of symbols independently is possible (see
Chapter 5 of [18]). The analysis in the sequel applies to any
QOSTBC that belongs to this class [5], [17]. In the following,
we consider N = 4 and emphasize the fact that the derivation
is applicable to arbitrary N.

Now, for N = 4, we consider the full-rate code presented
in [4] with ns = 4 and is defined by

51 83 84 52

* * * *

O, — §3 —S1 S22 T84 )
4 — * * * *
S4 S22 —S81 —S83
S22 —S84 —S3 S1

Note that removing one or more columns of a QOSTBC results
in new STBCs for smaller numbers of transmit antennas [18].

III. PROPOSED ALGORITHM

Assuming that the channel H is known at the receiver
and setting M = 1 for simplicity, we start by decomposing
the T-dimensional complex problem defined by (1) to a 27-
dimensional real-valued problem. Using either of the real-
valued representations proposed in [4] or [9] gives the same
results in terms of our proposed algorithm. Rewriting (1) in
matrix form, we have

Y1 hi U1
Y2 ha1 Vg

=Cn . + . |- €))
yr hn1 T

We specify the complex transmitted symbols of Cx by their
real and imaginary parts as s,, = Top,—1 + jTom, for m =

1,2,...,ns. Applying the real-valued lattice representation
defined in [9] to (3), we obtain
j=Hzx+v 4)

or equivalently

R(y1) R(s1) R(v1)

S(y1) S(s1) S(v1)

Lo =H ]
R(yr) R(sm) R(vr)
S(yr) S(sm) S(vr)

The real-valued fading coefficients of H are defined using the
complex fading coefficients h;; from transmit antenna i to
receive antenna j as hop—1 = R(hp,1), and hoy = F(hn1)
for n = 1,2,..., N (recall that we restricted ourselves to
M =1, and therefore we only consider j = 1). Let’s define

the number of transmitted symbols as n,, then the equivalent
real-valued channel H is a 2N X 2ng matrix. Using (2), H is
given by

hi —ha hy —hg hy —hs hs —hg
ho hi hs hr hy hs he hs
—hs —hy hs g hq ho —hy —hg
— —hy hs3 he —hs hy —hi —hg hy
| =hs —hg hs ha —hy —hg M ho
—he hs hs —hs —hg hr hy —h
hy —hs hi —hy —hs hg —hs hy
hg hy ha hi —hg —hs —hs —hs
Setting H = [ h1  hs hs ], where hy is the k-th
column of H, we bserve that
(h1, hi) =0,i # 3, (P2, hi) = 0,1 # 4,
<h5,h> =0,i# 7, (he,hs) = 0,7 # 8. (5)

where (h;, h;) is the inner product of columns f; and h;.
Applying SQR decomposition to (4), we have
y =QRx + v
Q" =Rz + Qv
y=Rx+v
where v and © have the same statistical properties since @) is

unitary and so is @*7. The matrix R is an 8 x 8 block diagonal
matrix of the form

Ryo 0 0
0 Rsy -+ 0
R= ) . ) ) (6)
0 0 R7g
where
o Tii Tii+1 C_
Rt { 0 risrin ] 1=1,3,5,7.

Using (6), the ML problem is now simpler and rather than min-
imizing ||Y — CH| |2F, the solution is obtained by minimizing
the metric ||7 — Rz||3 in a layered fashion over all different
combinations of the vector z. Finding the optimal solution
now is much simpler than in the conventional way, since R
contains too many zeros which is a result of using the SQR
decomposition and the observations in (5). To further reduce
the complexity, we suggest that the decoding be carried out by
quantization to the nearest real-valued element in the signal
constellation used. To make this clearer, let the square L-QAM
alphabet be given as 02, where Q = {,\/Z + 1, ,\/f +
3,...,v/L —1}. Then

Yi+1
U( yZ+
Tit1,i+1

(N

Ti41 =

for : = 1,3,...,2n
correctly, we obtain

s — 1, and assuming z;4; is decoded

z; = U(yi - Ti,i+1$i+1) 8)

i
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for same 7, where U(.) quantizes the value of its argument to
the closest element in the set 2. Noting that the SQR algorithm
is a sorted version of the QR decomposition, we may ask this
question: why use SQR rather than QR? According to (8),
decoding x;; efficiently has a strong impact on the decoding
of x;. Thus, we aim that the decoding of x;,1 be as reliable
as possible. This reliability can be improved by two means

« using SQR.

o declare a band of potential ambiguity around the bound-

ary points of the quantizer.

The idea of SQR is to find the permutation of H that
minimizes each diagonal element 7;; in R with ¢ running
from 1 to 2n,, thus maximizing the SNR in each step of the
detection process, and reducing the propagation of an error
from decoding ;4 to decoding x; [15]. It is important to
note that SQR finds the best upper triangular matrix R, but
each time R may have a different form. All of these forms have
the common property that half of the rows of R have always
one nonzero element (the diagonal element), and the other
half have exactly two nonzero elements, one on diagonal. This
property makes the above algorithm generic by performing the
decoding of the symbols that correspond to the rows that have
only one nonzero element using (7), and decoding the other
half using (8). For example, another form of R would be

(710 0 0 0 0 0 0 7rg]
0 72,2 0 0 0 0 ro7 0
0 0 73 0 r35 0 0 0
R— 0 0 0 7144 0 16 O 0
o 0 0 0 0 rms5 O 0 0
0 0 0 0 0 mre O 0
0 0 0 0 0 0 m7 O
| O 0 0 0 0 0 0 rss |
9)
Then, the decoded real symbols are obtained by
Ui
i = O(—
! (Ti,i)
for i = 5767 7a 8’ and
2y = OIATTAOTE) (BI85
T4,4 73,3
= (2T BT 1T
72,2 r1,1

An additional way to improve the reliability aforementioned
is to define a band of potential ambiguity around the boundary
points of the quantizer. The band length is specified statisti-
cally. To make this clearer, consider the quantization function
for a 16-QAM modulation scheme

-3, z2< =2
1, —2<2<0
O(z) = 1, 0<z<2
3, z>2

If the value of z for a symbol z; decoded by (7) is very
close to one of the boundary values {-—2,0,2} (for e.g.,
z = 2.01), then the decoding of the real symbol zjy;

that is coupled with x; and decoded by (8), is declared as
ambiguous. Consequently, the quantization function returns
two values for x;, for which z is close to (for z = 2.01,
U(z) = {1,3}), and the decoding of z; is carried out
twice, using one value of zj at a time. The decoder chooses
the real symbols xj and xj4; that have the minimum weight
(minimum Euclidean distance). For example, for R defined
in (9), if the quantizer returns a pair of estimates for xg
namely {1, 3}, then 1 will also have two estimates given by
U(%) and U(L2rs 1” £), respectively, (say {—1,1}). The
decoder, in turn, finds |7/8 — 713 8%s|? + |71 — 11121 — 71,8782
for two different combinations of {xs,x1} (namely {1,-1}
and {3, 1} in this example), and returns that set which gives
the minimum value. Note that if the band length is set to zero,
then the quantizer always returns one value.

Now, for a given channel realization, assume that SQR
creates an R matrix of the form presented in (9), then the
decoding algorithm can be written in an algorithmic way as
shown as Algorithm 1 below.

Algorithm 1 Proposed decoding algorithm

stepl ) )
(88) Ty = U(Tg;), g = U(Tz?ﬁ),

25 = O().

step 2:

if (number of estimates for xg) = 1 then
r, = U(Zh 7‘128 8)
else )
z1(1) = U(iyrrﬁlgfg(l))
1—71,828(2)
r1(2) = U(T)
if (|7s — rss@s(1)]? + |71 — ris@s(l) — ri121(1)]?) <
(198 — 78,828 (2)[* + |71 — r1,878(2) —71,171(2)[?) then

Trg — Ig(l), Tr, = Il(l)
else
rg = $8(2), I = x1(2)
end if
end if

{step 2 is carried out considering the remaining coupled
pairs (1’2, 1‘7), (1’3, 2135), (1‘4, 16)}

IV. QOSTBC WITH FULL DIVERSITY

In general, there are two methods to achieve full diversity
and improve the BER performance at high SNR values. One
way suggests choosing half of the transmitted symbols in a
quasi-orthogonal design from a signal constellation set .4 and
choosing the other half from a rotated constellation set e/¢ A
[1], [2]. Another approach is to apply multi-dimensional ro-
tated constellations which exhibit full diversity and maximum
coding gain [4], [13]. However, no proper expressions for
the rotation matrix of sizes greater than four exist. Applying
the first approach to our algorithm introduces interference
among the real symbols and as a result the orthogonality
properties defined in (5) do no longer hold. Instead, a two-
dimensional rotation of the real symbols (z1,Z2,...,T2n,)
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that are not orthogonal to each other is applied, thus maintain-
ing the orthogonality properties among the channel columns
and maximizing the diversity on one hand, and overcoming the
problem of finding proper expressions for the rotation matrix
on the other hand.

The two-dimensional rotation matrix is defined by [4], [14]

o[z ]

cosf
where the optimal angle is obtained by § = Zatan(}) for
square QAM constellations [5].

cos 0
sin @

(10)

In the following, we discuss the application of this rotation
to QOSTBCs for N = 4, keeping in mind that this derivation is
generic and applicable to arbitrary N. Using (5), we combine
every two real symbols that are not orthogonal to each other
in one group, then we apply a two-dimensional rotation using
the matrix G. The produced real symbols are defined as

a-eln] [E]eln)
)= eln] [R]-eln ]

Full diversity is achieved by replacing s1, s2, S3, S4 defined
in (2) by s1,389,83,54 where 5, = Zonm—1 + jTom for
m =1,2,...,ns. Incorporating the rotation matrix G into the
system changes the equivalent channel matrix H, but keeps
the orthogonality properties defined in (5) unchanged. The
equivalent channel matrix H after the rotation is given by

hicosf + hysinf
ho cosf + hgsinf

—hgcos + hysinf
hs cos@ — hgsin 6

hg cos 0 + ho sin 6 —hszcost + hssinf

Applying SQR decomposition to H produces a block diagonal
matrix R of the form previously discussed in (6). Thus, ap-
plying our proposed algorithm becomes possible and achieves
full diversity by properly choosing the optimal rotation angle
0. To make this clearer, we define the codeword difference
matrix between any pair of distinct transmitted signals, C!
and C?, as AC = C! — C? where C! = G(31, 32, 33, 354),
C? = G(51, 82, 83, 84), and G(.) is the generator matrix that
produces the codeword matrices C' and C2. In order to
achieve full diversity, the minimum value of the determinant
of the product (AC)H(AC) has to be nonzero, and should
be maximized in order to obtain the optimum coding gain [1],
[18], [19]. With some algebra, we obtain

(AL (AB)L
(AB)L, (AA)L

where I5 is the identity matrix of size N/2 = 2, and AA and
AB are given by

(ACYH(AC) = [ an

4
AA =[5 — &
k=1

and
2

AB =
k=1

Now, we define A; = A, cos 6—A;sin6 and Aj = Ajcosf+
A;sind for (i,7) € {(1,3),(2,4), (5,7),(6,8)}, where Ay
and A, are the differences between the real symbol #j in
codeword C' and #j in codeword C? for k = 1,2,...,8,
before and after the two-dimensional rotation respectively.
Thus, AA and AB can be rewritten as

k=1

8
AA= Y (D) + (Apsr)? (12)
o
and
4
AB =2 Z —(Ag + jA1) (Agga — jAK1s). (13)
k=1
k:odd

The determinant expression of (AC)H(AC) defined in (11)
is derived in [19] as

det(AC)(AC) = [[AA+ AB)(AA—AB)*. (14

Substituting (12) and (13) in (14), and denoting the set of pairs
@5 S = {(1,3),(2,4),(5,7),(6,8), and the determinant
value by d, we get

4

d= Z (AZ+A])2 X

(i,.5)€S

> (A Ay
(i,5)es
Following [1], [2], and [19], we can assume that the worst-
case (minimum) value of d is obtained when only one group
of the real symbols (z;, x;) for (4, ) € S, makes an error and
the rest of the symbols are error free, hence d is simplified to

d = [A7 cos(20) — 2A;A; sin(260) — A? cos(26)}8 .

In order to achieve full diversity, we can properly choose the
rotation angle 6 so that d is nonzero. It was shown in [4], [5],
that = fatan(3) is the optimal rotation angle for square
QAM constellations which not only provides a nonzero value
of d and therefore achieves full diversity, but also maximizes
the minimum determinant value d, and consequently, provides
the optimum coding gain.

Finally, we emphasize the fact that the proposed decoding
algorithm is generic, works and has the same computational
complexity for rotated and non-rotated QOSTBCs.

V. COMPUTATIONAL COMPLEXITY

In this section, we compare the computational complexity
of our proposed algorithm with that of conventional ML
detection and the complexity of other reported algorithms in
the literature. The overall complexity is measured in terms of
the number of operations required to decode the transmitted
signals for each block period 7'. Using the same notation in [4],
a complex multiplication is equivalent to 4 real multiplications
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Ch and 2 real additions C'4, while a complex addition is
equivalent to 2 real additions. We split the complexity formula
into two parts in order to represent C'; and C4 independently.
We denote the complexity of our proposed algorithm by
Cpr, and show it as a two dimensional vector where the
first dimension is the number of real multiplications and the
second, the number of real additions, then

Cpr = n5(3CM +p16CM; 1Cy +plch)

where p is the number of times the quantizer returns more
than one value for decoding one block of transmitted symbols.
Obviously, if the band of ambiguity length is zero, then p = 0.
The maximum complexity of Cpr occurs when the quantizer
always returns two values, i.e., p = ng.

Conventional ML detection [17], on the other hand, per-
forms pairwise complex symbol detection and the complexity
Cyrr is presented in [4] as

Carr = 2L {(2N? + 4N)Cay, (2N? + 3N — 1)Ca}.

Obviously, Casr, increases exponentially with /N and polyno-
mially with L, whereas Cpp, is linear with ngs (or equivalently
with V), and is independent of the constellation size L.

In [4], a decoding algorithm was proposed for the detection
of QOSTBCs. Its computational complexity was given by

Cgy = ALF{(N? +4N)Cay, (N? + 3N = 1)Ca }.

Again, this complexity is exponential in N and polynomial
in L, thus Cpgr is more desirable. For example, for N =
4 and 16-QAM modulation scheme, Cpr achieves > 73%
reduction in the complexity compared to 0[4], and > 97%
compared to Cp;z. Obviously, these gains are at the expense
of a small performance loss. For instance, for N = 8 and 16-
QAM constellation, a performance degradation of 0.2 dB is
experienced compared to ML performance while a complexity
reduction of 98%, and > 91%, is obtained compared to
conventional ML detection and [4], respectively. Note that the
complexity gain obtained by Cpr becomes more substantial as
N or L becomes larger. For example, for N = 8 and 64-QAM,
Cpr achieves 99.8%, and 98% reduction in the complexity
compared to conventional ML and [4], respectively.

SD was proposed in [3] to decode QOSTBCs. The com-
putational complexity is reduced from O((n,)%) for ML to
O(2(ns/2)%) using SD, where n; is the number of transmitted
symbols. This complexity is polynomial with n,. However,,
the choice of the radius is based on the Gram matrix eigen-
values, which adds a computational complexity of O((2M)3?).
Moreover, when no point is found inside the sphere, the radius
is increased and the algorithm restarts, which additionally
increases the computational complexity.

Finally, the decoding algorithm presented in [5] has a
complexity which is comparable to the complexity of the
algorithm proposed in [4] which is a function of O(LN/ 4,
since both algorithms perform joint detection of two real
symbols. Therefore, the same complexity gain of Cpr over
C[4] is applicable also over C[S]- However, the algorithm of

[5] suffers a performance loss of 0.4 dB compared to ML.

VI. SIMULATION RESULTS

We provide simulation results for the proposed algorithms
for N = 8 and N = 4. In all simulations, we consider one
receive antenna. In order to achieve full diversity, we use the
rotating matrix G defined in (10) with 6 = Latan(3).

Figure 1 provides simulation results for the transmission
of 4 bits/s/fHz with N = 4 and 16-QAM. We compare PR
with conventional ML detection with and without rotation. PR
achieves full diversity through the rotation matrix G, while
ML detection achieves it by replacing the transmitted symbols
53,54 by s3¢7?, 54€7% in (2) with ¢ = /4 (i.e., choosing half
of the transmitted symbols from a rotated constellation set
e7? A as discussed earlier) [18]. The band of ambiguity length
is set to 0.1. The performance of PR is near to conventional
ML, namely there is a performance loss of < .5 dB with
rotation and < 0.1 dB without rotation. A complexity gain of
> 97% compared to conventional ML is the tradeoff in this
loss.

T T

—#— ML: no rotation

[ : —=&— PR: no rotation
—— ML: optimal rotation

107"k e : —6— PR: optimal rotation|

BER

35

Fig. 1. BER vs SNR for the proposed algorithm PR and conventional ML
for QOSTBCs at 4 bits/s/Hz; 4 transmit and 1 receive antennas, 16-QAM.

Figure 2 shows similar results for NV = 8 and 4-QAM, at
1.5 bits/s/Hz. The band of ambiguity length is set to zero,
which means that the quantizer always returns one value. It
is clear that PR has a performance loss of 0.2 dB compared
to conventional ML with and without rotation, while having a
complexity reduction of > 71%.

The complexity is measured in terms of the number of real
multiplications required to decode one block of transmitted
symbols as a function of the constellation size L. The com-
plexity of [5] is in the order of O(L"/*) which is equal to Cu
and will be denoted C 4),(5) in the sequel. In Table I, we give a
comparison between é L, C 41,15 Cpp in terms of the number
of real multiplication and real additions considering N = 4
for different constellation sizes. In Table II, we show the
same comparison for N = 8. The number of multiplications
and additions shown include the computation of SQR, and
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10 T T T
—#— ML: no rotation
g : —+&— PR: no rotation
2 —+— ML: optimal rotation
0°F ‘ —o— PR: optimal rotation [
107°¢ 1
o
|
m
107k E
5
10 #
3
1 076 I I L L
6 8 10 12 14 16
SNR
Fig. 2. BER vs SNR for the proposed algorithm PR and conventional ML

for QOSTBCs at 1.5 bits/s/Hz; 8 transmit and 1 receive antennas, 4-QAM.

Yy = QY y. Clearly, Cpp is independent of L, whereas Cps,
and C[4] (5] increases exponentially as L is larger.

TABLE I
# OF REAL MULTIPLICATIONS AND REAL ADDITIONS VS L FOR N = 4

y |2 I 4] 16 | 64 | 256 |
ML 1536 | 24576 | 393216 | 6291456
Cu |l 141, 151 || 512 | 2048 8192 32768
PR 544 544 544 544
ML 1376 | 22016 | 352256 | 5636096
Ca || 141,151 || 432 | 1728 6912 27648
PR 388 388 388 388
TABLE II

# OF REAL MULTIPLICATIONS AND REAL ADDITIONS VS L FOR N = 8

y |2 [ 4] 16] 64 256
ML 5120 | 81920 [ 1.3 x 10% [ 2.1 x 107

Cu || [41,[5] || 4608 | 18432 73728 | 294912
PR 1488 | 1488 1488 1488

ML 4832 [ 77312 [ 1.2 x 10° [ 1.9 x 107

Ca | [41,[5] || 4200 | 16800 67200 | 268800
PR 1134 | 1134 1134 1134

Figure 3 shows a complexity comparisons between Cp;y,
C[4]’[5], and Cppr with respect to N, considering 16-QAM.
Apparently, the complexity gain obtained by PR is substantial
and this gain becomes greater as NV is larger.
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