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Abstract— Although chaotic systems have received in-
creasing attention over the past decades, traditional mod-
eling tools have always encountered considerable analytical
and numerical difficulties in modeling and predicting the
behavior of chaotic systems. Neural networks, on the other
hand, seem to be able to introduce a powerful modeling tool
relying on their nonlinear nature for the task of modeling.
In this paper, we introduce a novel scheme for the modeling
task of multi-dimensional discrete-time chaotic maps rely-
ing on the capabilities of perceptron neural networks and
present some of the related experimental results.

Index Terms— Chaos, Discrete-Time Chaotic Maps,
Fractals, Perceptron Neural Networks, Back Propagation
Learning Algorithm.

I. INTRODUCTION

HAQS is a nonlinear phenomenon that manifests it-
C self in many fields of science. Despite being singled
out as an important research area only recently, chaos has
been around for a long time, and dismissed as physical
noise. We now know that chaos can readily occur ev-
erywhere nonlinearity is present. In addition, chaos can
occur in linear systems with infinite dimensions. Study-
ing chaotic phenomena in discrete-time dynamical sys-
tems and modeling such time series is very attractive be-
cause they are naturally observed in many physical, so-
cial, and economical systems. They also frequently arise
in the Poincare analysis of systems modeled by ordinary
differential equations. Modeling chaotic time series, how-
ever, encounters the significant challenge of analyzing
very complex dynamics.
Neural networks are a class of nonlinear systems capa-
ble of learning and performing tasks accomplished by
other systems. Their broad range of applications includes
speech and signal processing, pattern recognition, sys-
tem modeling, and servo mechanism control. The various
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kinds of neural networks, generally, have energy func-
tions. The learning procedure of neural networks is, in-
deed, nothing more than decreasing these energy func-
tions until reaching local minimum levels. Neural net-
works acquire the required information from the exam-
ples supplied to them in their learning procedure. Sys-
tems with neural network building blocks are robust in
the sense that the occurrence of small errors in the sys-
tems does not interfere with the proper operation of the
system. This characteristic of the neural networks makes
them quite suitable for the time series prediction task dis-
cussed in this paper.

An outline of the paper follows. In section [2], we briefly
review the qualitative behavior of discrete-time transfor-
mations. In section [3], we analyze the modeling tool per-
ceptron neural network and its corresponding learning al-
gorithm back propagation. In section [4], we explain the
modeling scheme of discrete-time dynamical transforma-
tions with neural networks. In section [5], we summarize
the experimental findings.

Il. QUALITATIVE BEHAVIOR OF DISCRETE-TIME
MAPS

In the present section, we discuss the characteristics of

discrete-time maps capable of exhibiting chaotic behavior.
The discussion is based on the literature material available
in[2], [3], [4], [3]. [6], and [7].
Consider a real closed interval I = [a, b] and a nonlinear
function f(.) which transforms any point z of I into a
point z/ in the same interval, i.e, f : I — I . Choose
an arbitrarily initial condition x in I and iterate it via the
algorithm

n=20,1,2,.. 1)

Relation 1 is called a discrete map over the interval 1.
We can generalize this scalar discrete map into an m-

Tnt1 = f(Tn)



dimensional interval map via the vector equation

Ln+1 = f(wn) (2)

where @,,,1 and x,, are m-dimensional vectors and f(.)
is a nonlinear vector function on z,,. Each component z,,
of x,, takes values in a closed interval I; = [a;,b;]. We
can interpret 1 and 2 as dynamical systems where n, plays
the role of the time variable. In spite of their apparent sim-
plicity, the dynamics of many simple nonlinear, even poly-
nomial, discrete maps are extremely complicated. They
may have stable fixed points, periodic orbits of differ-
ent periodicity, and chaotic regimes. Moreover, bifurca-
tion among these behaviors can be observed in parameter-
dependent family of maps over various nonempty param-
eter ranges.

As a benchmark example, we study the behavior of the lo-
gistic map which is a one-dimensional discrete map. The
equation of the map is

Tny1 =AW .2y (1 — zp) = f(20, W) @)

where I = [0, 1] and W is a parameter which varies from
0to 1. The logistic map is an example of a one-parameter
family of discrete maps which transforms the interval I
into itself.

Although the logistic map is a very peculiar one, its quali-
tative behavior holds for a broad class of one-dimensional
maps as shown in figure 1. Specifically, for those maps
where the function f(.) in 1 is a differentiable unimodal
function, the same qualitative behavior is observed as the
qualitative behavior of the logistic map. More specifically,
the rate of decay

K, = Tk @
W — Wg—-1
of the interval width between period doubling for the lo-
gistic map has been found to be the same for any differ-
entiable unimodal function. This property is, sometimes
referred to as metrical universality.

Higher dimensional discrete maps can be either conser-
vative (area-preserving) or dissipative (area-contracting),
invertible or non-invertible. While some results on one-
dimensional mappings can be generalized to higher di-
mensions, the latter are usually much richer in their dy-
namical behavior than the former. For instance, consider
the well known two-dimensional Henon map described by

1— Az +y,
This map which reduces to a one-dimensional quadratic
map for B = 0 reveals many new phenomena quite typi-

cal of multi-dimensional discrete maps. First, the asymp-
totic behavior of the system depends on the initial point,

Tp+l =

Yn+1 =

i.e, different initial points could give rise to different pe-
riodic or aperiodic orbits. This behavior cannot occur in
one-dimensional unimodal maps, where at most one sta-
ble period-1 orbit can exist. Second, for certain parame-
ters and initial points, the system converges to an attractor
with a self-similar internal structure. Third, it has been
proved [3] that there exist intersections between stable and
unstable manifolds of the Henon map. These intersections
are called homoclinic points and give rise to extremely
complicated dynamics, including chaos.

I1l. PERCEPTRON NEURAL NETWORKS AND BACK
PROPAGATION ALGORITHM.

Perceptron neural networks and their learning algo-
rithm back propagation algorithm (BPA) have been stud-
ied extensively in the literature [9], [10],[11], [12], [13],
[14], [15], [16]. In this section, we provide a brief
overview of the literature work.

A. Perceptron Neural Networks

In an artificial neural network, the unit similar to the
neuron is called processing element (PE). A PE has a large
number of input paths and combines them by a simple
weighted addition. Usually, the combined input is further
processed by a transfer function. This transfer function
may have the form of a threshold function which passes
the information only when the combined input signal has
reached a certain level, or it may be a continuous function
from the combined input signal.

Normally, the output of the transfer function connects di-
rectly to the output path of the PE. The output path of
the PE may be connected to the input paths of other PEs
by a number of weighting functions. Each of the individ-
ual input signals to a PE is adjusted by these weighting
functions before combining with other input signals in the
transfer function.

Generally, a neural network contains a large number of
PEs. PEs are arranged in layers. A network usually con-
tains several layers with complete or random connections
between consecutive layers. The input layer takes the
data from the outside environment, the output layer re-
turns the data to the outside environment, and the other
layers known as hidden layers process the data inside the
network. Figure 2 shows a simple network. There are
two phases in the operation of a neural network. The first
phase is called learning and the second phase is called re-
calling. It is possible to have one combined learning and
recalling phase in a network, although in most of the net-
works these phases are separate. The learning procedure
is, indeed, nothing but the adjustment of weighting func-
tions such that the network can respond suitably to the
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Fig. 1. Fixed points of f(x) for W < 0.25 (curve 1) 0.25 < W < 0.75 (curve 2) and W > 0.75 (curve 3)
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Fig. 2. A simple neural network with one hidden layer

input stimulation. If the desired output(s) is(are) different
from the input(s), then the trained network is called Het-
ero Associative (HA), otherwise it is called Auto Asso-
ciative (AA). If in the learning process, the network does
not have access to the desired output(s), this procedure
is called Unsupervised Learning (UL), and if the network
does have access to desired output(s) the learning proce-
dure is called Supervised Learning (SL). There is also a
combination of the two-mentioned learnings called Rein-
forced Learning (RL). In the latter case, the supervisor
just let the network know whether its output is suitable for
a specified input or not.

The number of samples required for training depends on
the system which the network attempts to model. There

are cases in which the network needs several hundred
thousand samples to be trained.

The recalling phase is a situation in which the network is
able to create a suitable response after the appearance of a
specific stimulation. This phase may be part of the learn-
ing phase as this is the case when the network output must
be compared to a desired output in order to create an error
signal.

A simple network does not have any feedback connection
between two different layers or a layer with itself. Such
kind of network is called a feedforward network. In this
situation, the input data from the input layer appears in the
output layer via the interface of hidden layers. Feedfor-
ward networks are generally considered because of their



nonlinear properties. The data flow in feedback networks
is more complicated.

A network may operate as a synchronous network, i.e, all
of the PEs send their outputs at the same time or as an
asynchronous network, i.e, every PE may send its output
at a time independent of the other PEs.

There are two separate operations for layers. The first one
is called normalization. In this case the output of the layer
is adjusted at a fixed level. In biological systems, this is
done by connecting each PE in a layer to other PEs at the
same layer. As the result, every PE of a layer has a crite-
rion about the total output of the layer and can adjust its
output corresponding to that. Hence the level of the op-
eration of every layer approximately remains fixed. The
second kind is called competitive operation. In this case,
the operation of a layer is consequence of interactions of
PE operations in that layer. Unlike the first case, now only
few PEs are able to create the layer output. As an exam-
ple, we may mention a situation in which only the PE with
the highest level of activity will specify the output of the
layer.

Speech and signal processing, pattern recognition, sys-
tem modeling, and servo mechanism control are among
the applications of neural networks. In the specif case of
time-series modeling, neural networks with the back prop-
agation training algorithm perform more successfully than
linear or polynomial prediction algorithms.

B. Back Propagation Algorithm

Generally, a neural network must learn how to classify
input patterns. It has been experimentally observed that
as the number of layers of a network increases, it can
classify more and more complicated patterns. A signif-
icant problem is how a network can determine the error
between its output and the desired output The network
then overcomes the mismatch between desired and actual
outputs by adjusting the weightings of interconnections.
This is called Credit Assignment (CA). The back propa-
gation algorithm (BPA), originally introduced by Minsky
and Papert [9], solves the CA problem by using all of
the PEs and adjusting their total interconnections. This
is done by propagating the output layer error to the
preceding layer via the existing connections. In fact,
this operation is repeated until reaching the input layer.
In other words, output error moves from each layer to
the preceding layer -just the opposite direction of the
movement of the original information- until reaching the
input layer.

The classical form of a back propagation network consists
of one input layer, one output layer, and one or two hidden
layers. Although there is no limit on the number of hidden

layers from a theoretical stand point, very complicated
problems can be solved with four hidden layers. In a back
propagation network, each layer is fully connected to the
next layer. In the learning phase, information may come
back through the network in order to update the weighting
functions. The network may also be hetero associative or
auto associative. We use the following notation for the
purpose of explaining the back propagation algorithm.

« z;[s] : The present output state of the j-th neuron
from the layer s
« wj;[s] : Weighting function of the connection be-
tween the 7-th neuron from layer (s — 1) and the j-th
neuron from layer s
o I;[s]: The combined input of the j-th neuron of layer
S
Hence a PE in a back propagation network transfers its
output as

zjls] = f{Z(wji[S]-$i[3 — 1)} = ALl (6)

where f may be every continuous function. The most pop-
ular functions are sigmoid, hyperbolic tangent, and sine
function. This is because of their interesting properties
as nonlinear functions in vanishing the output error of the
network. The sigmoid function is defined as

f) = 1 )

Suppose that the network has an absolute error function
which is differentiable with respect to all of the weight-
ing functions. Then the critical parameter which is back
propagated to the network is

OF
€j [3] = - 8I] [8] (8)

where E is the absolute error function. It will be shown
that this value may be obtained as a criterion of the rela-
tive error of the j-th PE in layer s. By using the chain rule
twice, one may introduce the relationship between the rel-
ative error of a specified PE in layer s and the local errors
in layer (s + 1) as

e5ls] = FHL s} Y {exls + Lwgls +11} - ©9)
k

Note that in relation 9 there must be a layer above the
layer s, and hence it is not possible to use this relation for
the output layer. If the function f is the sigmoid function
defined in 7 then it is possible to express its derivative in
terms of itself.

I lsly = F(IlsD) {1 = f(Iils])} (10)



and by using relation 10, one may rewrite relation 9 as
follows:

ej[s] = z;[s].(1—z;[s]) . Z{ek[s—}—l].wkj[s—l—l]} (11)
k

Note that this relation has been obtained for sigmoid func-
tion. Hence the back propagation network is described by
the following statement.

First information propagates from the input layer to the
output layer. Then the error between the desired output
and the network output propagates from the output layer
to the input layer in the return path. This procedure mate-
rializes itself according to the general relation 9 or in the
case of sigmoid function as relation 11.

The objective of the learning procedure is to minimize the
absolute error function. In the following, we study the
procedure based on the concept of local error. Assume
that the weighting functions of the network are given in
the form of w;[s]. In order to decrease the absolute error
function, one may change the weighting functions in the
opposite direction of the gradient vector

e OF
Owji[s]

where [c denotes the learning coefficient, or it can be said
that each of the weighting functions vary according to the
magnitude and opposite direction of the gradient vector
on the error surface.

Partial derivatives of relation 12 may directly be computed
based on the relative error relation. Based on relation 6
and chain rule we have

Awj[s] = (12)

OF OE 0I;[s]
= - = —€4|8|.Z4|8S — 1
Gwnlsl L] duys] ~ Gltmls =1 (13)
Combining relations 12 and 13 will lead to
Awj;[s] = lc.ej[s].xi[s — 1] (14)

In order to apply the above relations to back propagation
algorithm, it is necessary to define the absolute error func-
tion precisely. Assume that o is the present output of the
network to the input ¢, and d is the corresponding desired
output. Now we may define the absolute error function as

E = % > (di — ox)”

k

(15)

The index k denotes the various elements of d and o. Here,
the raw error function is (dy — o) and from relation 12
it is obvious that the scaled relative error in every PE of
output layer is obtained by

) OF
ex(o) = _G—Ik - B—dk
= (dk — og)-f1(I)

) (Bdk

(0) =

(16)

In neural networks, the scaled local error which propa-
gates through the network is stored in the error field of
each PE. As relation 15 shows, the absolute error function
is defined on the pair (i,d). In this case with every new
pair (%,d) the BPA adjusts the weighting functions to de-
crease the absolute error function. Now the standard BPA
may be introduced as follows:

« Propagate the input ¢ in the forward direction
through the network until reaching to the output
o. During propagating this information through the
network all of the combined inputs 7; and output
states z; for each PE are set.

o For each PE in the output layer calculate the scaled
local error by relation 16, then obtain the variations
of weighting functions by relation 14.

«» For each PE in layer s located below the output layer
and above the input layer obtain the scaled relative
error and the variation in weighting functions from
relations 11 and 14 respectively.

« Update all of the weighting functions by adding the
variations to the old values.

In order to increase the performance of the back propaga-
tion algorithm, we have to change the standard algorithm
slightly as discussed below.

1) Inserting Momentum Term: Remember that the gra-
dient method updates the weighting functions as linear
functions of partial derivatives according to relation 12.
The problem is that, this method fails for the large val-
ues of the learning coefficient /c. On the contrary, having
a small learning coefficient introduces a decrease in the
speed of the learning procedure. In order to overcome this
problem, we use the concept of momentum term. Insert-
ing this term changes the equation 14 as follows

Awjj[s]
N——

(k+1)—th step

= lc.ej[s].zi[s — 1] + M (Awj;[s]) (17)

k—th step

where M stands for the momentum. This relation is, in-
deed, a low pass filter omitting the oscillatory behavior
and hence providing a reasonable learning speed with a
small learning coefficient.

2) Derivatives Correction: Fahlman [10] introduced
several methods to increase the convergence speed of the
standard BPA. These methods work based on the deriva-
tives correction and nonlinear error functions. One of the
simple techniques that he used, was to add a small positive
offset to the sigmoid function’s derivative before scaling
the error. To explain the performance of the method, it



may be said that when the weighting functions of PEs in-
crease, the combined input increases and as a result the
operating level go to the saturation. Hence the derivative
and the scaled relative error vanish. In this case adding a
small offset overcomes this problem.

3) Fast Back Propagation: In this method relation 14
is replaced by the relation

Awjis] = lc.ej[s].(zi[s — 1] + e;[s — 1)) (18)

In simple words the error of layer (s — 1) is added to the
operating level before updating the corresponding weight-
ing functions. It is also possible to insert a coefficient in
this new relation.

Awji[s] = lc.ej[s].(zi[s — 1] + k.ei[s — 1]) (19)

The value of the parameter & allows us to be more flexible
in the implementation and get better results. Note that for
k = 0 standard BPA is obtained and for k¥ = 1 relation 18
is obtained.

We close this section by pointing out that other absolute
error functions proportional to the higher powers of Eu-
clidean distance between the desired output and the net-
work output can be used instead of the one defined in in
relation 15.

1V. DISCRETE-TIME ARRAYS MODELING WITH
NEURAL NETWORKS

In the past and present literature work, there are many

examples of control and modeling of nonlinear systems
exhibiting chaotic behavior by means of using other well-
recognized nonlinear systems and control tools such as
fuzzy systems, neural networks, and H® control, [1],
[17], [18], [21], [22], [23] as well as modeling nonlinear
systems relying on the theory of chaos [19], [20].
In this section, we introduce the modeling of discrete-time
arrays with neural networks. We focus on two kinds of the
arrays namely one- and two-dimensional discrete-time ar-
rays.

A. One-Dimensional Discrete-Time Maps

The first group consists of a broad class of one-
dimensional discrete-time maps whose next state is a third
order polynomial of the present state. The members of this
group are described by the relation

Tpi1 = a+ bxy, + cx? + dx (20)

It is obvious that by choosing the parameters a, b, c,
and d we can generate a large number of famous one-
dimensional discrete maps, e.g, with a = 0, b = 4,

¢ = —4, and d = 0 we reach the logistic map with the
equation

Tpy1 =42 (1 — zp) (21)

orwitha = V,b =0, ¢c = —3, and d = 0 relation
20 becomes identical to the parabolic map equation in the
form of

(22)

Now we proceed to explain the modeling procedure. We
have used a fixed structure network with two hidden lay-
ers for our modeling task. This network has four neurons
in its input layer, ten neurons in each of its two hidden
layers, and one neuron in its output layer. The nonlin-
ear transfer function of each of the neurons is the sigmoid
function. The interesting property of this function is that
its derivative can be described in terms of itself as

f1(z) = f(2).[1 = f(2)]

where f(z) = [1+e~%]71, this is very useful in the learn-
ing procedure of the network and may reduce the cost of
computation significantly. Figure 3 shows the structure of
the network. As it can be seen in figure 3, this network is
a fully connected feedforward perceptron network In our
network, the last part of the learning phase is connected to
the first part of the recalling phase. The learning phase is,
indeed, the adjusting procedure of the weighting functions
in response to an input in order to have the suitable output
in the output layer. As the network accesses desired output
samples in its learning phase, the learning procedure is su-
pervised learning. In addition, because the desired output
is different from all of the inputs in each step, the trained
network is hetero-associative. Four input samples are four
consecutive samples of the discrete-time mapping, and the
output that the network must be able to predict is the fifth
sample of the mapping. The required number of samples
for training of the network based on the steady state be-
havior of the mapping differs from thirty thousands for
simpler mappings to the one hundred thousands for the
more complicated mappings, i.e, mappings with chaotic
behavior.

Each example consists of four consecutive samples
(x1,z2,23,24) as the input and the fifth one, (z5), as
the output. In the next example, the first sample is dis-
carded and the second sample through the fifth sample
(z2,x3,%4,x5) are used as the input samples while the
sixth sample (zg) is used as the output sample and so
on and so forth. The network operation is based on the
comparison of the generated output and the desired out-
put. Based on this comparison, an error signal is created
and by back propagating this signal through the network

(23)
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Fig. 3. Fixed structure neural network used for modeling one-dimensional discrete-time arrays

weighting functions are adjusted. In the recalling proce-
dure, the error is approximately zero, i.e, an upper error
bound of 10~* for the error is used . The network is a
feedforward network with no feedback connection. As
the learning procedure is based on the correction of the
error, the network is able to have a suitable output when
the input is deficient or noisy.

The absolute error function is built on the basis of the sec-
ond momentum output error

1 2

Ezg(yd—y)

(24)
By using relation 16 and substituting f/(I) by y(1 — y)
from the sigmoid function, the relative error e, is

OE  OF oy
oI, oy al,
(ya — y)-f1(Lo)
= (ya—y)y-1-y) (25)
where y is the network output, y, is the desired output,
1, is the compound input of the output neuron, and f is
the sigmoid function. It is interesting to know that multi-
plying the error by the derivative of the transfer function,
scales it. In the learning procedure the gradient method
is considered. For implementing back propagation algo-
rithm, we use the algorithm discussed in the previous sec-
tion and for having a better performance we use the im-
proved version of relation 14 as in relation 19. Note again
that the objective of the learning phase is to minimize the
absolute error function.

B. Two-Dimensional Discrete-Time Maps

The second group consists of a broad class of two-
dimensional discrete-time polynomials

ZTnt1 = fii(zn) + fi2(yn)

Yn+1 = fa1(zn) + f22(¥n) (26)

where the f;; functions are second order polynomials of
the corresponding variables, i.e, fij(z) = ai; + bijz +
cija:Q. Again it shows that the generality of this class
is more than special maps which show chaotic behavior
from themselves such as Henon map. In fact, by choosing
parameters a;;, b;;, and c;; as follow, we have Henon map

1
an = o, b1 =0, c1=-4
1
a1z = 5, bi2=1, c12=0
a1 =0, byy =B, c31 =0
azg =0, by =0, cp=0
in the form of
Tn+1 1+ Yn — Az%
Yn+1 = Bz,

Generally, with the appropriate choice of parameters, it
is possible to have various kinds of steady state behav-
iors. We have used again a fixed structure neural network
same as before except that present neural network has two
neurons in its output layer corresponding to the z,; and
Yn1 OUtpULS. Four inputs are two consecutive samples of
signals z,, and y,,. Figure 4 shows the structure of the net-
work. The mechanism is completely the same as before.
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Fig. 4. Fixed structure neural network used for modeling two-dimensional discrete-time arrays

The only difference here is that the absolute error function
is now defined as

B = [l — )" + (2a — o))

where x4, y4 are desire outputs, x, y are network outputs,
and the relative output errors are

(27)

(g —z).2.(1 — )

eOJ)

€oy = (yd - y)y(l - y) (28)

All of the other steps are the same as the steps imple-
mented in case of the first group.

V. EXPERIMENTAL RESULTS

In this section, first the simulation results of the mod-
eling task are discussed, then some of the practical prob-
lems in the implementation of the algorithm are reviewed.
For all of the graphs appearing in this section, the initial
weighting functions of 0.1 are chosen between every sin-
gle pair of PEs connected together. Only for the graph ap-
pearing in figure 8 a combination of values 0.1, 0.3, and
0.7 was chosen in order to make a significant initial dif-
ference.

First, the performance of the modeling tool is evaluated in
case of logistic map. As it is observed in figure 5, for the
initial condition zy = 0.75 which yields to a stable fixed
point, the network is able to follow the behavior of the
map very rapidly. Figure 6 shows the result for the initial
condition zy = 0.1 as an example of modeling chaotic
solutions. The fixed structure neural network follows the
chaotic map with an absolute error less than 0.001 con-
tinuously but it takes almost 94’000 iterations for it to be

able to predict the next 40 samples of the map within the
specified error bound. After that, the neural network loses
the track because it becomes chaotic itself. Since it is not
possible to have a zero value for the error, the error is built
up as time proceeds and finally exceeds the acceptable er-
ror bound. At this stage the learning process needs to be
repeated in order to force the network to track the chaotic
array within the acceptable error limits. Qualitatively, the
same pattern is repeated in case of o = 0.3 and a num-
ber of other initial conditions. Finally, it is very important
to note that the choice of initial conditions both in case
of chaotic map and the weighting functions of the neural
network greatly affects the speed of convergence.

Figure 7 shows the result of the modeling task for the
Henon map with the parameters (4,B) = (4,1) and
the initial condition (xg,y9) = (0.5,0.5). It shows
that the network is able to reach to the fixed point very
rapidly.  Figure 8 shows the result of the modeling
task for the Henon map with the parameters (A4, B) =
(0.8910,0.0017) and the initial condition (zo,y0) =
(0.67,0.21). This is an example of modeling periodic so-
lution and again, the figure shows that the network is able
to learn the periodic behavior of the map very rapidly.

It is important to remind that although the dynamical be-
havior of the map is very much more complicated com-
pare to logistic map, it is relatively difficult in practice to
choose the parameters such that the map exhibits chaotic
behavior. This is mainly because of the round off errors
that shift the map out of the narrow chaotic regions.
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A. Numerical Issues

In the following, a number of numerical issues encoun-
tered in the implementation phase are mentioned.

1) Time Consuming Learning Algorithm: The learn-
ing algorithm is time consuming and needs to be period-
ically repeated in case of chaotic maps. To explain the
issue, it can be said that although it is possible to reach a
very small network error at some steps during the learning
phase, the error never reaches the absolute value of zero.
If the network error is studied for further samples, it is ob-
served that this error begins to grow as time proceeds. The
phenomenon is related to the chaotic nature of the system,
i.e, since the nonlinear network models a chaotic array,
it becomes chaotic itself. In this situation, the small er-

ror may be considered as a small difference between two
close initial conditions for the desired output and the net-
work output. As a characteristic of a chaotic system, the
error will begin to grow soon and this is nothing but high
sensitivity to the variations of initial conditions. As a mat-
ter of fact, this is interpreted as a sign for a network try-
ing to model a chaotic map and becoming chaotic itself.
One way of relieving the effect of having an error compo-
nent which grows with the time is to repeat the learning
phase followed by the recalling phase periodically, other-
wise the results are not reliable any more. In case of the
maps studied in our work, the neural network would typ-
ically be able to predict less than one hundred samples of
the chaotic map after the first learning phase with a couple



10

/B .
K Cosnpoxignt; of Henon Map {Fized Pongy

03

[ EH

Traraminn

Fig. 7. Henon map «x state component modeling result for initial condition (zo, y0) = (0.5,0.5) and parameters (A, B) = (4,1)

170

Traesring
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of hundreds of thousands of examples and then the learn-
ing phase has to be repeated with a comparable number
of examples as in the previous phase and so on to have
reliable results.

2) Effects of Learning Coefficient and Momentum
Term: It was mentioned that the variations of weighting
functions are derived by the relation

Awjig = le.ej[s].xi[s — 1]

The network learning speed which is, in fact, the speed
of weighting functions adjustment procedure is a func-
tion of the value of learning coefficient [c. Although big-
ger values of the learning coefficient may lead to have
faster learning procedure, it is not possible to have very

big learning coefficients. This is the direct effect of ap-
plying the gradient method, i.e, weighting functions are
changed as a linear function of the error surface of the
partial derivatives in the gradient method. The approxi-
mation is valid as long as the error surface is relatively
linear while this assumption is not valid for large values
of Ic. On the contrary, having small values for ic leads
to have a low learning speed. In order to overcome this
problem, we have used the improved version of the above
relation as in 18. The suitable value of [c is different from
case to case but in order not have the effects of nonlin-
ear error surface, the Ic must be less than one in most of
the cases. Moreover, the second momentum of Awj; acts
more suitably in most of the cases.



3) Low Convergence Speed Near the Optimum Point:
The main problem of the gradient method is due to its low
convergence speed near the optimum point, i.e, although
for a big initial difference moving toward the direction of
the gradient vector decreases the difference rapidly, the
performance of the method is significantly degraded near
the optimum point. In order to omit this problem, a mul-
tiple of layer (s — 1) error can be added to the weighting
functions adjustment algorithm as in relation 29.

Awji[s] = lcej[s]{zi[s — 1] + k.ej[s — 1]}
———
(k+1)—th step

+ M(Awji[s]) (29)

k—th step

where M stands for the momentum. In our experiments,
the weighting functions adjustment algorithm has shown
the most sensitivity to the variations of the & coefficient.
The suitable value of this parameter is again different from
case to case but in the most cases a value in the interval

[0, 1] has led to a suitable result.

4) Effects of Initial Condition: All of the convergence
results are affected strongly by the choice of initial con-
ditions. The choice of initial values of the parameters
play a crucial role in the convergence of the algorithm.
The algorithm quickly diverges, if the initial values of the
parameters are chosen unsuitably. As a practical result,
it is better to set the initial values of the parameters as
w;;(0) = 0.01 Vi, 7.

5) Floating Point Overflow Problems: As the last im-
portant factor, the overflow problem is discussed. In the
implementation of any numerical computation, one must
always consider the probability of having very large or
very small numerical values. Storing such kinds of val-
ues may lead to produce invalid results because of round
off operations. In our special case, significant variations
of compound inputs of PEs can create many problems in
their storing procedure. Based on the asymptotic behav-
ior of the transfer function which is the sigmoid function
in this case, the problem may be avoided. Observe that
the sigmoid function reaches its asymptotic value with a
very good approximation when the absolute value of its
argument is less than or equal 11, i.e

1 ~ )0
14+e? 1

In other words, there exist some limits for the compound
input and for all of the values beyond these limits the
transfer function almost acts the same. Hence, an upper
limit of z = 11 and a lower limit of z = —11 are consid-
ered for the compound input to avoid having the overflow
problem in the numerical algorithm.

z < —11

z>11 (30)
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V1. CONCLUSION

This paper concerned itself with the modeling of such
transformations as logistic and Henon maps with a multi-
purpose fixed structure system, i.e, a neural network rely-
ing on back propagation learning algorithm.

We used a fixed structure neural network with two hid-
den layers in order to model one- and two-dimensional
discrete maps. This network had four neurons in its in-
put layer and ten neurons in each of its two hidden lay-
ers. The number of neurons in its output layer was one in
the case of one-dimensional and two in the case of two-
dimensional mappings. In the former case, we applied
four consecutive samples of the one-dimensional array as
the input of the network and gave the fifth sample as the
desired output to the network in each iteration of the learn-
ing algorithm. In the former case, we applied two con-
secutive samples of each of the state elements and gave
the third element of state as the desired output to the net-
work. We observed that the number of samples required
for the training of the neural network depended on the
steady state behavior of the mapping, i.e, the number of
required samples increased in the case of more compli-
cated steady state behaviors.

There were several problems in implementing the learning
algorithm such as the large number of required examples,
the effects of having big learning coefficient and inserting
momentum term in order to overcome the corresponding
drawbacks, the low convergence speed of the algorithm
near the optimum point, the effects of initial conditions in
the convergence of the algorithm, and the floating point
issues as the result of having to store very large or very
small compound inputs.

After inserting a slight improvement in the standard learn-
ing algorithm and after completing the learning phase, the
network was able to predict the sequential samples of the
corresponding discrete array with a reasonable error, i.e,
the error was less than 10~*. The number of reliable pre-
dicted samples were limited in the case of chaotic arrays
and the learning phase needed to be alternatively repeated.
This algorithm may be applied for modeling of
other classes of discrete-time transformations such as
piecewise-linear and higher dimensional transformations.
In these cases, the algorithm can be adjusted suitably for
the corresponding purpose.
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