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Abstract

We identify the common underlying form of the capacity expression that is applicable to both
cases where causal or non-causal side information is made available to the transmitter. A genie-
aided outerbound is developed that states that when a genie provides n bits of side information
to a receiver the resulting capacity improvement can not be more than n bits. Using the genie-
bound we are able to bound the relative capacity advantage of non-causal side information over
causal side information for both the single user point-to-point channel as well as the multiple
access channel with independent side information at the transmitters. Applications of these
capacity bounds are demonstrated through examples of random access channels. Interestingly,
the capacity results indicate that the excessive MAC layer overheads common in present wireless
systems may be avoided through coding across multiple access blocks. It is also shown that even

one bit of side information at the transmitter can result in unbounded capacity improvement.

*This work was presented in part at the IEEE Communication Theory Workshop, June 12-15, 2005 and at the
Forty-third Annual Allerton Conference on Communication, Control, and Computing, Sept. 28-30, 2005.



1 Introduction

Characterizing the capacity of reliable communication between a transmitter and a receiver in
the presence of side information is a problem as old as information theory itself. Starting with
Shannon’s characterization of the capacity with causal side information [1] and Kusnetsov and
Tsybakov’s seminal work [2] on coding for computer memories with defective cells that lead to a
general characterization of capacity with non-causal side information by Gel’fand and Pinsker [3],
the theory of communication with side information has evolved as a dichotomy between the two
cases of non-causal side information and causal side information. Capacity results with non-causal
side information were generalized to the case of rate limited side information by Heegard and El
Gamal [4] and more recently by Rosenzweig et. al. [5] for single user communication and by Cemal
and Steinberg [6] for the multiple access channel. Study of non-causal side information has lead
to interesting duality relationships such as that between source coding and channel coding with
side information [7] as well as the duality between the Gaussian multiple input multiple output
(MIMO) broadcast and multiple access channels [8-10]. In addition to data storage [2,4] and
data-hiding/watermarking/steganography [11] these results have found applications on Gaussian
channels with additive Gaussian interference [3,12-14] recently leading to the determination of
first the sum capacity [9,10,15,16] and then the entire capacity region for the MIMO broadcast
channel [17-19].

The case of causal side information has been studied separately by researchers [1,20-23]. The
original capacity result due to Shannon [1] requires coding over an extended alphabet of mappings
from the channel state to the input alphabet. Caire and Shamai [21] showed that when the side
information at the transmitter is a deterministic function of the side information available to the
receiver, capacity achieving codes can be constructed directly on the input alphabet. The capacity
of the time varying multiple access channel with causal side information was explored by Das and
Narayan [22] and more recently by Kim and Sigurjonsson [23].

With the availability of all the above mentioned capacity results on causal and non-causal side
information, there is a need to develop a unified view of communication with side information. A
unified view would allow us to relate, combine and extend the existing results to new applications.

In this paper, we approach this objective through the following questions:

1. Common Framework: What is the fundamental connection between the capacity character-

izations with causal and non-causal side information at the transmitter?

2. Value of a bit of side information: What is the maximum possible capacity improvement with
n bits of any kind (causal, non-causal, memoryless or correlated) of side information provided

by a genie to the transmitter/receiver?



3. Non-causal versus Causal: What is the relative capacity advantage of non-causal side infor-

mation over causal side information?

4. Multiple users: Finally, how do the causal and non-causal capacity characterizations extend

to multiple user channels ?

In this work we focus on both causal and non-causal side information, the relationship between
them, and their extensions to multiuser communications, in particular the multiple access channel.
Our interest is in general capacity expressions with finite states. Specialized expressions for AWGN
or fading channels may be obtained as special cases from these general expressions, subject to input

distribution optimizations.

2 Background and Channel Model

The channel is a discrete memoryless channel (DMC) with message W, input X;, output Y;, state
S;i, transmitter side information St; and receiver side information Sg; so that P(S™,S%,Sk) =
7, P(S;, St,i, Sr) and P(Y"|X™, S™) =11}, P(Y;| X}, S;). The only difference between the causal
and non-causal side information cases is that with causal side information the input to the channel at
time i can only depend on the present and past states but not the future states, X;(W, S’%), whereas
with non-causal side information all inputs can depend on the entire state sequence X;(W,ST).
Notice that for the receiver it does not matter if the side information is made available causally
or non-causally. This is because the receiver can wait till the end of transmission to decode the
message. Figure 1 illustrates the two scenarios. Probability of error, achievable rates and the

capacity of this channel are defined in the standard sense [21,24].

X; (W, Sh) — P(V;1X;,S;) f— V; — W(Y™,S%) X;(W,S%) —] P(Y;|X;,S;) f—a V; — W(Y",5%)
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ST, Si SR,i ST Si SR,i
P(S;,ST,i,SR,i) P(Si,ST,i»SR,i)

(a) (b)
Figure 1: Channel Model with (a) Causal, and (b) Non-causal side information.
For non-causal side information at the transmitter, the single user capacity is known to be [2—4]:

Cnonfcausal — max I(U, Y) — I(U, ST) (]-)

Pron-causal



where Pooncausa = {P(U, X|S7) = P(U|ST)P(X|U, S7)}. Comparing this to the case where no side
information is available (S7 = ¢),

C = max I(U;Y)=maxI(X;Y), (2)
P(U,X) P(X)

note that the availability of side information at the transmitter is helpful in that the transmitter
can match its input to the channel information by picking the input alphabet U, X conditioned
on St, as opposed to (2) where the input can not be matched to the channel state. However, the
benefit of matching the input to the channel state comes with the cost of the subtractive term in
(1), i.e., I(U; St) which can be interpreted as the overhead required to communicate to the receiver,
the adaptation to the channel state at the transmitter. For the case where the side information
is available at the transmitter only causally, the capacity expression has been found by Shannon
as [1]

Cemsal — I(T:Y 3
max (T;Y) (3)

where T is an extended alphabet of mappings from the channel state to the input alphabet.

The capacity expressions (1), (2), (3) explicitly account for side information at the transmitter.
Side information at the receiver, Sg, is easily incorporated into the same expressions by replacing
Y with (Y, Sg) in the corresponding expressions.

We start by finding a common form for the causal and non-causal cases.

3 Relating Capacity with Causal and Non-causal Side Information

Comparing the non-causal case (1) with the causal case (3) the two capacity expressions are in dif-
ferent forms so that their relationship is not obvious. We start by making the relationship clearly
apparent by representing the causal case in a different form, comparable to (1). The following

result has also been observed and derived independently in parallel work by [23] and [6].

Cnonfcausal — » max I(U’ Y, SR) — I(U, ST),
non-causal
c** = max I(U;Y,Sg) — I(U; St),
causal
with
Puoncasst = {P(U,X|Sr) = P(U|ST)P(X|U, ST)}
Prw = {P(U,X|Sr) = P(U)P(X|U, 1)}



In the non-causal case, the choice of U can be made conditional on the channel state Sr. In the
causal case U is picked independent of S7. This makes the subtractive term equal to zero for the
causal case. In both cases, it suffices for the optimal input symbol X to be just a function of U, St,
i.e. P(X|U,Sr) is either 0 or 1.

Sketch of Proof: [Converse] Achievability of the capacity expression with causal side information
is straightforward. Interestingly, the converse allows a very simple proof, as follows. Starting with

Fano’s inequality,

nR < I(W;Y" Sg)+ ne, (4)
n
< Y IW, S Y, Sral YL SR (5)
=1
Zn | | | | |
= ZH(YviaSR,”YlilaS;{_l)_H(YviaSR,i|Yl71353{_1amS;’_l) (6)
i=1
< Y H(Yi,Sri) - H(Y;, SgalSi W) (7)
=1
Zn
= > I(UyY; Sk) (8)
i=1

where (7) follows because the current output is independent of the past outputs, conditioned on all
the past inputs. U; = (W, Srfp_l) is the auxiliary random variable, independent of current channel
state St;. |

The capacity expression (1) has been shown [7,25] to be the common form of single user capacity
for all four cases of non-causal side information as well as the corresponding cases for rate-distortion.
In other words, for the capacity problem, whether the non-causal side information is available
at the transmitter, the receiver, both, or neither, the capacity expression has the common form
I(U;Y,Sr) —I(U; St). The only difference is in the constraints on the distribution of the auxiliary
random variable U, the input alphabet X and the state variable S. Thus, combining the results of
[7,25] with the common expression obtained above we find that the expression I(U;Y, Sg)—I(U; St)
is indeed the common expression for not only all cases of non-causal side information but also for

causal side information as well.

Croverwal( Sy, Sp) = maxp,x|sy)  [(U3Y,Sr) — I(U; Sr)

Crereansl(g, Sp) = maxpy x|sp=¢) 1(U;Y,Sr) —I(U;¢) = maxpx)I(X;Y,Sr)

Creneansal(G, ) = max p(y7, xSy I(U;Y,¢) — ;Sr) = max p(y7,x |5y I(U;Y) - I(U; Sy)
( (

w
Cremem=l(, ) = maxp(y,x|sp=¢) L(U;Y,¢) —I(U; ) = maxp(y) [(X;Y)



Cewl(Sr, Sg) = maxp)p(x sy 1(U3Y,Sk) = I(U; St) = maxpw)p(xv,sy) L (U; Y, Sk)
C(¢, Sg) = maxpuyp(x|v,sp=p) (U3 Y,5r) = I(Us9) = maxp(x) I(X;Y, k)
Ceel(Sr, ¢) = maxpnp(xjvsy)  1(U3Y,9) = I(U;Sr) = maxp)p(x|v,sp) [(U;Y)
Cei(,9) = maxp)p(xjusr=g)  L(U;Y,0) —1(Us¢) = maxp(y) [(X;Y)

Investigating the relationship between causal and non-causal information further, we notice that
the two capacities are the same if the transmitter side information is also available to the receiver.
While the observation follows directly from known results [21,26,27], for the sake of completeness

we present a brief sketch of the proof that explicitly equates both cases.

Observation 1 (Relationship between causal and non-causal side information capacity) If the side-
information at the transmitter is a deterministic function of the side-information at the receiver,
e., if St = f(Sr), then capacity with causal side information is equal to the capacity with non-

causal side information.

Capacity achieving codes, in both cases, can be constructed directly on the input alphabet and the

auxiliary random variable U is not required [21,26,27].

Proof:
non-causal _ ‘
¢ T PWXISH=P(U1SHP(X|UST) I(U;Y, Sr) - I(U; St)
- I(U;Sg) + 1(U;Y|S U:S
P(U7X|ST):}?(,1[?)|XST)P(X\U,ST ( R)+ ( | R) ( ) T)
- I(U; Sg, S I(U;Y|S U: S
P(U7X|5T)=1£?I?JI}§T)P(X\U,5T ( r,ST) + I( |Sr) — I(U; St)
P(U’X|ST):}£?[]&|}§T)P(X\U,ST (U; Sr|ST) + I(U; Y |SR)
= max [( Y|SR)
P(U,X|Sr)=P(U|Sr)P(X|U,ST)
= max I(X;Y|S
P(X[ST) ( |SR)
= max I(U§Y|5R)
P(U,X|S7)=P(U)P(X|U,ST)
— Ccausal

where the last equality follows from the results of [21] for causal side information. Thus, if the side
information at the transmitter is a deterministic function of the side information at the receiver, then
capacity with non-causal side information is the same as the capacity with causal side-information.

Next we investigate the value of side information through capacity bounds.



4 Genie bits and the Value of Side Information

In this section we answer the question: what is the maximum capacity gain that can result from
a fixed number of bits of side information? For example, suppose a genie provides a fixed number
of bits of side information G to the transmitter or the receiver per channel use. There are no
constraints on the genie provided side information, i.e., it could be causal, non-causal, temporally
correlated, or i.i.d. A fundamental question is whether the increase in capacity, Cq — C, due to a
fixed number of genie bits is bounded and if so, then what is the maximum capacity benefit. The
following results show that transmitter and receiver side information are fundamentally different

in their potential capacity advantages.

4.1 Receiver Side Information

Theorem 1 The mazimum possible capacity improvement due to the availability of receiver side
information is bounded by the amount of the side information itself.

Co—C < HG) = lim %H(GI,GQ,--- ).

N—oo

Proof:

_ Ly N o
Ce = S;E)p]\}gnooNI(W,Y ,GY)

_ i L YN . aN|yN
= s;g)]\}gnooN(I(W,Y )+ I(W;GY YY)

= C+AC

where the sup is over the multi-letter distributions of allowed input strategies. C is the capacity
with the side information provided by the genie, C' is the capacity without the side information
and AC, the capacity improvement, is bounded by the entropy rate H(G). In other words, if the
genie provides one bit of side information per channel use, the capacity benefit AC = Cg — C can

not be more than 1 bit, regardless of the kind of side information. |

4.2 Transmitter Side Information

Theorem 2 The maximum possible capacity improvement from a fized number of genie bits (per

channel use) of side information is unbounded, even if the side information is causal.

Proof: The proof is in the form of the following example. Consider the channel with input
alphabet X € X ={0,1,2,--- ,2N — 1}, output alphabet Y € Y = X U{¢} where ¢ is the erasure



symbol, and i.i.d. state sequence drawn from the alphabet S € § = {0,1}. The input output

relationship is given by,

v - X when X + S is even,
¢ when X + S is odd.

In simple words, when the channel state is S = 0, the channel conveys even inputs noise-free and
erases odd inputs. Similarly, when the channel state is S = 1, the channel conveys odd inputs
noise-free and erases even inputs. The channel state S is unknown to the receiver.

Suppose the genie provides one bit of side information in the form of G = S to the transmitter
every channel use. With perfect knowledge of S at the transmitter, the capacity of this channel is
clearly C¢ = log(N + 1) where N + 1 is the number of distinct outputs that can be affected by the
transmitter. On the other hand, with no state information at the transmitter the optimal input

distribution is uniform on X', the corresponding output distribution is

v — ¢ with probability %
i with probability %, i€ X

and the capacity is

C=I(X;Y) = H(Y)-HY|X)= %log(N) 4 %

The capacity benefit of one genie bit therefore is

1 1 1 1

which is unbounded, i.e. goes to infinity as N goes to infinity. Notice that Cg is obtained with
only causal side information at the transmitter. Thus, the example shows that the capacity benefit
of one bit of side information at the transmitter can be unbounded even when the side information
is causal. |
The contrasting potential capacity benefits of side information are summarized in Fig. 2.

While we have shown that, in theory, unbounded capacity improvement can result from a finite
amount of causal side information at the transmitter, it is not clear how such side information and
the associated capacity benefits can be obtained in practice. For practical systems, side informa-
tion at the transmitter is often obtained through a feedback channel from the receiver. However,
it is well known that for a DMC, even if all the past channel outputs obtained at the receiver are
made available to the transmitter through a noise and delay free feedback channel, the capacity
is unaffected. Thus, the unbounded potential capacity benefits of causal side information are in
sharp contrast with the zero capacity benefit of causal feedback for a DMC. The key to reconciling

these results lies in the definition of causal in both cases. While causal side information allows the
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(a) Receiver Side Info.: One genie bit cannot (b) Transmitter Side Info.: One genie bit can
improve capacity by more than one bit. improve capacity by an unbounded amount.

Figure 2: Value of Side Information at the Transmitter and Receiver

transmitter knowledge of the current channel state, causal feedback allows information only about
the past channel outputs. For a memoryless channel past outputs do not provide any information
about the current channel state. In the example considered above, causal feedback of the channel
outputs will provide the transmitter precise knowledge of all the past channel states, but no infor-
mation about the present channel state. Thus, the timing of the side information at the transmitter

can make the difference between unbounded capacity improvements and no improvement at all.

5 Advantage of Non-Causal Side Information over Causal Side

Information

The preceding section shows that the present state information at the transmitter can be invaluable
compared to the information of all the past states. The natural question then is, what is the
advantage of knowing the future channel states over knowing just the present and past states?
In other words, what is the capacity advantage of non-causal side information over causal side
information? It turns out, the answer to this question is already implicit in the results of Theorems
1 and 1.

Theorem 3 The capacity benefit of non-causal side information over causal side information is

bounded as follows:
Cnon-causal(ST’ SR) _ Ccausal(ST, SR) S H(ST|SR)
Proof: From the preceding sections we have the following two results.

e If the transmitter side information is also available to the receiver, capacity with causal and

non-causal side information is identical. (Theorem 1)

e [f a genie provides a bit of side information to the receiver it can not improve capacity by

more than a bit. (Theorem 1)



Combining these two results, suppose the transmitter side information is made available to the
receiver by a genie. This requires H(S7|Sgr) genie bits and therefore cannot improve capacity by

more than H(S7|Sg) bits. Using the results stated above, we have:

crere (e, (S, Sr)) — H(S1|Sr) < C™"(Sp, Sg) < C™"*(S, (ST, SR))
Ce=(Sr, (Sr,Sr)) — H(Sr|Sr) < C*(St,Sg) < C***(Sr, (ST, SR))
(S (Sr.8p)) = (S (St 5w))
Creme=n1 (S Sp) — C==(Sy, Sp) < H(Sr|Sk)

In simple words, the advantage of non-causal side information over causal side information is
bounded by the number of genie bits required to make the transmitter side information available

to the receiver as well.

5.1 Example: Random Access Channel

Consider a single user DMC characterized by P(Y|X) and with a capacity Co = maxp(x) I(X;Y)
when the input is directly controlled by a transmitter. Now, suppose instead that the transmitter

is only able to access the channel (control the input) in a random manner as:
X =X7r5+X,(1-29),

where S € {0,1} is a switch state that determines when the transmitter can access the channel

with the symbol X7, and X, is a randomly generated input.

X7 X
User input| e« P(YIX — v
- (V1)

Iy,

Random Input

Figure 3: Random Access Channel

Suppose the state S is known to the transmitter and not known to the receiver. Such a channel
is relevant to cognitive communication scenarios [28] and is also similar to the "memory with stuck-
at defects” problem considered in [4]. Clearly, if the switch state is provided to the receiver by
a genie the resulting capacity is C(S,S) = Prob(S = 1)Cy = SCj. Since the extra information

provided by the genie is only one bit we have
gCO Z Cnon—causal(s, ¢) Z gCO _ 1

10



Interestingly, the capacity with causal side information in this case is the same as the capacity with

no side information. This is easily seen by rewriting X = f(U, S) as follows:

U),S=0

XT: fO( )’ ’ Efl(U),SZO,l
fiU),s=1

Note that the equivalence in the equation above is in the capacity sense. Even though the two

descriptions are not identical they lead to the same statistics of X and therefore the same capacity.

In other words the choice of input symbol X7 does not matter when the switch is open (S = 0).

Thus, we have

C(¢,¢) = C=(S,9) > C(S,5) — 1.
The effect of memory in side information is also revealed by this example. Suppose the switch
changes state in a block static model, i.e. it retains its state for IV symbols and then changes to
an i.i.d. realization. In this case, the genie only needs to provide one bit to the receiver every N
channel uses and the bounds are tighter.

— — 1
SCo = C(8,8) > C===(S, ¢) > C=(S, ¢) = C(¢, ¢) > SCo — N

6 Multiple Access Channel with Independent Side Information

Achievable regions with causal side information are straightforward to obtain because the codewords
can always be constructed on mappings from the side information to the channel input alphabet.
In the multiple access channel, the two transmitters have (possibly correlated) side information
St1, ST9 respectively, and the common receiver has side information Sr. The characterization of
the achievable region with side information is the same as without side information, with the codes
defined on auxiliary random variables that are independent of the side information, and the actual
channel input symbols chosen as a function of the auxiliary random variable and the instantaneous

side information. Thus the following achievable region is obtained.
Ry I(Uy;Y, Sr|Uz)

Ry < I(UyY,Sg|U)) =
R+ Ry < I(Uy,UyY,Sg) =

IN

(U1;Y|Us, Sgr)
(U Y'|Uy, Sgr)
I(Uy, Usy; Y|SR)

I
I

where Uy, Us; are mutually independent as well as independent of the side information and the
channel inputs are given by X1 = f1(Uy, S11), Xo = fo(Us, S19).

While a full converse is not known, upperbounds for the MAC with causal side information are
obtained in [23] in terms of the capacity achieved with transmitter cooperation. In this paper, we

focus on the multiple access channel with independent side information at the two transmitters.

11



We prove that the sum capacity of the multiple access channel with side information is given by

the corresponding constraint in the achievable region provided above.

Theorem 4 The sum capacity of the discrete memoryless multiple access channel with causal side
information St1,ST2 (ST1,ST2 independent) and Sk available to transmitter 1, transmitter 2 and

the receiver, respectively, is given by
Ry + Ry = max I(Uy,Us; Y, Sg) 9)
with P(Uy,Us, X1, Xa, ST1, ST2) = P(U1)P(U2) P(X1|U1, ST1)P(X2|U2, ST2) P(ST1, ST2).
Proof: The converse is proved as follows:
n(R1+ Ry) < I(Wy,Wa; Y™, S%) + ne

n
Z I(Wla WQ, Séjlla S’;“Ela Y;a SR,i|Yi_la S;.{il) + ne
i=1

IA

n
Z H(Y'“ SR,i) - H(Y;a SR,i|Wla Sé’zla WQa Sé’;la Yiila Sj{_l) + ne
i=1

n
= Z I(U1;, Uz Yi, Sryi) + me

=1

IA

where Uy; = Wl,Sﬁl and Up; = WQ,S;—EI are independent of St1;, St2;. Ui, Us; are also
mutually independent because of the independence of Wy, W, S11, Sto. [ |
For non-causal side information, an achievable region is readily obtained when the side infor-

mation at the two transmitters is independent.

C DO {(Ri,R2) : Ry <I(Uy;Y,Sg|Us) — I(Uy;S7)
Ry < I(Uy Y, Sg|Ur) — I(Us; S12)
Ry + Ry < I(Uy,Us; Y, Sg) — I(Ur; S71) — I(U2; S12) }

for all P(Uy, X1,Us, X2|S71,S12) = P(U1, X1|S71)P (U2, X2|ST2). HoOwever, to the best of the
author’s knowledge a converse has not been shown for independent side information'. Correlation
of the side information makes even the achievable region non-trivial, as the possibility of Slepian
Wolf coding of correlated side information at the two transmitters can be exploited.

For our purpose however, we show that with independent side information at the transmitters,
if all the transmitter side information is also made available to the receiver, i.e. (S71,S712) = f(Sr),
then the MAC capacity region with causal side information is identical to the capacity region with

non-causal side information.

!The problem with extending the single user approach appears to be that including Y*~! into the auxiliary random

variables makes them correlated.

12



Theorem 5 For the discrete memoryless multiple access channel with side information St1, Sto,

(St1,S72 independent) and Sg available to transmitter 1, transmitter 2 and the receiver, respec-

tively, if (St1,S12) = f(SR) then the capacity region for both causal or non-causal side information

is given by the convex hull of all rates pairs (Ry, Ra) satisfying the following inequalities:
R1 I(Xl;Y|SR,X2)
R2 I(XZ;Y|SR,X1)
R1+R2 S I(XI,XQ;Y|SR)}

<
<

f07‘ all P(X1|ST1),P(X2|ST2).

Proof: [Achievability] Achievability is easily established as follows. Starting with the achievable

region for the causal side information case, we have:
R, < I(Uy;Y|Us, Sr)
= H(Y|Us,Sg) — H(Y|Ua,Uy, Sr)
= H(Y|Us, Sg, X2) — H(Y|Us, Uy, Sk, X2, X1)
= H(Y|X9,Sr) — H(Y|X1, X2, SR)
= I(X;Y|Sgr, X2).

10

(10)
(11)
(12)
(13)
(14)

14

Equation (12) follows from the fact that X; (resp. Xs) is a function of Uy, Sty (resp. Us, St2) and

St1 (resp. Spo) is a function of Sg. Thus, Xy (resp. X3) is a function of Uy, Si (resp. Uz, Sg).

The corresponding inequalities for Ry and the sum rate R; + Ry are similarly obtained. Clearly,

what is achievable with causal side information is also achievable with non-causal side information.

Proof: [Converse|] For the converse, we start with the individual rate constraints. For both

causal and non-causal side information we have:

TLRI < I(Wl; Yn, S?{|W2) + ne

= D I(Wy; YW, Y !, ST) + e

=1

n
= Z H(Y”SIT%? WZ? Yi_la XZ,i) - H(Y”W?a Wh S}%a Yi_la Xl,ia X2,i)
i=1

n
> H(Yi|Sk, Xo) — H(Yi[Wa, Wy, Sh, Y1 X145, Xa )
i=1

IA

n
= Y H(Yi|Sri, Xa,) — H(Y;| X1, Xo,4, Sri) + ne

=1

n
= Y I(X1,Yi| X0, Sry) + ne
i=1

13

(15)

(16)

(17)



Note that Xi; — Stri1; — St2; — X3, form a Markov chain because of the independence of
St1,Sr2 2.

Equation (17) follows from the fact that Xy ; is a function of W5 and S% (resp. S%) for non-causal
(resp. causal) side information. (18) follows because conditioning reduces entropy and because Y;
is independent of Y1, Wy, Wo, Sj{l, St given Sg;, X1, Xo;. Note that the inequality in (18)
is necessary because Y; is not independent of Y=, Wy, S’ﬁ{l, S’%ﬂ. 41 given Sg;, Xo,;. Intuitively,
Y1 contains some information about W; and thus X 1,; which affects Y;.

The converse for Ry follows similarly. Finally, for the sum rate we have:
n(R1 + RZ) < I(Wl, Wa; Y, S?z) + ne
= I(WI, Wg; Y”|Sﬁ) + ne
n
= > H(Y|Sp) — H(Y;|Wy, Wy, Y™, SE) + ne
i=1

n
ZH(WSRJ') — H(Y;| X1, X2, Sr,i) + ne
i=1

VAN

n
> (X1, X0, Yi|Sk) + ne
i=1

VAN

6.1 Genie Bits and Value of Side Information for a Multiple Access Channel

Theorem 5 extends the single user result of Theorem 1 to the multiple access channel. By analogy
to the single user case, a relationship between causal and non-causal side information capacity can
be obtained by extending the results of Theorem 1 to the multiple access channel. Recall that
in Theorems 1 and 2 we characterized the potential capacity benefits of side information at the
transmitter and receiver for single user communications. Clearly, Theorem 2 extends directly to
the multiple access channel, because if unbounded capacity gains are possible with transmitter side
information in a single user channel, then the same must be true of the multiple access channel
which includes the single user capacity as a special point in its capacity region. The extension of
Theorem 1 to the multiple access channel is only slightly less straightforward as the derivation for

the single user channel can be easily modified to the multiple access case as follows.

Theorem 6 For the multiple access channel, the mazimum possible sum capacity improvement

C’g — O due to the availability of receiver side information is bounded by the amount of the side

2The problem with extending this proof directly to include correlated side information is that in the converse,
where X1 ;, X2,; are functions of the entire past side information sequence (as well as the future for non-causal side

information), the Markov chain X;; — S71,; = St2,; — X»,; is not guaranteed
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information itself.

1
CE—C”<H(G) = lim FH(G1, Gy, Gy).

N—00
Proof:
1
C’g = sup lim _I(W’WQ;YN,GN)
p(X, v (W), XY, (Wa)) Voo NV
1
= sup lim (T(W7, W YN) + T(Wy, Wo; GN|YY))
p(Xl,lN(Wl)’Xé\,jl(WQ)) N=voo
= C” +AC*

where CZ is the sum capacity with the side information provided by the genie, C* is the sum
capacity without the side information and AC, the capacity improvement, is bounded by the
entropy rate H(G). Thus, the single user capacity result extends directly to the multiple access
sum capacity. If the genie provides one bit of side information to the common receiver per channel
use, the sum capacity benefit AC = Cg — C can not be more than 1 bit, regardless of the kind of

side information. [}

6.2 Advantage of Non-causal Side Information over Causal Side Information

We compare the causal and non-causal capacity regions in terms of the sum rate point Cy. Similar
to the single user case, we have shown that the sum capacities (and the entire capacity regions)
are identical when Spi, St are also available to the receiver. To make this information available
to the receiver requires H(St1, S12|Sg) genie bits per symbol. And because we have shown for the
multiple access channel that genie bits can not improve capacity by more than their own entropy,

we have the following result:

Theorem 7 For the multiple access channel with independent side information at the two trans-
mitters, the sum capacity benefit of non-causal side information over causal side information is

bounded as follows:

Cgon—causal(ST, SR) _ Ci”‘“sal(ST, SR) S H(STI, ST2|SR)

Proof:
Cx.(S71, 812, (Sk, S11,S12)) > C&**(Sp1, S12, SR)
> O (Sr1, S12, SR)

> Cx(Sr1,Sr2, (Sr, S11,512)) — H(ST1, S1T2|SR)-
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6.3 Example: Random Access Channel with Multiple Users

As an example of a multiple access channel with independent side information, the single user ran-
dom access channel example considered before can be easily extended to multiple users that access
the channel randomly and independently of each other. However, we consider a more interesting
and practically relevant extension here - one with perfectly correlated side information at the two
transmitters. Consider the random access channel described before, except now the channel is

accessed by two users as:
X =X15+X3(1-15)

Thus, a scheduler randomly allows user 1 or user 2 to access the channel in bursts of N symbols.

X, X
User 1 o< & P(Y|X) —Y
>

I

User 2

Figure 4: Random Access Channel with Two Users

As before, the switch state S is known to the transmitters but not to the receiver. Note that the
side information at the transmitters is perfectly correlated in this case.
If a genie provides S to the receiver, the sum capacity is Cjy. Using the same arguments as in

the single user example, we have:

Co = Cs(S.S,9)
Z Cion—causal(s’ S’ ¢)
> O5(S, S, 9)
> 0(S,S,8) - %H(S) —Cy—1/N.

The practical implications of this example are quite interesting. In practice, random access is han-
dled by the medium access layer (MAC layer) through explicit handshakes between the transmitter
and receiver in the form of RTS-CTS (request to send, clear to send) messages. For a rapidly
varying random access channel such exchanges can constitute a major overhead. Practical wire-
less systems such as the 802.11 Wireless LANs use nearly half the resources just for MAC layer
overheads. However, the capacity results presented above show that even in the extremely rapidly

varying random access channels where a transmission may or may not be made each symbol period
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without the knowledge of the receiver, the capacity loss is limited to less than a bit per channel use.
For random access that fluctuates at a less rapid scale, the loss is negligible. This has interesting
implications in how the RTS-CTS overhead can be minimized in practical systems through coding

across access attempts.

7 Conclusion

Side information is a crucial factor in determining the capacity of a channel. Previous research has
shown that for a single user memoryless channel even perfect feedback does not result in a capacity
advantage. However, we find that even one bit of causal side information at the transmitter can
increase capacity by an unbounded amount. The contrasting results are due to the fact that perfect
feedback can only provide information about past channel states, whereas causal side information
can provide information about the current channel state. Thus, for the transmitter the difference
between the past state information and present state information is very significant. We further
explore the relative advantage of knowing the future channel states (non-causal side information)
relative to the knowledge of only the present channel state (causal side information). For a single
user, we find that the knowledge of future channel states can increase capacity only if the state
information is not available to the receiver. In other words, non-causal side information has no
capacity benefit over causal side information when the side information is available to the receiver
as well. Note that for the receiver it does not matter if the side information is made available
causally or non-causally, because no delay constraint is assumed in the decoding operation for
capacity results. We evaluate the benefits of receiver side information in the form of a genie bound,
which states quite simply that the capacity advantage from one genie bit of side information at
the receiver can not exceed one bit. This gives us a bound on the capacity benefit of non-causal
side information at the transmitter over causal side information in the form of the number of bits
required to inform the receiver of the transmitter side information that is not already available
to the receiver. We find that the single user results extend to the multiple access channel with
independent side information at the two transmitters. Examples of random access channels are
provided throughout as illustrations of the capacity bounds. While the MAC layer overheads in
practical systems can be excessive the capacity results show that such overheads can be nearly

eliminated through clever coding across multiple access blocks.
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